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was any other more compendious way of arriving at Geo- 

n marry, than by theſe his Elements, is ſaid to have an fwered, : 

| My « ctv. Baounlw ri Jn yraplegar, There 1 18 
no other way or royal paſſage to Geometry. 

Proclusꝰs Commentary upon Euclid's ſecond book. 
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THE 


Duke of Cumberlan 


S I R, 
'HENEVER | I conſidered 
the ſmall importance of my- 
ſelf, the greatneſs of your rank, and 
the little value of my ſhare in the 
following work, 1 was always 
terr d from attempting to offer it to 


* 


iv DEDICATION. 

Your: favour. and protection. But 
when 1 reflected chat the ancient, ce 
lebrated, and, I may ſay, noble and 


uſeful Elements of Geometry of Eu- Tv 


clid alone, are the principal ſource 
and main ſpring of all mathemati- 
cal learning, and whatever valuable 
knowledge is thence derived; that 
they have always been e to by : 
the greateſt maſters of the mathema- 
tics, 1 held i in the greateſt | eſteci 
for chaſe two thouſand Jears, by a al 


; ranks and degrees of men, — When 


I obſerved with regret, that the aver 
; nues, paſſages, and paths of the bing: | 
dom of profound leaning andy} 


literature : : ſo full of tall cedars, f 1 


dy oaks, beautiful plants, rich, fruits, 
and pleaſant flowers, have been, for _ 
_ theſe many years laſt paſt, ſo filed 9 


SLOLL ; 


clogged. up, overgrown,, and inter- 


8 with the difagreeable 98 - 


DEDI CATION 
prickly briers, unprofitable” and poi- 
ſonous weeds, of Jacobite and repub- 
lican politics; the printed twelve- 


5 penny productions f crafty knaves, 
and angry gentlemen, diſcourſes' of 


wrong-headed parſons, and fooliſh 
tradeſmen, the two penny letters in 


the weekly: news-papers, etc. all highly | 
| and” maniſeſtly prejudicing and leſ- 
* ſening true learning, diſgracing the 
” kingdom, propagating error, undd pro- 
* ue diſcord and confukon amongſt 


When conſidered that all the 


ia n vations of figure | in Europe at 


1 this day have their Püblie {chools' and 


academics for learning their military 


officers,” nobles, and gentry, the ma- 


11 


g themarics, well knowing their oreat 
benefits and advantages — When 1 
1 confidered What numbers there are of 
1 brave young men, our Britiſh officers, 
and other gentlemen, all of ſufficient 


A. + 2 Juſt, 
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ſpirit, capacity, and leiſure to acquire 
any knowledge whatſoever, and how 
neceſſary geometry and mechanics are 
to the imploy ments of the former; 
and tho perhaps not ſuch in ſo great 
a degree to the latter, yet at leaſt are 
rational and uſeful amuſements, that 
would innocently employ their time, 
and ſomewhat take them off from irk- 
ſome idleneſs, vice, and the too great 
enjoyment of ſenſual pleaſures, hurtful 5 
to their bodies, minds, and eſtates. 
aſtly, when Li conſidered that one 
kind of knowledge or learning is cul- 
tivated and purſued by greater num- 
bers, or is more in faſhion at one 
time than another; that (as I ſaid be- 
fore) the ſtudy of politics has 


long predominant, and too much in 


deen too 


faſhion amongſt all ranks of people ; Y 


andi that it is in the power of princes, 
and other grandees of a kingdom, to 
EO ps alter 


alter the ſaſkiap of, 5 | 
that of cloaths, by their influence, ex- 
ample, and imitation. — I ſay, when 
I Teonſfiderd-all this, I was encouraged 
to encounter and break thro” my reſo- 


| | | 
28 well, a8 


18 


lution farſt mentioned, and accordingly b 


have preſumed to Gier theſe Eight 
books of Euclid's Elements of Geome- 
try, as to one by whoſe. influence, 
power, command, and deſire, all va- 
riouſly operating, whatever of mathe- 
matics and other uſeful learning dur- 
ing this age of unprofitable tho faſhi- 
onable politics, has been loſt, or at a 
ſtand, may thro You be reftor'd, ren- 
| dered;more flouriſhing than ever, and 
again become the Ae and fa- 
hionable knowledge amongſt "ER 
do this likewiſe I ſhall in the leaſt con- 
. tribute, by what 1 here offer, who in 
reality; as a poor labourer (only deſtin 4 
Þ to remove dirt and ae imper- 


A. 4 £ fen, 5 


| vii DEDICATION. 
| fefffly, uniſkillylly, ant prefumptpouſl 


points out to a great "archite 
beautics of a ſpacious palace, and } 


injuries it may have received, and 


is 

now expoſed to, I ſhall beak: highly 

pleaſed, as I am prong of Ae 
ee 


SIR, 


| Your ROYAL HIGHNESSs | 


rs Ne, Devoted, 7 
Hint, 


| and Obedient Servant, 
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7 pont is certainly one of the main ſprings 
of human happineſs. And the more of it 


"each individual of a ſociety acquires, the more 
happy, all things elſe alike, will that ſociety be; for 
the wiſer a man is, the better will he know how 

to preſerve his own health, and pleaſantly lengthen 


out his own life: he will better avoid the i injuries 


of weather: better provide food and clothing: 
better avoid pain and ſickneſs : better ſooth, leflen, 
and command his own and other people's paſſions : 
better obſerve the laws of his country ; and in ſhore 
better promote his own and neighbours happineſs 
in all reſpects : ſoever. Accordingly ſince wiſdom 
is ſo neceſſary to happineſs, that leaming, A 
adapted to promote and extend it, is undoubtedly 
the moſt valuable, and ought by all to be moſt en- 
couraged, cultivated, and uſed. And therefore, 
ſince true wiſdom very much conſiſts i in, and 1s oh- 
tained from, the knowledge of the comparative 
numbers and magnitudes of the qualities, powers, 
; efficacies, matter, and motions of ſenſible objects, 


their various inereaſe and decreaſc, &c. and as theſe 


may be acquired in a great meaſure from arithme- 
tic and geometry: theſe two ſciences may truly 
be faid to be the two great fountains from whence 
much of the wiſdom and happineſs of mankind _ 
flow: And therefore, if poſſible, they ſhould be 
learned by every member of a ſociety. No ſtate | 


ever did or ſcarcely could flouriſh without them. 


They have always been in eſteem and cultivated _ 
 Proportionably to the greatneſs and riches of a 
5 Epuntry, and as che have declined 10 have thoſe, 


When 


X PREFERS 

When learning flouriſh'd amongſt the Romans, in 
the time of Cicero, mathematics was honoured 
and eſteemed, and that by this great man himſelf; 
but afterwards. in worſe times, viz. the reign of 
Nero, &c. when groſs ignorance had ſeized the 
ſtate, and learning became. very weak and decrepid, 
the mathematics was neither underſtood nor in 
any repute, and ſome of the degenerate writers of 
thoſe times, ſuch as Tacitus, Suetonins, Gellius, 
feemed even not to know what mathematics or 
mathematicians were; they ranked mathematicians 
with conjurers and fortune-tellers. | Nay it is ſaid 
in Tacitus's Annals, that the ſenate paſſed a decree 
for baniſhing the mathematicians out of Italy. 
As tyrants and arbitrary governours, immerſed 
in pride, and ſtain'd with madneſs, are generally 
too ſtupid and brutal to be capable of underſtand- 
ing and eſteeming theſe ſciences, and their excel- 
lencies, and the major part of crafty. Jeſuits and 
other ſpiritual juglers, retailers of nonſenſe and 
ſpreaders of lies, have been always aſperſing and 
leſſening them, becauſe by their evidence, certain- 
ty, and uſe, they are ſo apt to diſpoſe the mind to 
diſcover truth, and ſo much ſtraiten, and clog up 
the paths and paſſages of fraud and implicite faith; 
ſo on the other hand, all rational rulers, friends to 
liberty, and lovers of wiſdom and mankind, de- 
teſters of falſhood, and deſpiſers of fraud, have ever 
imbraced, and always encouraged theſe ſciences ;z 
well knowing them to be the plentiful fountains 
of advantage to human affairs, from whence, in a 
great meaſüre, ſpring the principal delights of life, 
ſecurities of health, increaſe of fortune, and con- 


venience of labour; which habituate the mind _ 


to a conſtant delight in ſtudy z which ſtrengthen 
and ſubject it to the government of right reaſon; 
which „ fortify it againſt all kind 
3 of impoſition 3 and make it more alle r OY; 
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n and powerfully encounter and overcome falſhood, 
d > IHrherover it appeurrr s. t 
; lhave often thought, that the time of too many 
f bf the youth of this kingdom has long been, and 
© now is mifapplied, in learning Latin and Greek, eſ- 
5 pecially the latter, and believe it would be of much 
1 more general advantage for greater numbers of 
5 them to be more employed in learning arithmetic, 
, geometry, mechanics, and natural philoſophy; as 
y alſo rational ſyſtems of morality, politics, and 
BH good government: certainly ſome os all of theſe 
1 ſhould be known, in a competent degree, more 
, eſpecially by all ſtateſmen, lawyers, ſoldiers, 
ſallors, phyſicians, ſurgeons, artificers, &c, where- 
by they would all be better fitted for their ſeveral 
f employ ments, know more of them, and execute 
. them with much more caſe, exactneſs and certainty. 
So that as Plato, the philoſopher, wrote over the 
dhe door of his academy, Let none enter in here but 
© #hoſe that understand Geometry, I would have it 
wVVrote over the door of every academy and public 
WY 6 (1% , e e 1 
L.et none depart from hence unſkilled iv Mat heuia- 
% / UC MOAT 
It would require a volume to diſtinctly diſcuſs, 
and fully lay out the beauties, excellencies, and uſes - 
of theſe ſciences, as well as an abler hand than 
mine to do it; however if any body is ſuſpicious of 
the truth of theſe naked aſſertions or general poſi- 
tions, and ſhould call upon me for a particular 
proof, I ſhall at all times be both ready and willing to 
do it. Being firmly perſuaded, that the truth of eve- 
ry one of them can be proved by ſuch arguments, as 
cannot but be convincing to every rational man. 
Ass uſe has a moſt powerful influence over the 
mind, as well as the body, there is one certain ad- 
vantage derived from the ſtudy of geometry eſpe- 
>» Ccmlly, if it were no more, for which it always ought 
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tobe hight; y yalned and held in'the ater eſteem, 

D. by "conftantly ſearching after and demonſtrat- 
ing g Kotte rie truths, the mind of a geometrician 
* 10 much employed! in, and uſed to truth, that it 
becomes, as it Were, a part of his geometrical 
conſtitution: he ever loves it, and is conſtantly 
feeking it, in all ſorts of ſubſects as well as thoſe 
of geometry : he is ſo converſant in truth, that he 
naturally hates fallhood,' tho' perhaps he ſome- 
times is obliged, contrary to his inclination, to 
make uſe of it hence, ſince it is demonſtrable that 
the happineſs and preſeryation of a ſociety is aug- 
mented by the greater | quantity of veracity dit. 
pee” throughout the individuals of that ſociety, 
or lying and deceit tend to deſtroy it; who does 
not fee the great uſe of the ſtudy of geometry in 
the promotion and maintenance of truth, and con- 


ſequently its tendency to the preſervation of ſociety | 
itſelk. Even the“ author of a diſcourſe, called The 


Analyſt, printed in the year 1734. altho' he is ſo 


: full of miſtakes, and ſo much leſſens and diſparages 


fluxions and the mathematical ſtudents therein, 


atid chat chiefly becauſe he does not underſtand 


thei, has done juſtice to geometry, and Tpoken 


truly thereof. He ſays, « Geometry is an excellent 
logic, and it muſt be own'd, that when the de- 
. finitions are clear; when the" poſtulata cannot 


c he refuſed, nor the axioms denied; when from 


« the diſtinct contemplation and compariſon of 
4 & „ Aigures, their 1 8 1 7 75 are detived by a per- 


crual well: connected chain of conſequences, the 


ke objects being ſill kept in view, and the atten- 
55 wack tion ever fixed upon them, chere is acquired 
an habit of reaſoning, cloſe, and exact, and nie- 2 


4 thodical: which habit ſtrengthens and ſharpens 
the mind, and being transfered to other ivy 


4 of general uſe in the i inquiry after truth. 


1103 2 


an 1 The ara Wikop ind as I have heard. 8 
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But enough of this in general; let us come nearer 


our preſent work, and more particularly obſerve, 
that we Britons, have. had amoneſt us ſcarcely any 
who have ventured to write Elements of Geometry 
of their own; altho? this nation has 9 
both the greateſt mathematicians, and the greateſt 
number of them too. We have: generally liked 
Euclid's Elements beſt, and know them too well to 
be at the trouble of compiling new Elements of 
Geometry (as many, of the French, and other 
foreigners have done) and thereby changing better 


for worſe. We think it far more eligible to do 
nothing at all, than vainly buſy ourſelves in mat- 


ters introducing confuſion and error into the geo- 
metrical world, and by avoiding falſe praiſe, have 


likewiſe been free from evident. diſgrace, and real 
diſhonour. For the method and arder of Euclid's 
Elements of Geometry, can neither be mended nor 


altered, but for the worſe. And the demonſtra- 
tions are moſtly ſo very accurate, nervous, and ele- 
gant, as not to be equalled by any geometrical 
writer whatſoever, either ancient or modern, | His 


method may be defended for ever, and his demon- 
ſtrations will be approved by all men of ſound 
judgment. to the end of the world. His firſt; pr inci- 


pPles or axioms are few, ſimple, and clear, taken fron: 
our primitive and natural conceptions of things, 
and ſuch as every one can eaſily apprehend, and no 
man in his ſenſes can deny. And his method is 


ſuch, that nothing is taken as true, unleſs it be de- 
monſtrated, and nothing is demonſtrated, but from 


What went before. And the demonſtrations, 151 | 
aid before, are in the main ſo perfect and compleay, 


that the moſt ſevere critic could never find a real 
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mand over the mind that dares encounter them. 
But other element writers, whether ſuch as have 
alter'd Euclid's order; ſuch as have given other 
demonſtrations of ſome of his propoſitions ; ſuch 
as have left out ſome of the moſt ſimple propoſt- 
tions, or ranked them amongſt the claſs of axioms, 
are generally faulty in ſome reſpect or other, their 
own demonſtrations are oftentimes imperfect, or 
ſophiſtical, and ſometimes obſcured and vitiated 
by the mixture of algebra and algebraical ſigns. 
In a word, the Elements of Euclid far exceed them 
all, eſpecially as to method and elegance of demon- : 
ſtration. 

As to the fifteen books of Euclid's Elements, it is 
true there are ſome of more importance and uſe 
than others in the geometry requiſite to the neceſ- 
fary mechanic arts, and uſeful reputable ſciences, 
now exerciſed and cultivated amongſt the ſeveral 
nations of Europe. The ſeventh, eighth, and ninth 
books are pretty ſhort elements of arithmetic, 
and not of geometry; altho' theſe, with the reſt, 
are altogether uſually called Euclid's Elements of | 
Geometry, The tenth book, being the Elements 
of the doctrine of incommenſurability, i is indeed 

fine, but its length, and apparent inutility in any 
of the favourite mathematical ſtudies of theſe ages 
makes it very unpalatable, and much neglected. 
The ſame may almoſt be ſaid of the 13h, 14th, and 
15 books, containing the theory of the five regu- 
15 ſolids, or Platonic bodies, as they are called. 

What divinity the antients found in theſe bodies 1 
cannot at all imagine; ſurely there muſt have 

been ſomething very extraordinary in them, for 

Euclid, is expreſly related by Proclus to have 
compiled the whole ſyſtem of his Elemenes only for 
the fake of the doctrine of the five regular ſolids, _ 
However it muſt be owned, that theſe books, tho? 

- 3 in re and it may be preſum d 
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ſufficiently valuable for the- purpoſes they were in- 


tended by Euclid himfeli, do not ſo nearly belong 
to the elements of plane and ſolid val as 


the firſt ſix, eleventh, and twellth books. 
Accordingly theſe eight books alone by moſt 
of the-moderns have been looked upon as ſuſlici- 


ent Elements of that plane and ſolid geometry, 
in uſe and faſhion amongſt us. 


If it ſhould be aſked, what occaſion there was 
for publiſhing afreſh aha Engliſh tran{lation of 


theſe eight books, when there are ſo many already, 


eſpecially after the ſeveral Engliſh impreſſions of 
Commandine's Euclid; IJ anſwer, this tranſlation is 


from the belt and moſt correct edition of Euclid - 
himſelf by Dr. Gregory, who himſelf fays, in the 
preface, that his own Latin trand ation is vaſtly more 


correct than Commandine ; that Dr. Hudſon Care- 


| fully compared the copy with the beſt original 


Greek manuſcripts, given by Sir Henry Saville for 
the uſe of the univerſity of Oxford; and diligently 


reviſed the ſheets over and over before they were 


Printed off, as they came from the preſs. _ 
The figures are annexed to the ſeveral propoſi- 


L tions, and not at a diſtence. Thoſe of the fifth book 
are more diſtinct and better adapted to the genera- 


licy of the propoſitions, and oftentimes better 1 ſuit- 
ed to the comprehenſion. of the demonſtrations. 
The notes which I have added do explain and clear 


up ſome difficulties and obſcurities that may occur 


to learners, and eaſier demonſtrate ſome propoſi- 
tions, and clear Euclid from ſome ſeeming taulis 
and overſights; for Iam not entirely of opinion with 


Dr. Keil, who ſays, in his preface to Commandin? s = 
Euclid, that Euclid himſelf is clearer than any of 


his commentators, Indeed tho' Caviuss Commen- 
tary upon Euclid, as the Dr. rightly obſerves, is in 
general certainly too tedious and prolix, yet many 
of his obſervations are uſeful, and make Euclid 
e che 
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the eaſier. I never in my life knew a learner that 


did underſtand Euclid's fifth definition of the fifth 


book, withour a further explanation. 

J have alſo added ſeveral propoſitions to this 
edition, containing many valuable, uſeful, and ele- 
gant theorems and problems, which, with thoſe of 
Euclid himſelf, do render the whole more compleat 
elements of common geometry ; and ſome of theſe 
are new, at leaſt to me; ſuch as Prop. ii. at page 54. 
Prop. vii. at page 64. the Scholium at page 97. the 
Scholium at page 100. Prop. viii. at page 204. 
Prop. ix. at page 205. the Scholium at page 106. 
and the propoſition. Prop. ix. at page 158, Prop. 
X. at page 160. Prop. xi. at page 161. Prop. 
X13, at page 163. Prop. Xiu. at page 164. Prop. vi. 


- page 197. the theorem at the end of page 273- | 
Prop. viii. page 298. and ſeveral others. 


I hope the errors of the preſs are but few. As 
honeſt able friend of mine *, very ſkilful in geome- 
try, having ailiſted me in correcting the ſheets as 


85 they came from the preſs. The demonſtrations of the 
lemma at page 102. of Prop. xxiii. of the ſixth book 


ar page 273. and of Prop, 11, of the additions to 
the ſixth book, at page 291, are his. 


"= Mr. William Payne, a teacher of mathematics. | 


ERRATA. 


Page 90. tine 25. for 1» read AB. 
119, 31. dele equal, 


132 2 N . 
F786 10. for BC read BG, . 
179. 33: for 4. 1. read 1. 4. 

20. 10. read ſubmultiple. Ef 
207 36. far of either read either of. 

218. 7. read equimultiple. ä 
e 12. for Cavillarius read Carallerius. 
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BOOK I. 


DEFINITIONS. 


POINT is that which has no parts *. 
2. A line is length without breadth “. 
3. The extremes of a line are points. 
4. A right line is . which lies evenly between its 


TY ſu; yerficies | is that which has only length and ” 


6. The bounds of a ſuperficies a are lines. 
7 A Plain ſuperficies i n that which lies evenly between : 


its lines“. 


2 It may da; be as well to fay, A point is that which. „ 


leſs than any aſſignable or even conceiveable magnitude. 


> Aline may be conceived to be generated or produced by 


the motion of a point 


Some call a right line the ſhorteſt of all lines that have the | 


ſame extreme points or bounds ; others, that it is that line 
| whoſe parts all tend the ſaine way, or he in the ſame direction, | 
or of which no point in it is raiſed or depreſſed. 


Po not thole deſeribe a ſuperficies beit, who ſay it is What 5 
is generated by the motion of a line, not moving . or 


in the direction of itſelf ? 


e This, as well as the third definition: of the extremes of 2 


line, are not ſo much definitions, as neceſſary conſequences and 
common notions, ariſing from che definitions of a line and a 
ſuperficies, there being no new gromeineal term defined 1 in ei- 


ther of them. . 
L Some call a Plain ſuperiies, that which | is ; the leaſt of al Th 
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8. A plain angle is the mutual inclination of two lines 
to one another in the ſame plane, fo touching each other 


as not both to lie in the ſame right line 5, 


If the Lines containing an angle be right lines that : 
angle is called a right lined angle b. 

Io. When a right line ſtanding upon a right line makes 

angles on each fide thereof equal to one another, each of 


theſe equal angles is a right angle; and that right line which 


ſtands upon the other is call ed E perpendicular to that upon 
which it ſtands. 

11. An obtuſe angle is that which is iter than a 
a right angle. 

12. An acute angle is that which is less than a right 
angle. 

13. A term is that which i is the extreme X any thing. 
14. A figure is that Which is contained under one or 
more terms. 5 


thoſe having the bine bounds or OG or that which is ge· 
nerated by the motion of a right line not moving according to 
the direction of itſclf.— Others, that to all of whoſe parts a 
right line agrees; or, that whereof there 1 is no 8985 raiſed or 


. depreſſed. 


Ss Iam inclined to th ink that Euclid himſelf, in this aebi | 
tion, only meant a right-lincd plain angle, and not all ſorts of 
plain angles; and that the word right-lined was left out by 


the careleſſneſs of tranſcribers; for angles of contact, whether 


of a curve line and a right line, or of two curve lines, are not 
in reality comprehended under the words of this definitian ; 
{ince the lines forming theſe angles at the point of contact, do 


both lie in the ſame direction; when, at the ſame time, the de- 


finition expreſsly ſays they ſhould not. The notion of a plain 


angle, perhaps, may as well be conveyed, by ſaying, it is the 
aperture or opening of two lines meeting one another in the 
ſame plane; but not ſo as themielves or their continuations to 
coincide or fall into each other, that is, both become one line. 


h Some fay, a ſtraight or right-lined angle is a portion of a : 


| Plain ſpace about a point contained by two right lines, drawn 
_ from the fame point, and not directly ſituated to one another. 


i This is not properly a definition, or at leaſt it is needleſs ; 
ſince, if it were omitted, nothing that follows would be either 


 imperfe& or obſcure ; and it is thought not to be Euclid's ori- 
ginally, but rather a b y-note of {ome exongrapher, than the: 
a Gefuurion of A x geometrician. 5 
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. A ciel is a plain figure contained under one line, 


ie is called the circunferctice | ; to which all right lines 
drawn from a certain point within the figure are equal l. k 


Beg And that point is called the centre of the circle. 
A diameter of a circl- is a right line drawn through 


PF contre; and terminated on each ſide by the circumke- 
rence, and divides the circle into two equal parts“. 


18. A ſemicircle is a figure contained under a diameter, 
and that part of the circumference of a circle cut off by 


| wy diameter m 


A ſegment of a circle 4 is a figure contained under a 


3 line, and part of the circumference of a circle b. 
20. Right-lined figures are thoſe which are compre- 


hended by right lines. 


21. Three-ſided figures are ſuch as are bebe BY - 


three right lines 8. 


22. Four - ſided figures Arc ſuch as are contained by four 
right lines. 
23. Many-fided figures are ſuch as are comprehended 
T more 1ight lines than four. 


Some would rather have a ts defined from its genera- 


tion, whereby both its exiſtence and the nature of the figure 


gether; as thus, A circle is a figure deſcribed 4 


may be declared tog 


in a plane by the revolution of a right line about one of 1ts ex- 


treme Pon: $ remaining fixed, till the right line returns to the 
place from whence it firſt began to move. — r. Barrow, and 


other able geometricians, fay in general, that definitions of 
things from their generations are als ays belt and molt natural, 
if they can be given with any elegance, very much conducing 
to hg diſcoveries of their efiential properties. 


The latter part of this definition, that the diameter cuts the 
10 into halfs, or two equal parts, is both unneceſſary, and 


a demonſtrable pre opotition ; ; for vw hich reaſon, ſome will not 
not have it to be Euclid's, but ſome marginal note, how old 


ſoever, that happened to be tranſcribed into the text. 0 
m Ts not this definition of a ſemicircle needleſs ? for: in re- 
ality, it only Hens. cs half à circle. By a like reaſon, a ſemi- 
diameter, or half diameter, might as well have been defined, 
n This definition of the legment of a circle is miſplaced, 1 


being not uſed in the firſt and ſecond books of Euclid. 1E is 
- again repeated at def. 5. of the chird book, where it is in its 


proper place. e 
The ſide of a figure ſhould 5 Jefined OE it is uſed; ; it 
R one of the lines that comprehend the figure, 
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24; Mt three-ſided figures, that is an equilateral — 
which has three equal ſides. 


A 25. That an iſoſceles triangle, which has but two equal 
ides. 


26. That a ſealene triangle, which has three unequal 
ſides P. | 
27. Moreover, among three- ſided Hires: that is a 
right-angled triangle, which has a right angle. | 

28. That an obtuſe- angled triangle, which has an obtuſe 
angle. 


29. And that an acute-angled triangle, which has _ 
acute angles. 


30. Amongſt four-ſided figures, that is a (quare whoſe 
ſides are equal, and its angles right angles. 


31. That an oblong which is right-angled, but not equal 
lided. 


32. That a rhombus, whichi is equal-ſided, but not right- 
angled. 


33. That a rhomboides, whoſe oppoſite fides and angles 
are equal, but is neither equal-ſided nor right-angled d. 
34+ All four. ſided figures beſides theſe may be called tra- 


peziums. 


35 · Parallels are right lines, which being; | in the ſame 


plane, and produced infinitely either ways will not meet 
one another either way *. 


p This dafinition perhaps might as well have been omitted, 
for I ſee no great uſe thereof. 


4 This definition of a rhomboides, and that before it of 4 2 
rhumbus, are of no great conſequence. 

dome call parallels right lines thoſe in one plane, neither 
inclining nor reclining, but having all the perpendiculars equal, 
that are drawn from the points of either of the lines to the o- 
ther line. Others call them equidiſtant right lines in one plane. 
Others ſay, they are ſuch that tend to a point infinitely di- 
ſtant.— Others, that as a perpendicular i is the ſhorteſt of all right 
lines drawn from a given point in a plane to a given right line 


in that plane, ſo the longelt right line that can be drawn from 
— Dt point to [or rather towards} that given right line, is par- 


allel to it. But Euclid's definition of parallels is in general 
the beſt; though i in ſome particular inſtances, theſe others are 

not withont their uſe.— Parallels muſt both lie in the ſame plane, | 
for otherwiſe, wo. right lines in diff erent planes, the one in 


POSTV- 
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POSTULATES or PETITIONS. 


1. Grant that a right line may be drawn from any one 


point to another point. 


2. That a finite right line may be continued direly for- 


3 Wares. 


. That a circle may be deſcribed from any centre to 
any diſtance. 


COMMON NOTIONS or. AXIOMS. 


I. Things equal to the ſame thing, are equal to one 
another. 
2. If equal things be added to equal things, the wholes 


are equal, 


3. If equal things be taken away from equal things, the 


remainders are equal. 


4. If equal things be added to unequal things, the wholes 


are unequal. 


5. If equal things be taken away from unequal things, 
the remainders are unequal. 

6. Things which are double to the ame thing, are equal 
to one another. 1 

7. Things which are hafres of the 3 thing, are equal 
to one another. 

8. Things which mutually agree with one another are 


c equal to one another. 


9. The whole is greater than a part of it. 

10. * All right angles are equal to one another, 

11, If a right line falling upon two right lines does make 
the internal angles on the ſame ſide leſs than two right an- 


B gles, thoſe right lines, being ey produced, do meet 


one Plans above, and the other in a plane beneath, may be in- 
finitely produced both ways, and never meet, and yet not ai 


ſuch as Euclid calls parallels. 


s This eighth axiom is univerſally convertible; 5 5 5 


Proclus, Borellus, Taquet, &c. ſay it is not. — See Barrow's 


| learned arguments upon this 00 in his 430 Mathematical a 5 


lecture. 
In ſome books the 105 and 1 n axioms. are reckoned 5 
amongſt the Poſtulates. wie | | | 
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on that ſide where the angles are leſs than two right angles“. 
12. Iwo right lines do not comprehend a ſpace. 


8 All theſe axioms are ſo evident, when the words by which 
they are declared, are underſtood, that no-body can even deny 
their truth if he would : But I think the word equal, ſhould 
have been firſt defined ; which 1s, that thoſe things are equal, 
that actually or potentially poſſeſs the ſame ſpace, or actually 
or potentially agree together; that is, actual or poſſible con- 
gruency is equality. And notwithſtanding the fault that 1s ge- 
nerally found with the eleventh axiom, viz. that it is rather 
a demonſtrable propoſition than an axiom ; I was always, and 
_ ever ſhall be of opinion, that it is fo clear, when underſtood, 

that no demonſtration is required to make it more evident 1 
and really think, thoſe who have demonſtrated it, have been 
only trifling; and inſtead of mak ing it more evident, have 
more obi cured it. — Since two right lines ay, cp ia the ſame. 


plane, muſt neceſſarily meet or 


—— 8 be parallel; and if they meet, it 
5 5 B muſt either be to the right or left 
e . | of the right line Ex falling upon 


— 


N —- 1 them, what man of common ſenſe 
would fay they would meet to the left? If both the angles E, x 
on the right were leſs than both the angles atr, CFE on the 

left. And fince two different right lines cannot be drawn from 

tha ſame point out of a given right line parallel to that given 
right line; and ſince it is demonſtrated at prop. 28. lib. 1. 
It right lines which are parallel, that is, never meet, make the 
two inward angles on the fame ſide of a right line, falling upon 
them, both together equal to two right angles, 0 certainly and 
moſt evidently, when two ſuch angles are el than two right 
angles, the right lines which are croſſed by the third right 
line (with which they make theſe angles) will not be parallel, 
and ſo muſt neceſſarily meet. Wherefore thoſe who will not 
have this to be an axiom, muſt at leaſt, I think, grant it to be 
a corollary or conſequence ariſing from prop. 28. lib. 1. re- 
quiring no other proof to make its evidence more clearly ap- 
pear, than that propoſition ; and by means of ſuch a Corollary 
he 20th Pane may be demonſtrated. | 


PROPO. 


P 


A B. 


5 
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PROPOSITION I PROBLEM. 


20 conſtitute an equilateral triangle upon a given finite 
right line. | 


ET as be a given finite right line: it is required to 
conſtitute an equilateral triangle upon the right line 


Fre rom the centre A, with the diſtance A B, let the circle 
' BCD be deſcribed [by poſtul. 3. 5 and again TOR the centre 
B, with the diſtance B A, let the 


circle ACE be deſcribed [by | 
: poſtul. 3 ] and from the point c, 40 N. 


in which the circles cut one ano- ) 
ther, let the right lines CA, CB \ EF. 
be drawn to the points - A and 5 . 


[by poſtul. 1. - 

---- Therefore becauſe the point A is the centre of the circle 
CDB, the right line a c [by def. 15.] will be equal to AB: 
Again, becauſe the point B is the centre of the circle c AE, 
the right line B c will be equal to the right line B a. But 
it has been proved, that the right line A C is equal to the 
right line AB; therefore each of the lines ac, C B, is equal 
| tothe right line AB. But things that are _ to one and 
| the ſame thing, are alſo equal to one another { axiom x. |. 
Therefore the right line A C is equal to the right line h 

Wherefore the three right lines A c, AB, BC are equal to 
one another. | 

And therefore the triangle ACB 1s equilateral [by def. 
24. J. And alſo conſtituted upon the given finite right line 
AB. Which was to be done. 


PROP. II. PRO BL. 


2 0 put 4 right line at a given point, equal to 4 a given 
right line. 


Let the given ace be A, and the given \ fight line be ; 
BO: it is required to put a right ling at t the point 4 A mul. 
to the given right line Bc. 

Draw [by poſt. 1.] a right line a B 1 the point a to : 
the keint B; and upon the ſame conſtitute Loy prop. 1.] 
| | B + 5 9 hes Ae 
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the equilateral triangle p A B, 
and let the right lines DA, DB 
be continued out to E and r 
| [by poſt. 2. ]: then from the 
| centre B, With the diſtance Þ c, 
, deſcribe a circle c H | by poſt. 
Fd 3. J. And again, about the 
centre D, with the diſtance 

-DG,. let the circle L K be 

F „ .gelcribed; 

Therefore becauſe the point B is the centre of the cede | 
CGH, the right line g c will be equal to the right line B 6 
[by def. 15.] Again, becauſe the point b is the centre of 
the circle G LK; therefore DL is equal to DG def. 15.1. 
But Þ à is equal to D [by conſtr. ] whereforc the remain- 
der AL is equal to the remainder B G | by axiom 3.]. But 
it has been proved, that the right line BC is equal to the 
right line BG; therefore each of the right lines A L, Bc, 
is equal to the right line 3G : but things that are equa] to 
the ſame thing, are equal to one another; ; and therefore 
the right line 4 L is equal to the right line Bc. 

| Wherefore a right line AL is put at a given point 4, 
equal to a given right line BC. Which was to be done. 


PROP. Il. PR OBI. 


Two unequal right lines being given, ta take a right 
line from the greater equal to the leſſer *. 


Let the two unequal right lines given be A B and c, 
whereof let As be the greater. It is required to take a right 


5 


line from AB the greater, equal to c the leſſer. 


Put [by prop. 2.] at the point a 

FE I a right line A p, equal to the right 
line c; and from the centre a, with | 
the e AD, let a circle DEF. 
be deſcribed [by poſt. 3.]. And be- 
_ cauſe the point A is the centre of 
© the circle DF E, the right line a E 
228 * will be equal to the right line ap: 
BI but the right line c is equal to the 
ER right line A too. Therefore each 
e ED 1 0 of 
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of the right lines A E and c is equal to the right line a Dp; 
wherefore the right line A E is alſo equal to the right line c. 


Therefore two unequal right lines, AB and c, being 
given, there is taken from the greater A By a line equal to 


& the leſſer. Which was to be done. 


The manual operation of this and the laſt problem may be 


much ſhorter performed with a pair of compaſſes, or other 
ſuch like inſtrument. But as theſe inſtrumental operations are 
no poſtulatums of Euclid's, chey are therefore not to be ad- 
mitted in the pure elements of geometry. Euclid himſelf, 
doubtleſs, very well knew that theſe problems might be me- 
chanically reſolved more eaſily by compaſſes; and even that he 
might have made poſtulatums, to put a given right line at a 
given point equal to a given right line, and to cut off a right 


line from a given right line equal to a given right line. But he 
thought it not right ſo to do, well knowing, that taking too 


many things for granted, not only leſſens ſcience, but may miſ- 
lead and beget error. And, on the contrary, tha: geometrical 
cConſtructions and demonſtrations, even of propoſitions of no 


great apparent value in themſelves, are always beſt to be given, 


were it for no other reaſon, than to beget a habit of exactneſs 
in the geometrician, and thereby a ſtronger diipoſition in him 
to avoid error, and obtain truth. „ 8 


PRO P. W. THE OR. 


If two triangles have two fides of the one equal to 


two ſides of the other, each to each; and have 
one angle of the one equal lo one angle of the other, 
viz. that which is contained under the equal lines 
then ſhall the baſe of the one be equal to the baſe 
of the other; and one triangle equal to the other 
triangle; and the remaining angles of the one ſhall 
be equal to the remaining angles of the other, each 
o each, which are oppoſite to the equal ſides w. 
Let the two triangles be a Bc, DEF, having the two 
ſides A B, A C of the one equal to the two ſides DE, DF of 


the other, each to each, viz. AB to DE, and Ac to DF; 


and the angle B A C of the one, equal to the angle EDF of 

the other. I ſay, the baſe Bc is equal to the baſe EF, and 

the triangle a ; c ſhall be equal to the triangle E DF; and 
the remaining angles ſhall be equal to the remaining gs, f 
1 e Eac 
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_ each to each, which are oppoſite to the equal ſides ; tha 


is, the angle A Bc to the angle DE F, and the angle AC 


to the angle DF E. 


For if the triangle A Bc be applied to the triangle E D, 
A D and the point A be put upon 

| Fe the point o, and the right line 
AB upon the right line P, 
then ſhall the point B agree 
with the point E; becauſe as 


point c with the point F; but the baſe B; c does not agree 
with the baſe EF; it is neceſſary that two right lines muſt 
contain a ſpace, which [by ax. 12.] is impoſſible. There- 
fore the baſe B c agrees with the baſe E F, and accordingly 


is equal to it. Therefore the whole triangle ABC agrees with 
the whole triangle DE F, and will be equal to the ſame; 
and the remaining angles will agree with the remaining an- 


gles, and therefore ſhall be equal to them, v:2z. the angle 


Az c to the angle D E F, and the angle ACB to the an- 


gle DFE. 
If therefore two triangles has two ſides of the one equa! 
to two ſides of the other, each to each; and have one an- 


gle of the one equal to one angle of the other, viz. that 


which is contained under the equal lines; then ſhall the 


baſe of the one be equal to the baſe of the other, and one 

| triangle {hall be equal to the other triangle; and the re- 
maining angles of the one ſhall be equa] to the remaining 

angles of the other, each to each, which are Rn. to 
the equal ſides. Which was to be demonttrated. 


— * Some, for want of making a difference between a geo- 
metrical congruency and a mechanical one; that is, between 
an intellectual or mental one, and an actual ſenſual one made 
with the hands and the eyes, have taken occaſion to find fault 
with the demonſtration of this propoſition; falſly affirming it to 
= * 1885 a mechanical Gemoniiration, and not a geometrical one. 


PROP, 


6 is equal to DE: But ſince 
p 7 8 F "Fihe right line A B agrees with | 
D E, the right line A c ſhall allo agree with DF, becauſe the 
angle BAC is equal to the angle E DF. Wherefore the point 
c will agree with the point F, becauſe the right line A C 1s 
equal to the right line pF; but the point B will agree with 
the point E. And therefore the baſe ; c agrees with the baſe 
Ey; for if the point B agrees with the point E, and the 
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taken any point as F; and from the 
greater line A E, let be taken A G equal 


Therefore becauſe A F is equal to A G, 
Une Ac; there are two right lines FA, AC, 


equal to two right lines G A, A B, each to HD E 
each, containing the common angle FA: | 
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PRO P. v. THE OR. 


The angles at the baſe of iſoſceles triangles are equal 


10 one another; and the equal right lines being pro- 
| duced, the angles under the baſe ſhall be equal to 


one another x. 


Let An c be an iſoſceles triangle, having the fide An 
equal to the ſide a c. And [by poſt. 2.] continue the equal 
ſides AB, Ac directly forwards to D and E: I fay, the 


angle ABC is equal to the angle A CB; and the angle C BD 
equal to the angle B38 Gf. 
For in the right line B p, let there be 


to AF the leſs [by prop. 3.] and draw _ 
She right lines F.C, GB. _BY 


and the right line A B equal to the right IN 


Wherefore [by prop. 4.] the baſe Fc will be equal the baſe 
; and the triangle A F c equal to the triangle AGB; and 
the remaining angles ſhall be equal to the remaining angles, 
each to each, which are oppoſite to the equal fides, v:z. 


the angle Ac to the angle a BG, and the angle AF c to 


the angle à G B. But ſince the whole line A F is equal to 
the whole line a G, and AB is equal to AC; therefore the 
remainder BF will be equal to the remainder c 6 [by 
ax. 3.] But it has been proved, that the right line Fc 1 
equal to the right line GB; therefore there are two right 
nes BF, Fc, equal to two right lines CG, GB, each to 
each; and the angle Br c equal to the angle CG B; and 
the right line BC is their common baſe : wherefore the 


triangle By [by prop. 4.] ſhall be equal to the triangle 


c B, and the remaining angles ſhall be equal to the re- 


maining angles, each to each, which are oppoſite to the 
| _ Equal ſides: Therefore the angle FBC 1s equal to the | 
angle G B, and the angle BC F to the angle GBC. Now. 


ſince it has been demonſtrated, that the whole angle ABG 0 
js equal to the whole angle Ac F, and the angle c BG equal 
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to the angle BCF; the remaining angle A BC [by ax, 3. 
will be equal to the remaining angle ac B; and they are 
at the baſe of the triangle A Bc. But alſo it has been de- 
monſtrated, that the angle F B C is equal to the angle G Cn, 
and they are under the baſe. g 
I berefore the angles at the baſe of iſoſceles triangles are 
equal to one another, and the equal right lines being pro— 
duced, the angles under the baſe ſhall be equal to one ano- 
ther. Which was to be demonſtrated. OT 


Scarborough ſays, the latter part of this propoſition ſeems; 


not to be Euclid's, but put in by ſomebody elſe ; becanſe, ſay, s, 


he, it is certain, that Euclid never laid down an elementary 
propoſition uſeleſs in any part thereof ; nor ever put that for 
one part of the propoſition, which 1s only uſed as a means to 
prove the other. But herein I differ from Scarborough; for 
why might not Euclid himſelf demonſtrate the latter part of his 


propoſition firſt? If it ſhould be aſked, Why then he did not 


{et it down firſt ? I anſwer, Becauſe the latter part was the leſs 
Important and uſeful part of the propoſition, and there- 
fore the former part deſerved the firſt place. And if a propo- 
ſition be not all Euclid's, becauſe it is not uſeful in all its parts; 
other propoſitions of theſe elements muſt not, in all their parts, 
be Euclid's; ſuch as prop. 16. and 31. lib. 3. &c. But Scar- 
| borough is out here; for the latter part of this propoſition ts 
uſeful in the demonſtration of one caſe of the 6th propoſi- 
tion; viz. when the point p falls within the triangle a c 
as alſo one caſe of the 24th propoſition, when the point + 


{ ſee the figure of that propoſition) falls within the triangle 


EDS... 


RO P. VI. THEOR. 


lf two angles of a triangle be equal to one another, 


then ſhall the ſides oppoſite to the equal angles be 
equal to one another, e 


Let the triangle A Bc have the angle A Bc equal to the 


angle A C B. I fay, the fide A c will be equal to the ſide 
)))) “ 
For if Ac be unequal to A B, one of them will be the 
greater. Let the greater be a B, and from the greater Ax 
let be taken [by prop. 3.] the right line DE equal to the 


leſſer A c, and draw the right line Dc. 


Then 


1111 on. an. -: i. lt 


e, 


be 


the 


de i 


the 


aB 


the 


hen 


be two right lines D B, BC equal to two 


. ACB: 


ABC will be equal to the triangle DC 2 3 
the greater to the leſs; which is abſurd, 


be demonſtrated. 


angle Ac b is equal to the angle aDc 


is greater than the angle DC B, "and the 
angle CDB is much greater than the 

angle DC B. 
line CB is equal to the right line DB, l/ 


x angle DC B. 
be "much greater, which is impoſſible. 


ſame right line equal to two other right lies, each to each, 
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Then becauſe DB is equal to the right line A Cc, and the 
right line f C is a common fide ; there will | 


right lines AC, CB, each to each, and 
the angle DBC is equal to the angle 
wherefore the baſe Dc will be 
equal to the baſe a B, and the 1 


Therefore the right line AB 1s not mee to the right 


line ac; they are conſequently equal, 


Therefore if two angles of a triangle be equal, the ſides 
oppoſite to the equal angles will be equal. Which was to 


PROP. VII. THE OR. 


Two right lines cannot be conſtituted on the ſame right 


line equal to tævo other right lines, each to each, at 
different points on the ſame fide, and having "the 


ame ends with the u. right lines v. 


For, if le let two right Yrs AD, DB be conſti- 


tuted upon the right line A B, equal each to each, to two 


right lines A c, C B, at different points c, p, ſituated on the 


fame fide the line A B, the lines A D, D B, having the ſame 
ends A, B With the two firſt lines Ac, c B; fo that ca be 
caqual to Da, both having the ſame end a : 
equal to D B, both having the ſame end s : 
right line cp. 


and CB be 
for Join the 


"Then becauſe à c is 1 to AD, the 


\by prop. 5.] wherefore the angle A Db 


Again, becauſe the right 


the angle cDB will be equal to the F200 1 
But it has been proved WA: B , 


Therefare two right lines cannot be conſtituted upon the 


at 
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at different points, on the fame ſide, and having the ſame end: 
with the firſt right lines; which was to be demonſtrated. 


Although this zh propoſition may be chought to be of 
no great importance in itſelf, yet its uſe in demonſtrating the 


gth propoſition makes it both valuable and neceſſary. It is 2 


much one of the pillars to ſupport the great elementary build. 
ang of our author, as any the moſt beautiful ones of them all. 


PROP. VIII. THE OR. 


If two triangles have two fides of the one equal th 
two ſides of the other, each to each, and have 
_ alſo equal baſes, then ſoall the angle, contained 
by the equal ſides of the one triangle, be equal to 
the angle contained by the equal ſides of the other *, 


Let there be two triangles ABC, DEF, having the twc 
K 5 8 6 ſides A B, A c of the one, equal 
© | wo to the two ſides DE, DF of the 


| . > the fide Ac equal to DF; and 
. 5 — let alſo the baſe ; c of the one 
B 5 E 25 be equal to the baſe k F of the 
other. I ſay, the angle BAC is equal to the angle E DF. 


For if the triangle ABC be applied to the triangle DE F, 


and the point 5 put upon the point E; and the right line 
'Bc upon the right line EF; the Point c will agree with the 
point F; becauſe the right line B C is equal to the right 


line EF. But ſince the right line BC agrees with the richt 


line EF; the right lines h A, Ac will alſo agree with the 
right lines E D, DF : for if the baſe ; c agrecs with the baſe 


E F, but the ſides Ba, ac do not agree with the ſides E D, 


p p, but change their ſituation, as E 6, 6 F, then upon the 


ſame right line can be conſtituted two right lines equal to 
two other right lines, each to each, at different points on 
the ſame fide, and baving the ſame ends with the firſt right 


lines, But | by prop. 7. 8 they cannot be ſo conſtituted. 
Therefore the baſe ; c agreeing with the baſe k E, the ſides 
n A, AC cannot diſagree with the ſides ED, DF; they will 


therefore agree: and ſo the angle BAC will agree With the 


angle E DF, and be equal to it. 


other, each to each; that is, 
the ſide A B equal to DE, and 


. . os es = po 


x Þ 


Bock 1. 
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If therefore two triangles have two ſides of the one 
equal to two ſides of the other, each to each; and have alſo 
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equal baſes; then ſhall the angle contained under the equal 
right lines of the one, be equal to the angle contained un- 


z Proclus gives the following d 
theorem. Let the baſe pc be 


conceived to be put upon the baſe 
E r, fo that the triangle a B c falls 


not upon the triangle Ep, but 


on the contrary way, as does the 
triangle AE. Then the two ſides 


px, Faeither both make one right 
line, 4/2. when the angles c, k are 


right angles, or not: if they both 


make one right line, as p a, the 


propoſition is thus proved. Be- 
cauſe in the triangle a hp, the two 
ſides a x, DE are put equal (for 
now the right line a E is the ſame 
with a B, which by the ſuppoſi- 
tion is equal to the right line p) 
the angles a and p upon the baſe 
Ab, will be {by 5. 1.] equal to 
one another; which was to be de- „ 
monſtrated. Now. if neither pr, 
FA, hor DE, E a, both make one 


right line, from p to à draw a 


right line p A; which will either 
fall within the triangles or without 
them. Firſt, let it fall within 
them, which will happen when 
the angles at E, F are acute. Then / 
becauſe in the triangle AED the; 
two ſides AE, ED are put equal, - 
the two angles EA b, EDa at the 


baſe av will [by 5. 1.] be equal 


der the equal right lines of the other; which was to be 
_ demonſtrated. 


ire& demonſtration of this 
Cale 1. 


to one another. By the ſame reaſon, ſince the two ſides ar, pF 


oO 


which was to be demonſtrated. - 


Again, let the rig 


Will happen when the angles at F are obtuſe; then becauſ 


ght line Da fall wi 


are equal 'by ſuppoſition] the two angles FAD, FDA upon the 
| baſe o will be equal. If therefore theſe equals be added to 
thoſe, the whole angles Ear, 2D will [by axiom 2.] be equal; 


thout the triangles, which 
e in 
the 


16 Euchd's Elements. Book J. 


the triangle AED the two ſides ax, DE are ſuppoſed to be equal, 
The angles EAD, EDA [by 5.1 1 will be equal. By the ſame 


reaſon, becauſe the two ſides A, FD of the triangle AD are 


equal, the angles Fav, FDA upon the baſe ap will be equal, 


Theſe therefore being taken away from the former, and there 


will remain [by axiom ES } the angles EAF, EDF equal; which 
was to be demonſtrated. 


PROP, IX. PROBL. 


To biſe or cut a A Fight-Hneg angle into tw 
equal parts * . 


Is et the given right-lined angle be B ac; it is 9 8 


to biſect or cut the ſame into two equal parts. 

Let there be taken any point as p in the right line A ;, 
and from the right light line a c [by 
prop. 3.] cut off the right line A E equal 
to the right line AD; and draw the right 
line DE; and upon the right line DE [by 


DEF, and draw the right line AF: I fay, 


by the right line AF. 


do the right line A E, and 4 F is common, 
therefore the two ſides DA, AF will be equal to the two 
ſides Ea, AF, each to cach; and the baſe DF is equal to 


the baſe EF. Therefore the angle DAF is . to the 
angle EA F [by prop. 8. 


Therefore the given right. lined angle Bac is cut into 


two equal parts by the right line r; which was to be 
Jone. 


2 The operation td be mk: more elegant, if 3 an 


| iſoſceles triangle DEF were deſcribed or conſtructed upon the 
right line DE, *havi ing one of its equal ſides or or E equal to 
AD OT AE. Hence it appears, how any given angle may be 
divided into 4, 3, 16, 32, Oc. equal parts, dig. by biſecting 
each part again. But from Euclid's poſtulatums cannot be 
obtained the 805 generall 4 of an angle into any other num 
5 ber of en parts, as 3, 3, 6, 7, Nc. 


PR 0 b. 


prop. 1. deſcribe the equilateral triangle 
the angle BAC is cut into two equal parts 


For becauſe the right line A p is equal 


K J. 


qual. 
ſame 


are 
qual. 


there 


hich 
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AB is ; cut into two equal parts at p. 


mon; 


and the angle Ac p is equal to the angle Bc p: 


in the ſame be C. 
the given point c at right angles to the right line a B. 
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T 0 cut a given finite right line into two equal parts, b 


Let A B be the given finite right line, which is to be cut 


into two equal parts. 


Upon AB let there be made the equilateral triangle AB c 


(by prop. I.] and cut the angle ac 8 0 
into two equal parts [by prop. 9.] by 1 


the right line c D. I fay, the right line 


For becauſe the fide A c is equal to 
the fide c B, and the fide c p is com- 
the two ſides ac, CD are equal A N B 
to the two ſides B c, c D, each to each, 


therefore 
the baſe a D [by prop. 4.] is equal to the baſe ; p. 

_ Therefore the given finite right line AB is cut into two 
equal parts in the point p; which was to be done. 


> The ſolution of this problem is really no more than de- 


ſeribing two equilateral triangles upon it, the one on one ſide 
the given right line aB, and the other on the other fide that 


right line; and joining the angles of each of theſe triangles, 


wich are oppoſite to the given right line AB, by a right line, 
Which wal cut the given right line AB into two __ Parts; 


"PROP: XI. PROBL. 


bow. a point given in a given right line, to draw 


a right line at right angles to it. 


Let there be a given right line AB, and let the given point 
It is required to draw a right line from 


In the right line Ac let there be iaken any point o 
and { by prop. 3.] put the right line C E equal to the right line 


cb; and {by prop. 1.] upon the right line DE deſcribe 


the equilateral triangle F DE, and draw the right line Fc. 


I fay, from the given point c in the given right line AB. 


is drawn the right line Cy at right angles t to A B. f 
Por becauſe the right line c D is equa al to the right line 
E, and the right line CF is common; there are two right 
kues D©, © EB, "equal to the two right lines EC, CF, each | 

| O 


r 


bt 


— - — 


— REI oe 
— we _-0 


— — 
— — 


line AB perpendicular to it. 


: r 


2 — _ ————— 
— "i == = 
2 


—. 
= 
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to each, and the baſe DF is equal to the baſe E F: therefore 
the angle D c F is equal [by prop. 8. 
to the angle EC . And theſe are 
| a adjacent angles. But when a right 
F 4-2 line ſtanding upon a right line make: 
7 — the adjacent angles equal to one an- 


A? 


/\ 


AD CE E B other, each of theſe equal angles 
is a right angle [by def. 10.] Therefore each of the angles 


Doc, F E is a right angle. 
Therefore from a given point c, in a given line a , 


the right line FC is drawn at right angles to the right line 


AB. 


PROP. XII. PROBL. 


From a given point, without a given infinite right line, 


to draw a right line Pet pendicula. to it e. 


Let the given infinite right line be A B, and let the given 


point without the fame be c ; it is required from the given 


point c without AB to draw : a right line perpendicular to 
it. | | 
Let any point D be taken on the other ſide of the ling 
| AB; and about the centre c, 
with the diſtance c p, let the 
circle EE G be deſcribed [ by 
poſt. 3.] and let the right lin 


„„ [by prop. 10.] and draw the 
CEN ZE I NS l mon ne £0 CH. EE: 1 
„550 7. fay, that the right line c H is 

„C „ drawn from the given point c, 
without the given infinite right 


For becauſe G H is equal to the right line 8 E, nd the 


right line Kc is common; there are two right lines G H, 


HC, equal to two right lines E H, He, each to each; 


and the baſe CG is equal to the baſe C E [by def. 15. 
Therefore the angle C HG is equal to the angle EH Ce [by 
prop 8. ]. And theſe are adjacent angles. But when a right 
une ſtanding upon a right line makes the adjacent angle 

cqual to one another, each of the equal angles is a right 


angle, and the ſtanding right line is called a 3 


to "har upon which it ſtands, 


There- 


E G be biſected in the point a 


. ²˙»A apes. ay 


ed. 
. 
HY! 
IEA 
* 
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to the angle ABD; 
be both right angles [by def 10. 
but if not, let the right line EB 
be drawn from the point ; at right 
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4 herefore upon the given infinite right line a H, from a 


given point c without it, is drawn the perpendicular ch 
to it: which was to be done. 


c It was very right f in Euclid to ſuppoſe an infinite right live 


in this problem; for if it were a finite right line, a right line 


could not always be drawn from a given point out of it per- 


pendicularly upon it. 


There are ſeveral practical ways of ſolving this problem, ED 
well as the laſt, but the moſt expedirious of all is by a 


ſquare. 


PROP. XIII. n 


ff a right line ſtanding upon a right line makes an- 


gles, theſe angles ſhall either ve two right ang: 2s, 
or [oth together | equa! to two right angles ©. 


For let any right line A B, ſtanding upon the right line 


DC, make the angles ch A, ABD; | Tay, theſe angles will 
either be right angles, or {borh together] _ to two 


right angles. 
For if the angle c BA be equal 
then will they 


angles to the right line vc by e ee eee —＋ 
B 1B: C 

prop. 11.] then the angles ch E, | 

E B D are two right angles. And becauſe the angle CBE is 


equal to both the angles CBA, ABE, if the common angle g 
'F BD be added, the angles C E, EBD are equal to the 
three angles. e BA, ARE, E AD. 
DBA 1s equal to both he angles DB E, EBA, if the 
common angle A n c be added, the angles DBA, ABC will 
be equal to the three angles DB E, E BA, ABC. 
angles CBE, E BD have been proved to be equal to the 
Z ſame three angles; and things which are equal to the ſame 
thing, are equal to one another, 
'CBE, EB p are equal to the angles DB A, A BC but 
the angles CBE, E BD are two right angles. 
the angles v, ABC are equal to two o right angles. 


Again, ſince the angle 
But the 


Therefore the angles 8 


Therefore 


FF 
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If therefore a right line ſtanding upon a right line make, 
angles, theſe angles ſhall either be two richt angles, ot 


ſboth together ] equal to two right angles : 


which Was to 
be demonſtrated, 9 85 


4 This propoſition ſeems to depend upon a certain axiom or 
common notion, vg. that ſo much as the angle a p exceed: 
the right angle EBD, by ſo much is the remaining angle Ac 
excecded by the right angle ENO; for as there the angle ane 
is the exceſs, ſo is the fame angle nE here the deficiency. 
Wherefore it neceſſarily follows, that both the angles A Bp, 
ABC are equal to two right angles, the one being juſt as much 
above a right angle, as the other wants of one. 


PROP. XIV. THEOR. 


Fat a point in any right line two right lines drawn 
contrary ways do make, with the firſt line, the 
adjacent angles equal lo two right angles; thoſe 
right lines will be directly placed to one another, 
or both fall into one right line. 


For at the point B in the right line A n 1 t two right 
lines B c, B D, drawn contrary ways, make, with a B, che 
adjoining angles 4 C, ABD equal to two right angles. I 


or both fall into one right line. | 

For if B D lies not in the ſame direction with Bc, a 
by poſt. 2.] C B, N E both lie in the ſame direction. 

Then becauſe the Tight line AB ſtands upon the right 
my line CBE, the angles ABC, ABE 
e are [by prop. 13. ] equal to two 
1 right angles; but [by the ſuppo- 
ſition] the angles ABC, AB D are 

- Þ alſo equal to two right angles : 
—sð—,i — Therefore the angles C B A, A BE 
48 Tale away the common angle A B 05 then the re- 


maining angle ABE will be equal to the remaining angle ABD, 
the leſs equal to the greater; which is impofſible: therefore, 5 
the right lines BE, Bc are not both in one direction. It 


is demonſtrated after the ſame manner, that no right line 
but n P can have the fame direction with the right line c B. 
Wherefore BC and BP lic both i in the ſame right line. 


D are equal to the angles c nA, 


It .- 


1 


ſay, the right lines BD, CB will lie directly to one nooner, | 


LC nie awed a. Dae oo 


ets. . Fe 
. N. 43 
| , , 24 
' 2 8 
n 
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that is, both making one right line. Indeed, in 
this caſe, where the two right lines are both on 


angle A E p. . Eh : 
Por becauſe the right line A E 8 
ſtands upon the right line cd, e — 


making the angles CEA, AED. "PR 
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If therefore at a point in any right line, two right lines, 
drawn contrary ways, do make with the firſt line the ad- 


c jacent angles equal to two right angles; thoſe right lines 
will be directly placed to one another, or both fall into one 


right line. Which was to be demonſtrated, 


e This popoſition would not generally have held true, if the 
two right lines, as B c, B Þ had been both on 
the ſame fide the right line AB; for if the an- 
gle OBD, at the point B, made with the con- 
tinuation 26G of the right line AB, be equal to 
the angle arc, made at the point B with the 
right line AB, the angles ABC, ABD taken to- 
gether, are equal to two right angles. But 
the right lines Bc, BD are far from coinciding ; 


one ſide the firſt propoſed right line, the propo- 


ſition never can take place, unleſs the angles anc, An D be 


both right angles. 


PROP. XV. THEOR. 


If two right lines cut each other, they ſhall make 


For let two right lines A B, c D cut each other in the 


point E. I fay, the angle A E C is equal to the angle p E B, 
and the angle CE B equal to the R e 


Therefore the angles c k 4, 


A p are [by prop. 1 .] equal e 


do two right angles. Again, becauſe the right line pE 
ſſtands upon the right line A B, making the angles AE D, 


DEB; the angles A E D, DEB will be equal to two right an- 


Ales. But the angles c EA, A E PD have been proved to be 
cgual to two right angles. Therefore the angles c E A, 
AED are equal to the angles A E D, DE B. Take away the 
common angle AE p, then the remaining angle c E a is 
equal to the remaining angle B HD. In like manner it may 


5 be 
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be proved, that the angle CEB ſhall be equal to the ang]: 
DE A. 


If therefore two right lines cut each other, they ſhall 
make the vertical angles equal to one another. Which wa; 


to be demonſtrated. 


Corol. From hence it is maniſeſt, that if never fo man; 
right lines mutually cut one another in the ſame point, 
they ſhall make the angles at the point of interiection equal 
to four right angles. 


PROP. XVI. THEOR. 


Any one ſi de of every triangle being produced, the out- 
ward angle is greater than either of the inward 


oppoſite angles. 


Let the triangle be BAC, and let the {ide n c be pro- 
duced to D: 1 ay, the outward angle A c b is greater thay 
either of the inward oppoſite angles CBA; BAC. 

For biſſect [by prop. 10.] A c in the point x, and draws 
ing the right line B E, produce i it to F, and [by prop. 3. 
15 E F equal to B E, join FC, and continue out AC to 6. 


Then becauſe Af is equal to Ec, and BE equal to the - 


A IF right line EF; there are two right lincs 
A\ APs EB equal to two right lines CE; 


\ . FE F, each to each, the angle A E B allo 
AE is equal [by prop. 15.]to the angle Fc, 
| 2 


for they are vertical angles Therefore 
— the baſe A n is equal to the baſe F c [by 
D prop. 4.] and the triangle a B E equal to 

the triangle F E c, and the remaining 


„ to each, which are oppoſite t to the equal 
R = ee therefore the angle BAE is equal 


to the angle ECF. But {by ax. g.] the angle EC Dis 
greater than the angle EC F; ; therefore the angle AC D 
greater than the angle B AE. In like manner, if B; c be 


piſſected, it will be demonſtrated that the angle B c 6, 


that is [by prop. 15. ] the angie Ac P is 3 than the 5 


angle AB G. 
Therefore if any one ſide of every 7 triangle be produced, 
ths the 


angles equal to the remaining angles each 


t ) 
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. 


to D. 


angle a c D of the triangle a C B, 
is [by prop. 16.] greater than 
the inward and oppolite an- 

"plc ABC; add the common 


ther, are leſs than two Tight 8 0 
monſtrated. 


greater than the ſide A B, put \ 

Il by prop. 3-] the right linea b 

equal to the fide 4 B, and 
draw the right line B D: 
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the outward angle is greater than either of the inward and 


n angles. Which was to be demonſtrated. 


PROP. XVII. THE OR. 


Any 1200 angles of every triangle taken together, are 
leſs than l 71ght angles. 


Let there be a triangle AB C.: 1 ſay, any two angles of the 


triangle ABC taken together, are leſs than two right angles. 


For by poſt. 45 5 produce B C Fe 


Then becauſe the outward” 


_— 


angle AcB; then the a „% Mg D 


ACD, ACB are greater than the angles a n c, BC A. But 


the angles A cp, Ac [by prop. 13. ] are equal to two right 
angles: wherefore the angles ABc, BSA are leſs than two 
right angles. 
angles BAC, A c B are leſs than two right angues : as alſo the 
angles CAB, ABC. | 


After the ſame way we demonſtrate that the 


Therefore any two angles of every triangle 1 toge- | 
Which was to be de- 


PROP. XVIII. THE OR. 


The greater angle of every triangle is oppoſe ite to the 


greater fiae. 


Let there be a triangle ABC, having the TY AC © greater 


than the fide A B. I ſay, the Ye A BC ſhall alſo be greater 
than the angle Bc a. 


For becauſe the ſide AC is A 


Then becauſe 4 D B is an out- | 


Ward angle of the triangle 5 — 
| BDC, it ls aer [by prop.16.] 3 
5 1 
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than the inward inward oppoſite angle DB. But [hy 
prop. 5.] the angle ADB 1s equal to the angle ABD, be- 
cauſe the fide A B is equal to the fide ap: and therefore 
the angie ABD is greater than the angle Ac B conſe. 
quently the angle ABC is much greater than the angle 
AC B. 

Therefore the greater angle of every triangle 1s ks 
to the greater ſide. Which was to be demonſtrated. 


PRO . XIX. THE OR. 
The greater fi fide of every triangle is oppoſite to the 
greater angle. 


Let there be a triancle ABC, having the ang TP ABC 
greater than the angle Bc A. I fay, the fide a C is ; greater 
than the lide AB. 3 
A For if it be not greater: he 
ſide AC is either equa] to thi 
Hide AB, or leſs than it. But 


— ſide AR: for then the angle 
V >__ ABC would he equal by prob. 
B 51 tothe angle Aen. But it 


Is not equal to it: therefore the 
fide A © will not be equal to the fide ay. Neither, 3 


the fide a C leſs than the fide a B: for then the angle ABC 
would be | by prop. 18.] leſs than the angle ac B. But i: 
is not leſs: nor therefore will the fide a c be leſs than the 
#162 AB. But it has been demonſtrated not to be equal to 
it; ; wherefore the fide ac is greater than the fide a B. 
Wherefore the greater fide of every triangle is oppolitc 2 
to d the greater angle. ich was to be demonſtrated. 


PROP. XX. THE OR. 


5 Any two ſides of every triangle taken together, are. 


greater than the remaining ſide *. 


For let there be a triangle A B C. I ſay, any two ſides of 
this triangle taken together, are greater than the remaining 
tide; that is, BA, A C together, greater than the fide B C 
AB, BC together greater "than the tide AC; , and BC, C A 
together greater than te lide AB. 


the ſide AC is not equal to the 


Fol 


e ce vw 88 


are 


es of 
ning 
BC: 

CA 


For 
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dut [by ax. 9.] the a angle BCD 


than the angle A Dc. Allo, be- 
cauſe the triangle p c B has the 


angle B CD greater than the an- Pe | 
| ole BDC, and [by prop. 19. ] the 


__ demonſtration. 


Fuclid's Elements, 25 
For produce the fide a to the point p, and [by prop. 3: * 


| put D A equal to the right line c A, and join DC. 


Then becauſe P A is equal to the right line A c; the an- 
gle ADC [by prop. 5. will be equal | to the angle Ac p; 


is greater than the angle Ac p; 
therefore the angle BCD is greater 


— — — — —_ 


— — FP 


greater ſide is oppoſite to the 3 | ENT wy 


greater angle, the fide D B will be greater than the ſide s c. 
But the right line p B is equal to the ſides AB, A C: there- 
fore the ſides B A, AC together, are greater than the fide 


B C. After the ſame manner we demonſtrate, that the ſides 


AB, BC together, are greater than the fide c A, and the 


ſides B C, CA together, greater than the ſide A B. 
Therefore any two ſides of every triangle, taken together, 


are greater than the third ſide. Which was to be demon- 
| ſtrated. 


f Some think this pen too e erident to require a 
But Euclid thought the feweſt axioms, or in- 
demonſtrable propolitions was beſt; and therefore has every 
M. here given demonſtration when he could. 


PROP. XXI. THE OR. 


Fig from the ends of any fide of a triangle, = o right 
lines oe conſtituted within the triangle theſe lines 
Hall indeed be leſs than the io remaining ſides of 


the triangle, but Will contain a greater as gle, 


For from the ends B, C, of one of the ſides ; c of the tri- 


angle ABC, let two right lines BD, CD be conſtituted 
within the triangle: 
than the two remaining ſides B a, AC of the triangle, but 125 
yet do contain an angle 3 P c greater than the angle B A C. 


I fay the right lines BD, D C are leſs 


For continue out the right line B D to the point E. 
Then becauſe {by prop. 20.] the two fides of every tri- 
angle are greater than the third fide remaining: the two 


ſides A B, A are greater than the Ide BE. Add the right 


line 
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line k c, which is common: there. 
fore the ſides R A, AC are greater 
than the right lines B R, EC. A. 
gain, becauſe the 10 Rates CE, 
ED of the triangle ED ar 
N greater than the fide c p, let Þ x, 


then the right lines CE, E B are 
greater than the TRY lines C D, DB. But the ſides B 4, 
AC have been proved to be greater than the right lines x, 
EC: wherefore B A, AC are much greater than B p, DC. 


Again, becauſe the angle, which is without any triangle, 


is { by prop. 16. ] greater than either of the internal and op- 
polite angles, the angle B D, which is without the triangle 
C D E, is greater than the angle C E D. By the ſame reafon 
the angle c EB, which is without the triangle ABE, 4 
greater than the angle BAc. But the angle B D bas 
been proved to be greater than the angle c FE: there. 


fore the angle ; DC is much greater than the angle B Ac. 


Ik therefore from the ends of any ſide of a triangle, two 


right lines be conſtituted within the triangle; theſe lines 


ſhall indeed be leſs than the two remaining des of the tri: 
angle, but will contain a greater angle. Which Was t 


y be demonſtrated. 


PROP. XXII. PR OBI. 


To conſtitute a triangle, wheſe fides ſhall be equal to 


three given right lines: but any two of theſe take; 
together, muſt be greater than that which remains. 


Let the given right lines be A, B, c, whereof any two 


taken together, are greater than that remaining: viz. 4a 
and B greater than C; alſo A and c greater than B; and 
B and c, greater than A: it is required to conſtitute a 
trimmer whoſe three ſides ſhall be equal to a, B, . 
Leet a right line p E be put finite at p, but infinite to- 
wards E, and put [by prop. 3. ] Þ F equal to the right line 
A, the right line F 6 equal to the right line B, and let GH_ 
be equal to the right line c, and about the centre r, with 
on the drftance F o, let a circle DK L be deſcribed by 8 3 


>. which is common, be added: | 


ode Book I. Euclid's Elements. 27 
there And again, 1 the 
enter centre G, With the diſ- 
hs tance G H, let a circle | 
CE, EL k be deſcribed, and E. 
5 draw the right lines 
'DB KF, KG: I fay, the 
ded. triangle K FG 18 con- 
dale ſtituted of three right 5 1 
mes equal to the right A e 
, Shes A, By Co 5 
ae For deten the point Cc 
"Sp is the centre of the circle pK L, the right line FD is 
1 op [by def. 15.] equal to the right line x K: But F p is equal 
inge to the right line A: Therefore alſo the right line F K is 
eaſon equal to A. Again, Becauſe the point & is the centre of the 
E„ 5 Circle LK H, therefore G HH is equal to the right line G K; 
8 by but G H is equal to the right line c. Therefore alſo G K is 
nere equal to the right line c, "and O is alſo equal to the right 
4 line B: wherefore the three right lines K F, F G, G 5 are 
FD equal to the three right lines A, B, C. 
lines Therefore the triangle K F & is conſtituted, whoſe three 
; Er1- "He KF, FG, G K are equal to the three 0 right lines 
1 12 A, B, C which was to be done. 
PROP. XXIII. PRO BL. 

7% make a right-lined angle at a given right is and 
7 to at a given point in it, equal to a a given right-lned 
hey angle 2. 
25. Let A B be ts given right line, hd a the point given 
- therein; and let the right-lined angle given be DCE. It 
two. is required to make a right-lined angle at the given point A, 
A with the line AB, equal to the given cight-lined angle DEL. 
and In each of the right lines C 
te a CD, CE take any two 
TY points p, E, and draw the 
to- right line D E, and of three 
line right lines equal to the three 
GH night lines G b, DE, CE; 
vith conſtitute. [ by prop. 22.] . 
3] a triangle AF G; fo that 
And 


the right line C D be equal 


to AF, the right line c E to AG, and the right line DE to 
dhe rh line FG, Then 


—— 


— 
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Then becauſe the two right lines pc, c E are equal ty 


the two right lines FA, A G, each to each; and the bat: 


. DE is equal to the baſe F ; the angle DC E [by prop. 8. 


is equal to the angle FAG. 
Therefore at the given right line A B, and at the given 

point A therein, is made the right-lined angle F. A 8, equa! 

to the given right-lined angle D E. Which was to be done, 


There is an eaſter folution of this problem, by means «f 
prop. 27. lib. iii. But as Euchd wanted this problem to help 
to demonſtrate the 24th, he could not give that ſolution in thi. 
place, becauſe it could not be here demonſtrated; and fo hc 


gave the only one that could be demonſtrated, upon the axiom. 


and propoſitions already eſtabliſhed He has done the ſame 5! 
along. And whoever believes that Euclid was ignorant of {hort- 
er conſtructions of ſeveral of his problems that might be given, 
decauſe he aid not give them, I really think, are much mis. 


taken ; he rather omitted them becauſe they could not be de. 


monſtrated but by propoſitions he was not yet come to, his 


conſtant purpoſe being to admit nothing without firſt demon- 


ſtrating it. 


nor THEOR. 


If two triangles have two ſides of the one equal lo 


two ſides of the other, each to each; and the angle 
of the one contained under the equal right lines, 
greater than the angle of the other ; then will the 
baſe of the one be greater than the baſe of the 
other. N . 


Let there be two triangles a 5 C, DEF, having the two 
tides A B, A C equal to the two ſides D E, DF, each to 
each; that is, the ſide A B equal to the fide D E, and the 


1) ſide Ac equal to the fide 
5 pp; and let the angle pac 
be greater than the angle 
E DF: I fay, the baſe Bc 
is greater than the baſe Ek F. 
| For becauſe the angle 
sac is greater than the 
SAG angle EDF, at the right 
: ; F linedE, and at the point 
o, therein make | by prop. 23.] the angle E D G equal to 


—eEERE CEE oe 


TY) 


| Book > 


the angle BAC 3 and put D G [by prop. 3. equal to either 


of the right lines AC, DF: 


equal to two ſides of the other, each to each; 
angle of the one contained by the equal right lines greater 


5 fide AB equal to the {ide DE, 


tide DF; but the baſe BC - 
"greater than the baſe EF: I 


ſay, the angle pac is greater . 5 
than the angie EDF. HG „„ 
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alſo draw G E, FG. 

Now becauſe A B is equal to the right line DE, and the 
Tight line A C equal to the right line DG ; therefore there 
are two right lines BA, AC cqual to two right lines 
E D, D Gy ch to each; and the angle B A by conſtr. ] 

is equal to the angle E HO: Therefore the baſe h C [by 
prop. 4. ] will be equal to the baſe EG. Again, becauſe 
DG is equal to the right line P, and the angle DE G is 
[by prop 5.] equal to the angle pH; the angle DF G 
will be greater than the angle E GF; and therefore the angle 
E FG will be much greater than the angle E GF. And be- 
cauſe the triangle E = G has the angle E FG greater than 
the angle EGF; od [by prop. 19.] the greater fide is 
oppoſite to the greater angle: the fide E G 1s greater than 


the fide EF. But | by conktr. ] the fide E & is equal to the 
ſide ; C; and fo the ſide B; C is greater than the fide Ef. 


If therefore two triangles have two fides of the one 
and the 


than the angle of the other; then will the baſe of the one 


be greater than the baſe of the other. Which Was to be 
55 demonſt ated, 


PROP. XXV. THE OR. 


If 2 triangles have two ſides of the one equal 2 


two ſides of the ether, each to each; and the baſe 

of the one be greater than the baſe a the other; 

they ſhall alſo have the angles contained. by the 
equal fides, the one greater than the other bu. 


Let there be two triancles ABC, DEF, having two fide: 
AB, AC, equal to two ſides 8 
D E, D F, each to each, viz. the 


D 


and the fide ac cqual to the 


For if it be not greater, it will be eith- ; cqual to, or 


1 tek an! it. But the angle 8 BAC is not <qu nal to the angle 


E DF, 
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E DF, for if it were [by prop. 4.] the baſe B © would b. 
equal to the baſe EF. But it is not ſo [by ſuppoſition.” 
Therefore the angle B a c 1s not equal to the angle E Dy, 
neither is it leſs; for if it were, the baſe B c [by prop. 24. 
would be leſs than the baſe EF: But it is not; thereſor; 
the angle B Ac is not leſs than the angle EDF. But it hz; 
been proved not to be equal to it neither, Iv herelore t the 
angle BAC is greater than the angle E DF. 


If therefore two triangles have two ſides of the one equi! 


to two ſides of the other, each to each; and the baſe 0 
the one be greater than the baſe of the ather ; ; they foal 
alſo have the angles contained by the equal ſides, the un: 

greater than the other; ; Which was to be demonſtrated. 


b This e is demonſtrated directly by Menelaus 0 
Alexandria, and by Hero. See Proclus's Commentary upo: 
the firſt book of Euclid ; wherein are extant their demonitra. 
tions, Clavius has allo tranſlated them into Latin, 


PROP. xxvl. THEOR. 
| If Ho triangles have two angles cf the one eg t1 


two angles of the other, each to each; and one id. 
of the one equal to one fide of the other, eit he 


that fide which is between the equal angles, Gr 


that which is oppoſite to one of them; then «i, 


the remaining ſides of the one triangle be equal! 


be remaining ſides of the other, each to each; an: 


the remaining angle of the one will be equa! 40 19, 


remaining angle of the other. 


Let there be two triangles ABC, DEF, having the tuo 
angles ABC, BCA of the one equal to the two angles DE *, 
E F D of the other, each to each, viz. the angle ABC 

equal to the angle DE E, and the angle BC A equal to th: 


angle E FD: alſo let one fide of the one be equal to on 


| fide of the other. And firſt, Let theſe ſides be 5 C, E F, 


lying between the equal angles I fay alſo, the remaining 
ſides of the one will be equal to the remaining ſides of. 
the other, each to each, viz. the fide A B equal to the fide 


vp E, and the fide Ac to the fide DF ; and the remaining 
angle EAC eu to the remaining angle 1 DF. 
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them will be the 


equal ſides. 
Angle DF E. 
ange BCA: wherefore the an Zle BC G is equal to the an- 


angle DEF. 
8 * equal to tlie baſe DF, and the remaining angle BAC 
18 equal to the remaining angle E E D F. 


er, which let be B 
B equal to x F; and | Join A H. 


the angles contained by them equal : 
AH, DF [by prop. 4. i are equal. And the triangle a B H 
1s equal to the triangle v EY and the remaining angles 
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For if the ſide A B be unequal. to the fide p E, one of 


57 
greateſt, Let AB 
be the greater, G 


and [by prop. 3: J = 
put the right line NON 1 1 
B G equa: to E P, F ES. 


and VVVVFVVVVVGCCC ICE goa F 
Then becauſe 5 


: the fide B G is equal to the fide D E, and the ſide B c to he 
| fide E F, viz. the two ſides BG, BC equal to the two ſides 


DE, EF, each to each; and the angle G BC is equal to 
the angie DEF: cheese will the baſe G be equal to 
the baſe D F [by prop. 4-], the triangle G CB will be equal 


to the triangle DE F, and the remaining angles will be 


ual to the remaining angles which are " oppoſite to the 
Therefore the angle GCB is equal to the 
But the angle DFE is put equal to the 


e'B CA, the leſs equal to the g creater, which is impoſſible : — 


ereſbre the tide A B is not unequa) to the ſide DE; and 
ſo it is equal to it. But the fide BC is equal to the fide E r, 
and the two ſides AB, BC are equal to the two ſides D E, 


E F, cach to each; and the angle ABC is equal to the 
Where fore the baſe a C by prop. 4-] will 


Secondly, Let the ſides a B, D E oppolite to the equal 


angles be equal ; that is, the tide A h to the {ive D E. I ſay, 


the remaining ſides of the one triangle will be equal to the 


remaining fides of the other; that is, the fide A C equal to 
the ſide D F, and B © equal to the fide EF; and alſo the 


remaining angles BAC and E D F equal. | 
Por if. Þ C be unequal to E F, one of them i is the great- 
c (if poſſible. ) Ard put by Pas 3] 


Then becauſe the fide 6 11 is equal to the ſide E F, and | 


1 * fide a B equal to the ſide DE; viz. the two ſides a B, 
des 0. 


: F, each to each; and 
therefore he baſes : 


B H equal to the two hides DE, E 


equal 
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equal to the remaining angles, each to each; which ar: 


oppoſite to the equal ſides: Therefore the angle BHAk 


equal to the angle EFD. But [by ſuppoſition] the ange 


EF. D-.18 equal to the angle B CA: therefore the an: whe 


BHA 1s equal to the angle BCA; diz. the outward angle 


B HA of the triangle A C H equal to the inward oppofte 
angle BC A; which {by prop. 16.] cannot be. Therefore 


the fide B C is not unequal to the {ide F, and fo it is equi 


to it. But AB is equal to the ſide DE: wherefore two 


ſides AB, BC are equal to two ſides D E, E F, each to 
each; and they contain equal angles: Therefore the bat 
AC [by prop. 4.] is equal to the baſe D, and the tri. 
angle ABC is equal to the triangle D E F, and the remain. 
Ing angle B A C equal to the remaining angle E D F. 

If therefore two triangles have two angles of the one 
equal to two angles of the other, each to ech; and one ſid: 
of the one equal to one ſide of the other; either that whic! 
is between the equal angles, or that which is oppoſite to on: 

of them; the remaining ſides of the one triangle will b: 
equal to the remaining ſides of the other, each to each; 


and the remaining angle of the one will be equal to the 


remaining angle of the other. Which was to be demon. 
ſtrated. on ng 


PROP. XXVII. THEOR. 
IF a right line falling upon two right lines makes ti! 


alternate angles equa! to one another, theſe 2780 
lines 70 700 be parallel do one another. 


For let the rizht line E E, falling upon che right ling 
AB, CD, make the alternate angles A E F, E F D equal t. 


one another. I ſay, the right” line AB is 1 as to the. 


Tight line c D. 
Fo or if it be not parallel the Hoes A B, D C produced w. 


%% maueet either towards BD or Ad, 
%% cd let them be produced towars 
C 


B D, and meet in the point . 


TE = „ No the angle AE F bein 


the external angle of the triangk 


ACRE: creater [by prop. 160 
„ than the inward oppoſite angt 
f E F 


k I. 


1 are 
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angle 
angle 
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B FG: But [by the ſuppoſition] it is Iikewiſe equal to it; 
which is impoſſible: Therefore A B, c D continued out to 


wards B D will not meet. 
monſtrate, that theſe lines will not meet towards A C: but 


is equal to the angle G H 5, 
2 ahd [by prop. 15. J, the angle 


EGB equal to the angle AGH: 


= two right angles, and by Prop. 12 
30 alſo equal to two right angles; : the angles 


: Prallcl to c pb. 


 Euclid's Elements, 33 


After the fame manner we de- 


right lines, which being either way produced, and do not 


meet, are [by def. 35.] parallel to one another, Therefore 
A is parallel to oo. 


Wherefore if a right line falling upon two right lines 
makes the alternate angles equal to one another, theſe two 


| right lines ſhall be parallel. Which was to be demonſtrated. 


PROP. XXVII. THE OR. 


I 4 right line falling upon two right lines makes 


the outward angle of the one equal to the inward 
oppoſite angle of the other, on the fame ſide; or 
the inward angles on the ſame ſide together equal 
to two right angles: theſe right. lines e ve 


Parallel to one er 


i For let the rioht line EF, falling upon the two right lines 


n, CD; make the outward angle EGB equal to the in- 
ward oppoſite angle G H D, on the ſame ſide; or th in⸗ 
ward angles BG H, G HD, on the ſame fide together equal 
to two right angles. 


I By 8 the right line AB is Ole 
to the right line p. 


For 13 the angle E GB 


is | 


the angle AGH a ſo ſhall be 
equal to the angle GHD: they b TE 
are alternate too. Therefore 5 a 


- 
| 
= 
i 


Secondly, Becaule the angles BG H, GHD are cqual to 
.] the angles A H, 


BGH will be equal to the angles BG R, GHD. Take 


away the common angle BG H, and an the remaining 
angle AGH is equal to the remaining angle 


GHD3 
T Herelore AB {by prop. 27. 


D : OY 


and 
they are alternate angles : 
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If therefore a right line falling upon two right lines 
makes the outward angle of the one equal to the inward 
oppoſite angle of the other, on the ſame ſide; or the in- 
ward angles, on the ſame ſide, together equal to two right 
angles; theſe right lines ſhall. be parallel to one another 
Which was to be demonftrated. 


5 


PROP. XXIX. 1 HE OR. 


If a right line falls upon two parallel right lines, it 
makes the allcrnale angles cquel to one another; 
the outward angle e. qual 70 . iutoard and oÞpoſiti 
angle on the ſome fo fd de; and the inward angles mi 
the ſame /1 Hi de together cg. 122 io ito right angles. 


For let the right line E 7 fall upon the parallel right lin: 
AR, S Iſay, it makes tlie alternate angles A GH, G HD | 
equal to one another ; the outward anole EG B equal to- 

the inward oppolite angle © H » on the fame ſide; and the. 
two inward angles Þ H, GHD on the fare tide togethe: Þ 
equa) to two right angles. | : 


For -if the angle A 6 H be uncqual to the angle G H D. 
one of them is the greater, 


Ee which let be AG H. Then 
TREE ts 1 becauſe the angle AGH ö = 
Zi, ha | greater than the angle G HD, 

„ put the common angle BGE 
0 —— TE = D to both; Therefore. will the * 

5 5 N angles A C H, BGH bc greater 1 

F than the angles BG H, G HD. 

1 But the angles AGR, H are [by prop. 13.] equal to ; 
two right angles : Therefore the angles BG H, HD ae 
leſs than two right angles. But |. by ax. II.] right ling C 


infinitely produced from a angles leſs than two right angles, 
will meet: Thereſore the right lines A B, CD infinite 

g produced, will meet one. ahother © but they do not meet, | 
| ſince they are ſuppoſed to be parallel, Therefore the ange 
ACA is not en f to the angle G HD. It is therefor! 
equal wo; : 7 
Secondly, The angle AGH is em} hy: prop. 1 15. 1055 

4 angle EGB: | Ueretore alſo E GB will be equal to 

G 11 D. 
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by ac, making the inward angles 
BAC, DCA leſs than two right an- 
"ples. Now let a © be cut into 
halves, or otherwiſe, in E: and 


let r be cut in half in #, and equal 
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Thirdly, Put B G E, which is common, to both; then 


the angles EG B, BGH are equal to the angles BG H, 


Gp. But E G B, B GH together, are [by prop. 13. ] equal 
to two right angles: "Therefore allo ꝝ G H, G HD are, to- 
gether, equal to two right „ oa 
Therefore if a right line falls upon two parallel right 
lines, it will make the alternate angles equal; the outward 


angle equal to the inward and oppoſite. angle on the ſame 
ſide; and the inward angles, on the ſame ſide, together 
equal to two right angles. Which was to be demonſtrated. 


i Scarborough, in his annotations upon this propoſition, to- 


wards the end, has advanced a ſtrange paradox, dig. that two | 


right lines drawn from angles leſs than two right angles, may 


in ſome manner be for ever prolonged, yet ſhall they never 


meet together; and (as he thinks) has given a demonſtration 


thereof. But he has miſtook the matter. Let us fee what he 
ſays. | e 


Let two right lines A, cp be cut 


equal to ra let be put ay, and to 
re, Co; then draw Fc: Again, 


to HF let be put FB, and to ho, 
p; then draw Bp: I ſay, that 


tlie lines aB, CD may for ever be thus prolonged, yet never 


- \ 1424 
Point .; therefore pb being cut in half in K, the line & ſhall be 
equal to BL, and £5 to Di. Wherefore of the triangle ao, 


ſhall they meet together. For, if poſſible, let them meet in the 


the ſides DL, LB ſhall be equal to the third fide pp; which is 


impoffible {by 20. 1. J. Therefore the lines A, Cp, drawn 


| from angles leſs than two right, may for ever be prolonged | 
and never meet together; Which was to be demonſtratedl 


C 


*. 


Theſe are Scarborough's own words, Now, I ſay, he is de- 
Leiv ed nere for his Wo right nes 4B, CD will really meet 
I 1, neither ALT | | 
Angle pal. 


=p « 1 * 1 A 

einne Acre 210 5 IH K L x 

COINCIUNNS together: ſo that here the? 
15 S 


nor CL bens finite; and his ultimate tri-- 
Will become infiitely- imall, the points p, 8,1. all 
;. 4 5 22. 20th) propoſition becomes 

„ And I think, from all that. he fays,. we can 
ö | an innnite number of right 
lines b, „p, all orter and ſhorter, and nearer and nearer 
hing, may be drawn within the triangle Ac; and all 

the prolongations that a 3, CD will acquire, by an infinite 
55 D 2: number 


„ 
11 | . i 
4% - © ow 


* 9 „ — 0 Irc 
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number of particular operations of hay, will be only the fi: 


lengths B Fs DL. 


PROP. XXX. THE OR. 


7 hoſe right lines that are parallel to the ſame righr 
46 ine, are parallel to one another, 


Let 4 of the right lines A B, © D | be parallel to tl 


right line EF: 1 ſay alſo, AB will be parallel to c D. 
For let the right line GK fall upon them. Hg 
Then becauſe the ou line G K falls upon the paralle 


right lines A B, E F, the an. 
8 2 B ole AGH [by prop. 29.] i 


2 equal to the angle G H F, 4. 
13 1 — F gain, becauſe the right lin: 
3 „ Fs K falls upon the parall 
Fl 5 lignt lines E F, c p, the an. 


gie GHEF 1s [by prop. 29 


equal to the angle G k b. But it has been proved, that tht 


angle A G K is alſo equal to the angle G HF: and therefor 


the angle AG K will be equal to the angle GK D; and the 


are alternate angles: Therefore [by prop. 27. the righ 1 


line A B is parallel to c D. 


Wherefore thoſe right lines that are parallel to the ſane 
right line, are parallel to one another; 3 which was to be 


0 demonſtrated. 


PROP. XXXI, P RO BI. 


: 7 0 drow « a right line through a given point,  parall 
e Kue right une. 


"tax the given point be A, and the given right line le 
nc: It is required to draw a right line through the given 1 


| point A, parallel to the given right line B c. 


i Take any . D in BC, and join AD; and [9 
. „„ bp prop. 23.] with the right line 1 
— — Ap, at the point A therein, 
make the angle DA E equal 0 
. — — the angle A Dc, and continu: 


8 out the right line EA to r. 
Iba 


p. 29. 
hat tht together are equal to two right angle... 1 85 
For [by prop. 31. ] draw the right line CE through the 
point c parallel to the right line AB os 
Ihen becauſe a B is parallel _ 
to c, and the right line Ac 
e ſam! falls upon them; the alternate 
angles BAC, ACE [by prop. 
29. ] are equal to one another. 
Again, becauſe A B is parallel ——————<——— 
to c E, and the right line B D 3 . CG. . 
falls upon them; the outward angle ED is equal to the 


erefor 


ad the; 


e rig 


to be 


aral. 


line be 


e given 


nd (% 
rht line 
therein, 
qual t) 
ontinue | 
aut ward angle is equal to both the inward oppoſite angles; 


F. 


Iba 


Then becauſe the right line A p falling upon two right 
| lines EF, Be makes the alternate angles E AD, Abo 
equal; the right line E F will be parallel to the right line 
Bc [by prop. 27. J. mm 
Therefore the ri 
given point A, parallel to the given right line B c. Which 
"oF to be gone. ; 1 
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ght line E AF is drawn through the 


PROP. XXXII. THEOR. 


of one fide of any triangle be produced, the outward 


angle is equal to the inward oppoſite angles taken 
| together ; and the three inward angles of every 
triangle altogether are equal 10 two right angles, 


Let ABC be a triangle, and one of its ſides B © pro- 
duced to p. I ſay, the outward angle A CD is equal to 
the two inward oppoſite angles CAB, ABC taken toge- 
ther; and the three inward angles ABC, BCA, CAB al- 


inward oppoſite angle A Bc. But it has been proved, that 


the angle ACE is equal to the angle h AC: wherefore the 
: whole outward angle ACD is equal to both the inward _ 
„ %%%, en 


Let the angle ace, which is commun, be added to 


both; then the angles A c D, A c B, together, are equal to 


all the three angles A B C, BC A, CAB. But [by prop. 13. 
both the angles A c D, ACB are equal to two right angles: 


two right angles. 5 * 


Therefore if one fide of any triangle be produced, the 


„ „ and 
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and all the three inward angles of every triangle are equal 
to two "ew angles. Which was to be demonſtrated. 


k Balena ſays, the Pythagoreans firſt of all demonſtrated 
that the three angles of a triangle are equal to two right a an 
gies, after the following manner : 

Let there be a triangle ao, 131 through! the point A ib; 

321. 1.} draw the right line dr par. 
| A 3 allel to BC. Then becauſe by 

TIE 9 — E. 20. I. | tae e angles DAB, 
ARC. are equal to one another, i 
the equal angles E Ac, Ac B be 
B © added (for theſe are alternate an. 

| gles); the two angles DaB, Bad 
[by axiom 2. ] Wi o be equal to the two angles KB, act 
And ſo, adding the common angle Bac, the three angles | 


DAB, BAC, CAE will be equal to the three angles A BC, Bar, 
AC B. But the angles 'DaB, BAC, ak are equal ba WO 


1 


right angles; as is evident [by prop 131. J. Therefore dle 
three angles A B, BA c, Ach are equal to two right angles; 


| Which was to be demonſi ated. 


p RO P. m THE OR. 


7 WO right lines, whic > join 2 equal and paral': 


right lines, lowards gf e {ome parts, are alſo them. 
ſelves equal and Para Lell. 


Let he right lines A C, E D join towards the fame part: 


the equal and e h right lines A E, CD: Lſay, A c., BD 


are equal and parallel. 
For join Bc. 


Then becauſe A B is parallel to op, and the right line 


BC falls upon them; the alter. 


nate angles ABC, BCD | by 
prop. 29.] are equal. Again, 
_ becauſe A Bis equal to c p, and 
- BC is common, the two ide: 
AB, BC are equal to the two 


- ſides CD, BC, and the _ ABC equal to the ange 
BCD: Therefore [by prop. 4.] the baſe A c is equal to the 


baſe Br, and the triangle A Bc equal to the triangle g c Þ. 


And the. remaining angles of the one triangle will be equal 


to the temaining angles of the other, each to each, which 
ale 


ok J. 


equal. 


ſtrated, 
bt at. 


A. {by 
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are oppoſite to the equal ſides. Therefore the angle ACB 
is equal to the angle D. And becauſe the right line B c, 
falling upon the two right lines A c, BD, makes the alter- 
nate angles AC B, CBD equal to one another 3 the right 
line ac [by prop. 27.] is parallel to the right line BD. It 
has alſo been proved to be equal to it. . 
Therefore two right lines which join two equal and par- 
allel right lines, towards the ſame parts, are themſelves 
both equal and parallel. Which was to be demonttrated. 


If two right lines do not the ſame way join the equal par- 
allel right lines, that is, do not join the anſwerable extremes 
A, c, and B, p, of the equal and parallel right lines aB, cp; 
but the alternate ones a, D; B, c, croſſing one another. The 
latter part of the propoſition will never be true, and the for- 
mer one but ſeldom ; therefore Euclid was obliged to ſay, that 
the right lines muſt join the equal and parallel ones the fame 
REES Rn, %%Cͤ;;ö1ĩͤ he 
This propoſition of Euclid is more extenſive than it is gene- 
rally thought to be. For it neither conhnes the number of the 
right lines joining the equal and parallel right lines to two, nor 
the equal parallels to two, though the demonſtration does. 


I alfo think, the propoſition, as generally taken, might have 


been more clearly expreſſed thus: If the extremes of two equal 
and parallel right lines be joined by the extremes of two other 
right lines, not ſo as that theſe lines cut one another: theſe 


| right lines will alſo be equal and parallel, 


PRO P. XXXIV. THEOR. 
The oppoſite fides and angles of any parallelogram or 
figure bounded by parallel lines, are equal to one 
another, and a diameter biſects it Ww. 
Is Let there be a parallelogram A CDB, and its 8 
3: I ſay, the oppofite ſides and angles of the parallelo- 
Sram ACDB are equal, and a diameter divides it into two 


_ Equal parts. 


For becauſe A B is parallel to 5 5 
CD, and the right line Bc falls A ; 
pon them. Ihe alternate aan nn NC: 
gles A Bc, BD [by prop. 7p 


are equal to one another. :? = 3 
gain, becauſe A C is parallel to on 5 


D 4 
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BD, and the right line B c falls upon them, the alternate 
angles A CB, CBD are equal to one another: [Therefore 
there are two triangles ABC, CB D, which have two an- 
gles ABC, BCA equal to two angles BCD, CBD of th: 
other, each to each; and one fide of the one equal to one 
{ide of the other, Viz. the ſide B c between the equal au- 
| gles, which is common to both. Therefore [by prop 26. 
the remaining ſides ſhall be equal to the remaining ſides, each 
to cach; and the remaining angle to the remaining angle, 
| Wherefore the fide AB is "equal to the ſide C D, and the 
fide Ac to BD, and the angle BAC to the angle B Dc. 
And becauſe the angle AB C is equal to the angle B Gp, 
and the angle CB D equal to the angle Ac B; the whole 
angle ABD will be equal to the whole angle A C D. It 
has been alſo demonſtrated, that the angle BAC is Equal 
to the angle B; DC. 

Therefore the oppoſite fides and angles of any raralle lo- 
gram [or four-ſided figure bounded by parallel lines] ate 
equal. 

I ſay alſo, the diameter biſects it. For becauſe A B i 
equal to CD, and BC is common; the two ſides A ., Bc 
are each equal to the two ſides pc, B, and the angle 
"ABC is equal to the angle BCD : 7 herefore the baſe ac 
[by prop. 4.] is equal to the baſe » D; and ſo the triangle 
ABC wil be equal to the triangle Bc 0 

Therefore the diameter hc cuts the parallelogram a ACD3 

auto two equal parts. h fich was to > be demonſtrated. 


n Some have thought, that Ruclid ſhould have particula ry 
deck fined 5 parallelogram at the beginniag of his Elements; bit 
he did noc think ft to do it; becauſe, perhaps, he had not 4 
mind to unneceſſarily increaſe the number of his definitions. 
in effect, he himſelf ha as told us in the propoſition what it !, 
i. 2 parallel- lined ſpace, i. e. a ſpace contained under parallel 
lines, Paralleles ſignifying, in Greek, parallels, and gramme 
a live : fo that a Grecian, at leaſt, could icarcely be at a loſs to 
know the ſignification of the word parallelogram, after he 
knew what were lines, and what were parallels. But whether 
it be ſo right to leave out the word ſpace, as it is done all 
along afterwards throughout the whole Elements, I cannot well 


_ tell, unleſs it be for the ſake of . to call eee 
| ipacc cs only poralielograms, : 
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is [by ax. 2.] equal to the whole 
DF. But AB | by prop. 34.] is 
equal to DC; therefore the two 
ſides E A, AB of the triangle A E 
are equal to the two ſides F D, DO | > 
of the triangle CDF, each to each; and the angle FD c : 
[by prop. 29. equal to the angle E A B, the outward one . 
to the inward one. Therefore [by prop. 4. ] the baſe EB 
is equal to the baſe F c, and the triangie EA equal to the 
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PROP. XXXV. THE OR. 


Parallelograms conſtituted upon the ſame baſe, ad 


between the ſame 3 are * one equal 4 
the other. 


Let the parallelograms ABCD, EBCF be conſtituted 


upon the ſame baſe » c, and between the ſame parallels 
Ar, BC: I fay, the parallelogram ABCD is Equal to the 
parallelogram E B CF. 


For becauſe AB CD is a parallelogram, [by prop. 34] 


Ad is equal to Bc; and for the ſame gy E F alſo is 
equal to BC: wherefore AD is alſo A 


Ez 


equal to EF, and DE is common 
to both. Wherefore the whole A E 


triangle F DC. If the triangle p E, which is common 


to both, be taken away; there will remain the trapezium 
AB GD | by ax. 3.] equal to the trapezium remaining 
EG CF. lt to both theſe be added the common triangle 
3 G c, the whole parallclogram as will be equal o 


the whole parallelogram k HCF. 
Therefore parallelograms conſtituted upon the ſame baſe; = 
and between the ſame parallels, arc the one equal to the 


| other. | Which Was to be demonſtrated. 


5 R 0 P. XXXVI. 83 H E 0 R. 


Paralleligrams conſtituted upon equal baſes, and be- 


tween the ſame paratiets,. are equal be one to o the 
other. DE | 


Let the parallelograms A ABCD, EFGH be conflituned : 


upon we. equal baſes BC, F Gy and between the lame par- 


| allek 
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I ſay, the parallelograms ABCD, EFGy 
are equal to one another. 
For join BE, c H. 


2. 


42 . 
rallels A H, B G. 


Then becauſe B c is equal to F 6, 
and FG equal to EH; the 
"DRM q ere. 


A fore will Bc be equal to E h. 
725 | They are parallel too, and 

5 — the ſame parts, are equal an 
B $59 l 8 parallel too | by prop. 33. 


BE, CH joins them. Eu 
right lines which join equal 

Therefore E R, CH are both equal and parallel: and 0 

E B CH is a parallelogram, which {by prop 35.) is e e 


and parallel right lines toward; 


the parallelogram. ABC D; for it has the ſame baſe Bc, 


and is conſtituted between the ſame parallels, Be, A, 


By the like way of reaſoning, the parallelogram EFGH i 


equal to this parallelogram E B CH : therefore the parallel 
ogram AB OD is equal to the parallelogram EFG H too. 

"Wherefore parallelograms conſtituted upon equal baſes, 
and between the ſame parallels, are equal the one to the 
Other. Which was to be demonſtrated. 


PROP. XXXVIIL THEOR. 


T riangles conſtituted upon the ſame baſe, and between 


the ſame Parallels, are equal to one another, 


Let the triangles ABC, DBC be conſtituted upon the 
Tame baſe B c, and between the ſame parallels A D, Bc: 
T ſay, the triangle A B c is equal to the triangle DC. 


For continue out A D both ways to the points E ander; 


and through B [by prop. 31.] draw the right line h E par- 
allel to the right line ca; and through C e C F par- 
allel to 5 D. 


F. | | A 15 


parallelogram ECA by prop. 


both upon the ſame baſe B c, 
and are between the ſame par- 
allels BC, E F. But the tri- 
| - angle 


22 ͤ eas tt MY 


Then E B CA, DBCF are 
. 1 5 both parallelograms, and the 


35] is equal to the parallelo- 
gram DBCF, for they ſtand 


ook! 43 
EFGx angle AB c is the one half of the parallelogram E BC A3 
ſince the diameter AB cuts it into halves, and the triangle 
> FG, DBC the one half of the parallelogram DB CF; becauſe 
there. [by prop. 34.] the diameter pc cuts it into halves: But 
o EH. the halves of equal things are themſclves equal? : therefore 
, and the triangle ABC is equal to the triangle D C. 
Eut Therefore triangl-s conſtituted upon the 1 baſe, and 
equal between the ſame parallels, are the one equal t to the other. 
wards Which was to be demonſtrated. | 
al and 3 
33. PROP. XXXVIII. THE OR. 
12 a Triong!'s conſtituted upon equal baſes, ana between 
e Be, the Jams parallels, « are equal to one another, 
> AR. Let the triangles ABC, DEF be conſtituted upon the 
2 equa! baſes B C, EF, and between the fame ſame parallels 
ang BF, AD: | ay, the triangle A B c is equal to the triangle 
i . TL 
vaſes For continue out A D 5 
9 "te both ways to the points —ͤ— ; 
, H, and through B by 
prop. 31.] draw BG par- 
ellel to © A, but through 
een 1 SPE, F H paralict to 
y + Then G BCA, DEFH:: Þ_ 
K the both bn gg . 
3c: But {by prop. 36. ] G C A is equal to DEFH, for 
they Rind upon. 0 baſes Bc, kr, between the ſame 
ids; parallel; B F, GH, But the triangle ABC is one half of 
par- the parallelogram G-B C A, becauſe {by prop. 34+ | the dia- 
par- meter AB Cuts it in halves; and the tiianole FED is the one 
half of the parallelogram F H; for the diameter DF 
- are. Cuts it into halves. But the halves of equal things are 
che themſclyes equal. Therefore the e ABC is equal to 
den the triangle DEF. = 
elo. Wherefore triangles. conſtituted upon equal baſes; and 
Rand. ren the ſame parallels, are equal to one another. 
Pg > Which v was to be demonſtrated, . 
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PROP, XXXIX. THE OR. 


Equal triangles, conſtituted towards the ſame part:, 


upon the ſame baſe, are belrween the ſame Parallels 


Let the equal triangles ABC, DBC be conſlituted upon 


: the ſame baſe Bc towards the ſame parts: I ſay, they are 


between the ſame parallels, For draw a D: I fay, this i 


parallel to 3 c. 


For if not, through the point A 5 prop. 31.] draw 
the right line AE parallel to the right line pc, and draw Ec. 


Then Oy a 37-] the triangle AB is equal to the 
SYS triangle EBC: for they are both upon 
? the ſame baſe Bc, and between the ſame 
Parallels B ©, A E. But [by ſuppoſition) 
the triangle aBc is equal to the triangle 


Ns Rs. © is equal to the triangle EBC, the * 
. C equal to the leſs; which is impoſſible 


therefore A E is not parallel top C. After the ſame man- 


ner we demonſtrate, that no other line except A D is Pare 


_ alle] top c. Therefore A D is parallel to g c. 
Wherefore equal triangles conſtitutcd towards the ſame 
parts, upon the ſame baſe, are between the lame parallc!s, 


Which was to be demonſtrated. 


PROP. XL. THEOR. 


Equal triangles conſtituted towards the ſame par ts, 


upon equal baſes, are between the ſame parallels. 


Let the equal engl ABC, PE be conſtituted upon 5 
equal baſes BC, c E, towards the ſame part: I fay, they 
are alfo between the ſame parallels. For dar AD: 1 88 
Ap is parallel to B „„ 
For if it be not, through A draw FA parallel to 8 E; 
and draw FE. 


Then [ by 1 38. 9 the wiaggle ABC is RY to 


the triangle FC E; for they are conſtituted upon equal 5 
| baſes Bc, CE, and are between the ſame parallels BE, Af. 
But the triangle AB 0 is is equal to the triangle DCE. And 
: 5 10 


pC. Therefore alſo the triangle PH 


r ne. I 04: i 
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arts, 


le 5. 


upon 
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tion] 
1angle 
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reater 


ſſible: 


man- 


8 par- 


i ſame 
rallels. 


Darts, 


els. 


upon 55 
„ they 
I fay, 


B EN 


ual to 
equal 
AE ” 
And 

ſo 


poſſible. Therefore AF is not par- 


ner we demonſtrate, that there 


the ſame parallels Bc, A E. But the |} 
parallelogram ABCD is double to the | 
triangle ABC; for the diameter Ac 
| | by prop. 34.] cuts it into halves: 

_ Wherefore the parallelogram a 8B CD. 
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8 ſo the triangle p C E ſhall be „ = 
to the triangle FC E, the greater = 


equal to the leſſer ; which is im- 


allel to BE. Aſter the ſame man- 


is no other line except AD, par- B 1 5 E 


allel to x E. Wherefore AD will 


be parallel to BE. 
Therefore equal angles conflituted upon equal baſes, 


: Parc the ſame parts, are between the ſame parallels. 
| WW hich was to be demonſtrated. 


PROP. XII. THE OR. 


IF. a parallelog: -m and a triangle have the ſame baſe, 
and are between the ſame parallels; the Parallelo- 
gram will be double to the triangle. 


For let the parallelogram ABCD, and the triangle 


Fzg c have the ſame bale B c, and be between the ſame 


parallels Bc, AE: I fay, the parallelogram ABCD will 


5 be double to the triangle B E C. 


For draw A C. 
Then the triangle A nc : he prop. 37 7. 8 5 qual to the 


triangle E Bc; for it is conſtituted E 


upon the ſame baſe 3 c, and between 


will be double to the triangle EEC. 
If therefore a parallelogram and a triangle have the ſame 
baſe, and are between the ſame parallels, tne parallelogram 


will be double to the triangle.” Which was to be demon- N 


firated, | . 
PROP. XLII. PROBL. 


5 To SER a par allelogram equal to 4 given tri- 


angle, and having one of 115 e es toa given 
right-lined angle. <; 


Let the given triangle be anc, and the given 1 fights x 
e eee 5 | 5 | CH "ined 


 Euclid's Elements. 


Book 
lined angle D, it is required to conflitute a parallelogra : 
equal to the triangle a BC, having one of its angles ga . 
the given right- line angle D. 

Biſect BC [by prop. 10.} in E, and draw AE; and wit 


36 


the right line Ec, at the point: 
therein [by prop. 23. ] make tt: 
angle CE F equal to the angle! 
And | by prop. 31.] through A 
draw AG parallel to EC; ar 
N 2 through c, draw C G paralle Ut 
3 ( toFE: then is FE CG the Pa. 
B i allelogram required. 

For Deere BE is cc qual to E C, the triangle ABE [h 
prop. 38.] will be equal to the triangle A Ec; for the 
ſtand upon equal baſes BY, Ec, and ate between the ſam; 


= parallels BC, AG. Therefore the triangle a B c is doublet: 


the triangle AEC. But [by prop. 41. ] the parallelograr 
F E C & is double to the triangle AE C; for it bas the fam: 


baſe, and is between the ſame parallels : : Therefore 5 
ax. G.] the parallelogram 1 FECG is double to the triang 
ABC, and has the angle CE F equal to the given angle 5 D 


CU 


Therefore the parallelogram FECG is made equal. to 
the triangle A Bc, having the angle CE F equal to the 


TY 


given angle 5. Which Was to be done. | 


PRO P. XIII. Fi IE OR. 


In every parallelogram, the complements of. 119/ 
Parallelograms, which are about a  Eameter, Ct: 
equal to one anviner ?, 


Let there be a Parallel ogram ABC P, W ahoſe diamete 
is A C; and let the parallelograms k H, G be about ti: 
the ſame : then „E, K O are called the complements of 
them. I ſay, the comp 'ement B E 18 equal to > the comp: 


ment KD. 


= 4} 


am AS 


For becauſe 3 0 2 15 4 par: allelogram, and A C is id 
0 di ſameter, the triangle ABC [by prop 34. is equal to the 
trian” le ADC Ag rain, bi cauſe E E H A is a paralelo gram, 

whoſe Gamiete er 18 K Kg the triang E I. WIIl b. (9 id 110. 
hs triangle AH K. For By e Lame rcuſon the triangle Kr 


= heretore f. unde the Ut 14 Bale 


— 


ER 


is equal to thy 5 nge K 


ook] 
elogry = 
equal 
nd wit 
point 


lake t. 
angle; 
ough 4 


E ah 


r alle] . 
the Pat 


BE [db 
or the 
he ſam: 
2Uble 10 
Joo gran 


gle AH k, and the triangle 


the triangle A E K, together 


together with the triangle 


thus: 


equal to the triangle C, 


8 line with A 3 
draw [dy Prop. 31 1- AH. 


parallel a ood ee tl] 
Join H B, Then eee 5 


a 4. Ven 17 angle. ; 


Euclid's Elements, 


AE K is Py to the trian- B 


KFC to the triangle e 


with the triangle KGC, is 
equal to the triangle 4 HK, 


KFC, But the whole tri- 
angle AB C is alſo equal to the ES. 24 triangle A De: 


Therefore the comp ement h K remaining, is [by ax. 3] 
equal to the complement KD remaining. 


Therefore in every parallelogram the complements of 


thoſe parallelograms which are about a diameter, are equal 
to one another. 


W. hich Was to be demonſtrated. 


n It may, perhaps, be as well to expreſs this propoſition | 
If two right lines be drawn through a point in the dia- 
gonal of any parallelogram parallel to the ſides, thereby mak- 
ing four leſſer parallelograms within the greater, thoſe two of 
the four leſſer parallelograms, which fall WRAGUE that diagonal, 
will be equal to one another. 


PROP. XLIV. PROBL. 


1 To 6 at ly * a. Darallels ram to à given ri bt line e val 
bY. : a4 4 7 


jo a given triangle, and having one angle equal to 
a given right-lined angle. 


Let the given right line be A B, the given triangle Cs 
and the viven riccht-lined angle p. It is required to apply 


5 parallelogram to the given right line A B, equal to the 


given triangle C, having one angle equal to D. ; 
Conſtitute [ by Prop. 4 4 2+] the parallelogram BE EG 


. WWW K 


| 


having one angle EB 6 
equal to the angle 5 

and put BE in a right 
Produce | 


F G to H, and through A 


* That is, to make ſuch a has Alle ds em, that 4 given riaht 


5 line ſhall be one of its Ades; one of its angles fh be equal to 4 


given right-lined angie, and the Lara. gram foall be 1 85 tg 


— — 25 


i 


| 
' 
i 
1 
bene 
1 
N 
7 
By 1 
1 „ 
1 
FB 
12.79. 
„ 
1 
$i + 1 
N 
THR FOR 
SHR. 
1157 54% 
„. 
4 
. 
. . 
4490 
78 1 
N 
"44-31 : 
4 1 
% $0 2 
TT _ 
wen ? 
1 5 i, 
4 : | 
TY 
l 
7 ; 
1 
| "2 
4 * 7 
i 4 
$5: 
y i 
* — 
RE 
1 { 
1 i 
$429 
1 A 
OILS 
21 2 
1 
. 
=. 
Ti 1 
1 
_ 
| „ 
1 1 4 
7 
. 
j 
PT 
K 
y 
* 
1 
1 
2 4 4 
4 
43 * 4 
Kb oF 
= 1 
[ 
[ p k 
4 G 
11 
2 4 
"WH 
$ G 
e 
. 


48 Euclid's Elements. Book if 
angles AHF, HF E [by prop. 29.] are equal to two right 
draw [by prop. 31. K L, parallel tO E A Or FH. And 
continue out AH, GB to the points L, M. 
Which are called the complements are L B, B F: therefore 


{by prop. 43. ] the parallelogram LB is equal to BF, But 


equal to the angle p. 


parallelogram L B equal to the triangle c, and having one 
angle A BM equal to the angle D. Which was to be done. 


having one angle equal to the angle E. 


the right line H F falls upon the parallels a H, EF, the 3 I 


angles; and ſo n HG, G E are leſs than two right angles, 9 
But right lines infinitely produced from angles leſs thin = 


two right angles [by ax. 11.] will meet one another. Let C 1 


them be produced | by poſt. 2.] meeting at k, and thro' x 


5 

g 

1 

t 

a 
Then is HLK a parallelogram, whoſe diameter ISHK, f 
and the parallelograms about HK are AG, ME; and theſe e 
a 

li 

a 

t. 

a 

a 

E 

f. 

0 

te 


BF is equal to the triangle c: wherefore L B will be equal 


to the triangle c too. And becauſe [by prop. 15.] the 


angle O BE is equal to the angle AB M, and alſoGBEi 
equal to the angle D; 5 the angle A B M will be therefore 


Wherefore at the given right line A B is applied the 


PROP. . PROBI. | 

To conſlitute a parallelogram equal to 4 given right. 1 
lined figure, Paving oi one of its anger equal tc to a 
given angle. 1 
Let the given right oel figure be AB C D, and the iP 

| given right-lined angle be : Te is required to conſtitutea 
- parallelogram equal to the given right-lined figure ABC D, 1 


Draw D 5 and conſiitute [by 1 prop. 42.] che parall 40 . 
51 _ gram FH equal to | 
the triangle ADB, 
—E having one angle 
HEK F equal to the 
the angle E. Then 
to the right line 


GR apply the pa- 
rallelogram 6 e.. 1 
qual to the triangle . 

. 


DB C, having one 
angle « G H * x equal. — 
to 


'efore 


d the 


S One 


one. 


1ght- 
70 4 


id the 
tute a 
B C D, 


allelo- 


ual to 


angle 


to the 
Then 
it line 
he pa- 


G Me- 
riangle 


ng one 2 


E equal | 


©" | 95%, So | 
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p the angle E. Then becauſe the angle E is equal to ei- 
er HK x, or o HM; the angle HK will be equal to 


e angle G H M. Let KHG be added to both; then the 


be les FK EH, K H G are equal to the angles K HO, G HM, 


Bor the angles F K H, K HG [by prop. 29.] are equal to 
two right angles. Therefore the angles K HO, G HM will 


allo be equal to two right angles. And ſo becauſe at the 
given point H, in the right line G H, two right lines K H, 


AM not lying the ſame way, make the adjacent angles 


equal to two right angles; therefore [by prop. 1 2] KH 


and HM make but one right line. And becauſe the right 


line 6 H falls upon the parallels K M, FG, the alternate 


angles MHG, HGF [by prop. 29 ] are equal. Add H GL 
to both: then are the angles MHG, HGL equal to the 


angles HG F, HG L. But ¶ by prop. 29. ] m HG, BG L 
are equal to two right angles: wherefore alſo the angles 


HG F, HG L will be equal to two right angles. Where- 


fore F G and GL are both in the ſame: right line. And be- 
"cauſe K F is equal to HG, and parallel to it; and H G alſo 
to M L; K r will be [by ax. I. and prop. 30.] equal and 
parallel to ML. But the right lines K M, F L join them: 
therefore the right lines K M, F L {by prop. 33. are equal 
and parallel: wherefore K F I. Mis a paraliclogram, And 
becauſe the triangle ABD is equal to the parallelogram 
H, and the triangle A B C to the parallelogram G M, the 


whole right-line figure ABCD Will be equal to the whole 


* prall logram K F IL. M. 
Iherefore the ri ee K F I. M is conflitited equa] 
to the given right-lined figure A BC p, having one angle | 
* K A, which is equal to ile given angle E. Wach Was 
go CE 


PROP. XLVI. PROBL. 


Te 0 eſe; ibe a firtare upon a given r. mw line. » 


E Tata 3 be the given right line upon which it is required 


v deſcribe a ſquare. 


From the given point A in che right line: AB » [by prop. 5 
21. ] draw the right line a c at right angles to AB; and 

2 prop. 3.] put AD equal to A k. From the point 9 
= Ls * 31.] draw p parallel to aB; and from ae 
Fai 2 draw k E paralle to à P. 


9 Then 


| 
; 
ö 
z 


9 Euclid's Elements. Bock 
T hen ! is ADEB A parallelogram : and ſo DE is equal u 4, 
AB, and AD to BE: But AB is 1 _ 


| C equal to AD. Therefore the four rig 


D —— another. Wherefore the parallelogran 
1 | AEB is equilateral: I ſay, it is alk 
right-angled. For becauſe the right lin 
AD falls upon the two paralleis A B, Dx, 
i the angles BAD, ADE [by prop. 29. 


5 8 1 


{ by conſtr. ] BAD is a right angle: 
Therefore will A D E be a right angle too. But by proy, 


34.] the oppolite ſides and angles of any parallelogram a 


equal : wheretore each of the oppoſite angles A B E, BED 
is a right angle; and ſo A DE B is right- -angled. It ha 
_ alſo been proved to be equilateral, T hercfore it is nece{ 
ſarily a ſquare, and is deſcribed * the 3 line a 
Wien was to be done. 


5 Some have thought that Euclid ſhould Kiva demonſtate 


that the ſquares deſcribed upon equal lines are equal; and th 


if the ſquares are equal, the lines upon which they are % 
ſcribed are alſo equal. But he thought there was no occaſi: 
for this, it being too evident to require a demonſtration ; for! 
the ſquares are ſuppoſed to be laid upon one another, they wi! 


agree together, and ſo will all their ſides and angles; ; that 
the; will be all equal. 


Proclus demonſtrates it more at t large; but 1 think he mig 


As W well Rave let it Hane, 


PROP. XLVII. THE OR. 


In right- -angled triongles, the fquare deſeribed up 
the ſide oppoſite to the right angle, is equal to bit! 


the ſquares deſcribed ou the fi des ene U 
_ right anglev. 


Let A BC be a u right-angled triangle, having the ridl! 


. angle BAC, I ſay, the ſquare deſcribed upon the riot. 


line B c, is equal to both the ſquares deſcribed upon th 
_ tides BA, AC. 


For upon Bc 1 the ſquare » BDEC; and upd! 
© BA, A . the ſquares GB, HC; and through A draw ag 


Tha 


parallel to B D or CE, and draw AD, FC, 


. lines BA, AD, DE, En are equal to on 


A J; are equal to two right angles. Bu 


8 ©5 ² . ͤͤß!!? ̃ ̃ O ⁵¼—: ↄ ] ðX“)m ]ð« cw... 
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jualp Then becauſe the angles B A c, BAG are each right an- 
ples; and two right lines A c, A G not lying the ſame 
way, make the adjacent angles, at the point A therein, 


to on, equal to two right angles; the right lines c A, AG are in 
logran the ſame direction. And for the | 
is % Tame reaſon AB and AH make HC 
ht liv but one right line. And becauſe 0 
B, D. the angle DBc [by ax. 10.] is Ns 
p. 20. 0 qual to the angle F B A, for they K 
. B are both right angles. Add the G 
angle: angle ABC), which is common; | 
y prop. then will the whole angle DB A 
ram ax be equal to the whole angle FBC. | 
„BE! But becauſe the two ſides DB, BA 5 E | 
Ee equal to the two ſides n, 8 , 
$ neces. Lach to each; and the angle DB A is equal to the angle 


ne a! 


FBC; the baſe a Þ [by prop. 4.] will be equal to the baſe 


"FC; and the triangle A B D to the triangle FEC. But 


onſtatc 
and ti 


(by prop. 41.] the parallelogram B; L is double to the tri- 


angle a R D; for they have the ſame baſe B D, and are be- 
tween the ſame parallels BD, A L: but the ſquare G B is 


, double to the triangle Pn c, ſince they have the ſame baſe. 


n; for! 


yn "the parallelogram BL is equal to the ſquare B. After 
the fame manner, by drawing A E, BK, we demonſtrate, 

that the parallelogram CL is alſo equal to the ſquare HC. 
Therefore the whole ſquare B DE is equal to both the 


; that b; 


he mig: 


FB, and are between the ſame parallels FB, Ge, But 


e doubles of equal things are themſelves equal: therefore 


ſſcquares GB, HC. And BDE c is the ſquare deſcribed up- 
on the right line BC ; but the ſquares G B, H c are deſcrib- 


ed up! 
[ to bolt 
ning li: 


the rid! 


the rig! 


upon ti 


ind up 


d r aw Al 


ed upon the ſides Ba, ac. Therefore the ſquare de- 


Eribed upon the ſide Bc, is equal to both the ſquares de- 
ſeribed upon the ſides B a, AC. 3 St 


Therefore in right-angled triangles, the ſquare deſcribed | 
upon the fide oppoſite to the right angle, is equal to both _ 
the ſquares deſcribed upon the ſides containing the right = 


o 


angle. Which was to be demonſtrated, _ 


bp This famous, uſeful, and elegant propoſition, 1s reckoned 


to have Pythagoras for its inventor. It may be demonſtrated 
ſeveral other ways. See Clavius, Schouten, and others; but 


_ there is none ſo ſimple and elegant as that of Euclid. The 


Propoſition is only a particular caſe of prop. 31. lib. 6. 


Th 24s by this propoſition it is eaſy 


to find a right line whoſe. 


mg {quare 
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ſquare ſhall be equal to the ſquares of two given right lines, 2 


ſo it is as difficult to find a right line, whoſe cube ſhall b. 

equal to the cubes of two given right lines. Indeed, by: 

right line and circle this is impoſſible to do at all. But, grant 

ing the deſcription of the conic ſections, or the way of finding 

two mean proportionals between two given right lines, it may 
be done with tolerable caſe. 


PROP. XLVIII. THE OR. 


if the ſquare deſcribed upon one fide of a triangle |: 4 


equal to both the ſquares deſcribed upon the other 
two ſides of that triangle; the angle contained ij 
theſe 1x00 remaining ſides will be a right angle. 


For let the ſquare deſcribed upon one fide B C of the 


triangle A BC be equal to both the ſquares deſcribed upon 


the remaining ſides Ba, AC of that triangle: I fay, the 
angle BAC is a right angle. 
1 or | by prop. 1 1. draw A b from the point A at right 
p angles to A c. Put AD <quil 
to n A, and draw DC. 
Then becauſe p A is equi 


upon DA will be equal to the 


Ei en ſquare deſcribed upon AB. 
F Add the common ſquare de- 


ſcribed upon A,. Then the ſquares deſcribed upon b 4, , 
AC are equal to the ſquares deſcribed upon B A, A C. Eu 


by prop. 47.] the ſquare deſcribed upon Dc is cqual to 


both the ſquares deſcribed upon pA, AC, for the ange 


A is a right one: but the ſquare deſcribed upon 3c 


is put equal to both the ſquares deſcribed upon ; A, A ol 
"Therefore the ſquare deſcribed upon p C is equal to the 
ſquare deſcribed upon BC ; and fo the ſide p is equal t) 
the fide Be, And becauſe A P is equal to AB, and a 
i common, the two ſides AD, AC are equal to the 160 0 
ſides B A, AC, and the baſe Dc is equal to the baſe c 3: 


Therefore by prop. 8.] the angle DAC is equal to the 


angle BAC. But the angle P Ac is a right N Where 


fore BAC will be a right angle too. 


If therefore the ſquare which is deſcribed upon one ſide 
1 a triangle be equal to both the ſquares deſcribed upon the 
other two ſides, the angle contained by theſe other twp 
tides mu be a right . Wien Was to be demonſtrated. 
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Additions to the F irt Book. 


PRO P. [. THEOR. 


7 a |; right line and two points on the ſame fide of it 
be given, and two right lines be drawn from theſe 
points to any point in the given right line; theſe 


' right line. 


8 Let the given right line be A B, and the given points on 
e ſame fide of it c, b, and let the point E be ſo taken 
Of ＋ the given right line I 


A B, that drawing two 


it from the given points 


nes CE, DE taken to- 
gether, will be leſs than 
any other two right lines 
en, DH taken toge- 


37 For from one of the given points, as 5 D, © (bo 12. 1. 14 
raw the right line D1 perpendicular to A B, which conti- _ 
nue out to meet C E continued at G. Join Ch, G H. Then 
gecauſe the vertical angles AEC, GEB [by 15. 1.] are 
qual to one another, and the angle DE [by ſuppolition] | 


7 is equal to the angle AEC; therefore the angles DEB, GER. 


are equal to one "another. And becauſe [by conſtr.) DI 
k perpendicular to A B, the angle A D is a right angle. 5 
And ſo will the angle AIG be a right angle. Wherefore ® 
e two triangles EDI, GEL have two angles D E I, DIE 
2 to bo; angles GE {by 8 GR; e each to "cach, avid the 


— 3 eee oy nde 


two right lines taken together will be the leaſt of 
all, when they make equal angles with the given 


—— —— 
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| fide EI common. Therefore [by 26.1 1 the reſt of their 


ſides will be equal, and the remaining angles. Wherefore 
the ſide E Þ will be equal to the ſide E O, and the fide 15 
to the ſide 1G; and adding CE to both, CE, ED together 
will be equal to C E, E G together; that is, to c G. Again, 1 


| becauſe the right angle E I D is equal to the right angle 


'EIG, the ſide D 1 equal to the ſide 10, and the fide 1! 
common; the triangles DHI, G HI [by 4. I.] will hav 
their ſides DH, HG equal: and adding c to each of them, 


DH, CH together, will be equal to CH, HG together. But 
[by 20. 1.] CG is leſs than c E, HG together; that is, 


ſince c has been proved to be equal to c E, ED, and 
CH, HG equal to c H, HD; C E, EU together will be leß 


than c E, HD together. 


Therefore if a right line and two ality: on the ſame fide : 
of it be given, and two right lines be drawn from thoſe 


points to any point in the given right line ; theſe two right 

lines taken together will be the leaſt of all, when they make 
equal angles with the given right line. Which was to be 
demonſtrated. 


PROP. II. THE OR. 
The 7200 diagonals of any right-lined quadrilateral fix 


gure, are together leſs than the four right linen 
that are arawn from any point whatſoever to thi | 
four angles of that figure Lee it be the inter- 4 


ſeltion of the diagonals.) 


Leet ABC b be a right- -lined 3 figure, and te 
yight lines Ac B D its e interſecting one another 2 


Let Es be any aſſumed point different from 11 and let 
the four right lines A n, BB, 
CHDE be drawn from Et-o 
the angles A, n, c, D of tle 
- quadrilateral fgure ABC DP: 
I fay, the diagonals A c, BD. 

taken together are leſs than 
the 4our right lines A i, BE 


CE E taken tog ether. 


3 
N ** 466.5 ca 
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figure has four ſides, it may be di- 
vided into two triangles ; if a figure \ - 
has five ſides, it may be divided into \- 


| | th Ia 2 77 Lie Boe £ | ir 
nd let bree triangles; if it has ſix ſides, it 


„ BEN 
nE to 
of the 
BCD: 
c, BD 


may be divided into four triangles, 
and ſo on. But ſince [by 32. 1.] 
the angles of all theſe triangles are 
equal to twice as many right angles / 
às there are triangles, every triangle — 
having two, and the angles of all 
the triangles are equal to all the in- 
Ward angles of the right-lined fi- 
'; the Lure; thereſore all the inward an- 
„ gles of the figure are equal to twice 


1 


© howſoever taken, are greater than the third fide, the ſide 
Ac of the triangle ACE is leſs than the ſides Ar, EC. 
So likewiſe the fide B D of the triangle B EP is leſs than 
the ſides B E, ED; therefore the ſides A c, BD put toge- 
ther, are leſs than the ſides A E, EC, BE, E D put toge- 

ter; that is, the two diagonals a c, BD together, are 

leſs than the four right lines Ar, EC, BE, E D together. 


Therefore the two diagonals of any right-lined quadri- 
lateral figure, are together leſs than the four right lines that 


are drawn from any point whatſoever to the four angles of 


that figure [except it be the interſection of the diagonals. ] 


Which was to be demonſtrated. 


SCHOLIU M. 


It maybe demonſtrated after the ſame manner, that any three 
fes of any quadrilateral figure, are greater than the third 
fide; and that all the four ſides are greater than twice the dia- 
gonals, _ CE © | Se 


 BROR 08 THEO. 


3 AI the angles of any rigbl. lined figure, when the 


angles are all inward, are equal to twice as many 


right angles, wanting four, as that figure has 


1 For any right lined figure, by drawing diagonals, may 
be reſolved or divided into as ma- ee, en 
ny triangles as the figure has tides, . 
wanting two. As if a right-lined 3 
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as many right angles as there are triang'es z that is, equi 
to twice as many right angles, wanting the angles of tun 


triangies ; that is, wanting four right angles, as the figur: 
has tides. 


Therefore all the angles of any right- lined 89 when | 


the angles are all ino ward, are equal to twice as many right 


angles, wanting four, as that figure has ſides. Which Was 


to be demonſtrated. 
Otherwiſe thus : 
From any point within the figure draw right lines to al 


the angles of the figure, which "will reſolve or divide th; 
figure into as many triangles as the eure has ſides. L hen 


ſince all the angles of every triangle { by 32. 1.] 26 
equal to two right angles, the angles of all the triangls, 
together will make twice as many right angles as the þ 
figure has ſides : therefore all the angles of the figure, o. 
gether with all the angles about the aſſumed point within 
whe figure, make twice as many right angles as the figure 
has ſides. But becauſe [by 13. I.] two right lines mutu- 


ally cutting one another, make four right angles at the 
point of ſection, and theſe four angles are equal to any 


number of angles about that point: for every whole 8 * 


equa! to all its parts taken together: therefore all the an- 


glcs of a right lined figure, together with four right angles 1 
are equal to twice as many right angles as the figure ha 
ſides. And taking away tour right angles from each, there 


will remain all the angles of the figure equal to twice a 


many right angles as the ogure has ſides, wanting fou 


right. angles. 


"Therefore all the angles of any right ned 1 when 
the angles are all inward, are equal to twice as many rigit 
angles, wanting four, as that t Acure has ſides. Which Was F 


to be demo rirated, 


8 5 Wan N * 2 TS e 8 F IE, N 


Cr 91. | eee if the aer of any right- lined 3 be 2 : p 


ond out, all the angles withour the figure made 


by cach ſide, with the continuation of that next to it, 


weill be equal to four right angles. For ſince each in- 
g ward angle, and its cor reſpondent outward one here 
ſpoken of, is equal to two right angles, all the anglcs of 
the hgure, together with theſe outward angles, ute 


664 Fi | a 


ok l. 

Equal 
df tay 
figur 


when 
Y Tioht 


Ch ws the figure has fides therefore all- -- b- 
| the inward angles, together with | \ 
four right angles, is equa) to all the 8 
inward and outward angles here 3 of, and taking 
3 to al way from both all the in ward angles, there will remain 
de the "1 the outward angles here ſpoken of equal to four right 
Tha angles. 5 
„Je „ 2. Hence all right- lined figures of the ſame ſpecies 
iangls, have the ſums of all their inward angles equal; and fo 
as the: are the ſums of all their angles ſpoken of in the firſt 
re, to. $ corollary. Moreover, if the number of the ſides of the 
within 3 ſeveral ſpecies of right-lined figures beginning at the tri- 
figure angle runs on according to the natural numbers 2; 4s 
mutu- 5, '6, 7, &c. the anſwerable numbers of the right angles 
at the equal to the ſums of all the inward angles of each ſpecies 
to any of . will be the even numbers, 25 45 of 8, 10, wes 
he an. 80 HOLIU M. 
angle, TIfa right-lined figure has extward angles as well as inte 
we ha dbard ones, the propoſition does 
, there © not then hold true. As in the 
vice & quadrilateral figure ABCD, 
17 four which has one outward angle 
p, as well as three imward 
„ when ones A, B, C; or in the irre- 
1y rigit - Fular pentagon à BC DE, have 
ich wa. Wwe two outward angles By 
E, and. three mward angles 
5 A, C,B; or in the irregulur 
ure be Abeptagon ABCDEFG, ns 
& made © three outward angles G, E, D 
t to it, ad four inward ones A, B, 
ach in- C, r, &c. unleſs any one ſhould Þ) _— 
ie. here 4 18 that this diflinetion 1 5 PAS > 
nelcs of have made between an inward | wy Le 5 
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ce equal to twice as many right angles 
as the figure has angles, that is, 
has ſides. But ſince all the inward 
angles together, with four right 
angles, has been proved to be equal 
to twice as many right angles as 


5 


dd outward wngle i is C- A A,. 


ſary 
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B ſary, and that he means h) 
the inward angle of a figure, 


angles terminating at that an- 
gle; as, for example, the an- 
gle D of the quadrilateral fi. 


NET A C D, which is mad: 


To this | anſ wer, that the 

fum of theſe 7Wo angles do not properly conjiitute the angle 1 

of the figure, but rather the ſum of the angles AHH, DH 
becauſe | by def. 8. I.] the angle at b, made by the right 

lines AD, CD meeting in the point p, is the inclination lor 
opening] or leaning of the right lines AD, CD towards one 
another, aud not their deviation or falling back or away from 
each other. Conſequently, the angle at D of the quadrilateral 
Faure AB p, is, according to Euclid's definition of an an- 
: gle, the angle A D C without the figure made by the inclina- 
tion of its ſides AD,CD; and ſo are the angles B, E of the 
pentagon, or the angles p, E, G of the heptagon. And theſe 
muſt be taken to be ſo, till we have a more general and di- 
fund? definition of a right-lined angle. This being admitted, 


1 any right-lined figure having both inward and outward 3 


angles, the ſum of all the cutward angles is greater than tli 
ſum of all the inward angles, by as many right angles as 
there are units in the product of the multiplication of th: 
number of ſides by the number of the outward angles, added 


1 4, and leſſened by twice the number of ſides of the figure,” 


as, if the figure has four ſides, it can have one outward an- 
gle, And in this caſe, the outward angle is equal to all the 


three inward angles. If a pentagon has two outward angles 


and three inward ones, the ſum of ail the outward angles 
will be greater than the ſum of all the inward angler, 55 
or "ge angles. and 7 of others. 8 


PROP. Iv. THEOR. 


-4f 4 tr langes have two fides of the one ee to 
two fedes of the other, each to each, and one angle 
of the one equa! to one angle of the other, but 2 
that angle contained ander the equa! 1 des v and if 

oe 


8 only the Jum of 719 or more 


Cup of the angles ADB, C DB. 


al fi. 


made 


DB. 


t- the 
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Book I. 


| the remaining ſides A C, D F will be equal; 
maining angles ac B, DFE will be equa) as alſo ABC 
and DEF. 


be not equal, one of them muſt be the greater. 
ſide Ac be greater than the fide DF ; and continuing out 
the ſide DF to H, take the ſide DH equal to the ide A Cy 

and join the right line E H. 


Euclid's Element. 509 
be angles of each triangle oppoſite to one of the 


© equal ſides be either both acute or both obtuſe : 1 
ſay, the remaining fide of the one triangle will be 
equal to the remaining ſide of the other; and the 


remaining angles of the one equal to the remaining 


x angles of the other, each to each, 


Let ABC, DEF be the two triangles, having two Hen 


> B, BC equal to two itdes D 25 E F, each to each; and 
the angle BAC of | 
the one equal to 
the angle EDF of 
the other, not 
being the angles 
Fontained under 
the equal ſides. 
And if both the 
bother angles ACB, ROLE 
DFE, oppoſite to A „„ 
the equal ſides 


B E 


By DE, be either an acute or an obeuls a: Thin: 
as alſo the re- 


Firſt, Let the canal angles BAC, EDF be acute, and 0 


the angles ACB, DFE be both obtuſe. 


For if the ſides Ac, DF of the triangles A BC, DEF 
Let the 


Then becauſe the ſides a „ AT af the triangle ABC, | 


are equal to the ſides DE, DH of the triangle DE EH, each 
to each; and the angles Ac, E DF contained under them 
gare equal, - 
A cz, DHE, and ABC, DEH, of the triangles A Bc, 
 ZDEF, will be equal; as alſo the remaining ſides ; c, E H. 

| Wherefore ſince the ſide B © {by ſuppoſition] is equal 
to the fide E F, the fide E F will be equal to the ſide EH: 
therefore the angles EF H, EHF [by 5. J.] 
_ tv one another, 


Therefore [by 4+ I.] the remaining angles 


will be equal . 
But becauſe [99 ſuppoſition] the angle 
| 5 , C $-. 
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DFE, E FH are equal to two right angles, the angle E rk 
will be leſs than one right angle, that i is, will be acute 


therefore the angle E HF, which has been proved to be 


equal to it, will be an acute angle too. But it is an obtuſe 
angle by ſuppoſition, which cannot be. Therefore the 


fide AC of the triangle ABC, is not greater than the ſide 


D F of the triangle DE F. 
After the ſame manner we demonſtrate, that the fide 


A C is not leſſer than the fide pF; therefore the fides a c, 


D F are equal. In like manner alſo we prove, that theſe 


ſides are equal, when the equal angles Bac, E Dr, of the 
triangle ABC, DEF, are both obtuſe. Therefore becauſe 


theſe two triangles have three ſides of the one equal to 
three ſides of the other, the remaining angles of theſe two 


triangles will {by 4. 1.] be equal; that 1 is the angles A BC, 
"DEF, and ACB, DFE. | 
Therefore if two triangles have two des of che c one 

equal to two ſides of the other, each to each, and one an- 
gle of the one equal to one angle of the other: but not 
| that angle contained under the equal ſides; and if the an- 
gles of each triangle oppolite to one of the equal tides, be 
either both acute or both obtuſe ; I ſay, the remaining fide N 
af the one triangle will be equal to the remaining ſide of | 
the other; and the remaining angles of the one equal to | 


the remaining angles of the Saler. Which was to be de- 
: monſtrated. 


p RO P. v. THE OR. 


| I 6000 triangles have two ſides of the one equal t9 


two ſides of the other, each to each, and one ang!: 


of the one equal to one angle of the other; but not | 


that angle contained under the equal ſi des ; 3 and if 
one of the angles oppoſite to an equal fide in one of 
the triangles be obtuſe, and the other angle in the 
other triangle oppoſt te to the correſpondent er 
fide be acute; I ſay, the ſum of theſe obtuſe and 


acute angles will be equal to two right angles, and 


the difference of the angles contained under the 


equal ſides, will be equal to the differ ence of 10e 
ſaid acute e and oblique angles, 


ID 
% 


e 4 „ 
22 * Ws; p 
; $4. 
OO [ 
4 19 by $4 


ACBOrDFE is obtuſe; and ſince [by 13. 1.] the angle : 
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nges Let ABC, DEF be two triangles, having two ſides 
E FR AB, BC of B = | 
ute: the one e- 
o be qual to two 
btule Hides D E, 
2 the E t of the 
2 ſide other, each 
| to each i 
> ide and one an- 
Ac, gle BAC of 
theſe the one, e- 
ff the qual to one 


Sh 
i 


E 
Þ | NN 


cauſe angle x DF of the other; but not that contained under the 


al to 
> two 3 
\-BC, | 


equal ſides. Alſo let one of the angles, as AC B, Opnolite 
to an equal fide a B, be obtuſe; and tae correſpondent 
angle DF E, oppoſite to the other equal ſide D E, be acute: 
II ay, the ſum of the angles AB, DFE will be equal to 
> one two right angles; and the difference of the angles a n C 
e an- pp r, contained as by the equal ſides a B, BC, and DE, 
t not Fx x, will be equal to the difference of the obtuſe and acute 
e an- angles ace, DF E, oppoſite to the equal ſides AB, DE. 
Ss, be Por about the angular point E, as a centre with the diſ- 
g fide | tance D, deſcribe a circle cutting the {ide D F of the tri- 
de of angle DEF in the point EH, which will fall between the 


ial to points p, F, becauſe the angle DFE is ſuppoſed to be a 
e de-: Macute, Join Ek H: FC ͤ 8 | 
I.) hen becauſe [by def. 15. I.] the fide E H is equal to | 
the fide E F, the angles EF H, EH at the baſe, will [by | 

5. I.] be equal. But ſince [by ſuppoſition] the fide EE I 


al t) | is equal to the fide Bc ; the ſides HE, BC will be equal _ | 
angle | to one another: and ſince Aa B alſo is equal to DE, and 
f not | the angle Bac equal to the angle EDF [by ſuppoſition]; 
31d if therefore the angle A CB will be [by 4. of this] equal to 
me of | © the angle P HE, as well as the {ide A c equal to the fide 
the ok. And becauſe [by 13. 1.] the angles DHE, EHF 
. 1 equal to two right angles, and the angle p F E has been 
e, | proved to be equal to the angle E H, and the angle B; A 
e ana io the angle DHE: therefore the angles A C B, DEF will 
3 3 be equat-to-two right angles. s. 

” the F Again, becauſe all the angles of every triangle are [by 

f 192 | 32+ 1.] equal to two right angles; and the angle Bac 
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[by ſuppoſition] is equal to the angle E DF; therefore vil 
the ſum of the angles A C B, ABC be equal to the ſum af 
the angles DFE, DEF. | Conſequently, the difference « 
the angles DEF and ABC, will be equal to the difference 
of the angles ACB, EF D. 

Therefore if two triangles have two ſides of the one 
equal to two ſides of the other, each to each, and one anole 
of the one equal to one angle of the 4 but not thy 
angle contained under the equal ſides; and if one of th: 
angles oppoſite to an equal fide in one of the triangles be 


bbtuſe, and the other angle in the other triangle oppoſite 
to the correſpondent equal fide be acute; I ſay, the ſum of 


theſe obtuſe and acute angles will be equal to two right 
angles; and the difference of the angles contained under 
the equal ſides, will be equal to the difference of the fail 

acute and oblique angles. Which was to be demonſtrated, | 


PROP. VI. THEOR. 


8 


I every triangle, the angle contained under the per. 


pendicular drawn from the angle oppoſite to b. 


baſe upon it, and the right line bi ſecting that angle, | 


ak ſe. 


Let AFD be a triangle, whoſe perpendicular, drann 
F 


from the angle r 


8 1 D K 8 D the angle BPS 


Contained under 
the „ F C and the rinks line FB, will be equal | 
do one half the difference of the angles FA v, FD A at the | 


1 baſe. 


will be one half the eee of the angles at it 5 


Fi upon the baſe, ; 
TY FC; and let the | 
right line F B bi- 
ſect the angle 
AFD oppolite to 
the baſe : I ay, | 


For, firſt, le the a F C fall within the tri 
angle. Then becauſe [by 32. 1.] the angles Fac, Ar c, 
Ac are equal to two right angles, and the angle Ac 
by ſuppoſition] is a right angle ; the angles FAC, A 1 F 
„ - 8 | RT 
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% he 
angle, 
at th © ole ADF exceeds the angle FAC, by twice the angle BFc; 
gand fo: the angle BFC will be one half the difference of | 


drawn | 
neler | 
aſe, 1s | 
let the | 
F B bi- 

angle 
lite to 
I ay, 
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under 
e equal | 
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the tri- 
AFC, | 
eACFE 
„ A EC 
will ; 


book l 


BF c). 
Cb 1 are equal to one right angle. Therefore the angles 
FAC, AFB, BFC are equal to the angles CFD, CDF. And 
if the angle BF C be added in common, the angles Fac, 
AF B, and twice the angie BF c, will be equal to the an- 
gles B Fc, CFD, CDF; that is, to the angles BFD, CDF. 
And if the equal angles AF B, BFD be taken away, there 
will remain the angle FAC, and twice the angle B Fe, 
equal to the angle CDF. 
coeeds the angle FAC by twice the angle BFc ; and lo the 
angle BF C is one half their difference. | 


them. 


* ** * 


Euclid's Elements; 
wil be one right angle; that is, the angles FAC, AFB, 
BFC will be one right angle (for AF c is equal to A F B, 
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In like manner it is proved, that the angles c F p, 


Therefore the angle c DF ex- 


decondly, Let the perpendicular F c fall without the tri- 


angle A f D. Then becaule the external angle ADF of the 
triangle AF D is [by 32. 1.] equal to the internal angles 
Ivrc, DCF, and the right angle pc is equal to the angles 
"FAC, AFC; the angle A DF will be equal to the angles 
FAC, AFC, DFC ; that is, equal to the angles FAC, App, 
and twice the angle PFC; or to the angles FAC, twice 
the angle BFD, and twice the angle DFC ; or equal to the 
angle Fac, and twice the angle BF. 


Therefore the an- 


Wherefore in every triangle, the angle contained under 


the perpendicular drawn from the angle oppoſite to the 
baſe upon it, and the right line bilecting that angle, will 
be one half the difference of the angles at the baſe. Which 
Vas to be demonſtrated. 


SchOL TU A. 
When the perpendicular FC falls without the triangle, Ty 


is evident, that the vertical angle A D is the difference of 
: the angles AF C, DFC at the per pendicular, 
Pier pendicular F C falls within, the angle B F ſelf (which 
is one half the difference of the angles at the baſe) is alſo one 


1 balf the difference of the angles CFD, AFD at the perpen- 
dicular. 


But then the 


For becauſe the angles AF B, B FD are | by ſuppo- 
WI tin] equal ; if the angle BF C be added to both, the angle 
AFC will be equal to the angles BED, BFC; that is, to the 
angle CDF, and twice B; Fe: wherefore the angle B FCS 
one half the 4 44885 of ihe angie ATC CFD. 

1 3 SET PROP, 
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PROP. VII. HE OR 


if Sos be any right- -lined figure having fix fi tes, 
and two contiguous ſides of it be alternately equa) 
and parallel to two other contiguous and oppofit 
 iges, each to each: 1 ſay, firſt, the two remain. 


ing ſides will be equal and parallel; ſecondly, th 


55 te angles (viz. the firſt and fourth, ſecont 
and fifth, third and fixth) will be equal to on 
another; thirdly, any diagonal joining 1wo of thi: 
oppoſite angles, 7010 divide the Hure into tis 
equal poking 


For let ABCDEF be a right-lined figure having fir 


ſides; and let the two contigu- 


| oppoſite contiguous ſides Fr, 


ſpectively equal to one another, 


Thirdly, the diagonal BE i 


divide the figure into two equal parts. 


For draw the diagonals A \ Ex A c, B 62 B v, c r. DF; 4 


point 8. 1 H. 
Then becauſe the hides * AB, ED are a and 00 


(by 33. 1.] the figure AB DE will be a parallelcgtam, 
having its ſides A E, BD equal and parallel, and the angles 
. BE, BED equal. In like manner, becauſe the ſides 3c, 
E F are equal, the figure FEC E will be a parallelogram; ; 
having the oppoſite ſides F B, E C equal and parallel, and 
the angles FEB, CBE cqual. Therefore the angles A Bt, * 
'EBC will be equal to the angles BED, FEB; that is, the 
whole angle ABC equal. to the whole angle FED, Where 
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ous ſides AB, BC be alternat: 
equal and parallel to the twy 


ED; that is, F E equal and pa-: 

allel to Be, and E D equal and 
parallel to AB: I ſay, fuſt, that 
the remaining ſides C D, f 
will alſo be equal and paralle, 
Secondly, the oppoſite angls 
Az; BD; B, E; S, F; Will be re. 


et” 2 6 4 ws L io # IF -.-- Bag n | 


— 


bt 


ok 1 15 


7 4 Aj | 
eu 
PPojite 


PM OW! 


y, the. 


ſecond 


40 Git 


f Ibo 


0 10 


ing bi 


I the angle F DE. 
proved to be equal to the angle BE Db, the outward angle 


gate angles BG C, FHE are equal ; 
Hals A C, FD will be parallel. 


Cual 
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1 Y bre ſince there are two triangles ABC, DEF, having two 


des a B, B c of the one equal to two ſides E D, FE of the 


Ther, each to each; and the angles A Bc, FED contain- 


d under the equal ſides are equal. [By 4. I.] the baſe 
c will be equal to the baſe DF, and the angle BAC equal 
But ſince the angle A BE has been 


1 


GC of the triangle A B G will be equal to the outward 


ale F HE of the triangle E HD. 7 heretore becauſe the di- 


Pant cuts the diagonals . wy the alter- 
; 1 by 2 27 J the di. 490 
But they is been proved 
be equal: wherefore | by 33. 1. ] the tides AF, CD join- 


ing them will be equal and parallel. 


be Secondly, I ſay, the oppolite angles A, D, or F, c, are 
Fur becauſe a © Þ F has been proved to be a par- 


one  WMelogram, the oppoſite angles FAc, FDC; AFD; ACD 
term: by 24.1.) will be equal. But ſince the angles ca By ACB Of 
he tun the triangle a B C are reſpectively equal to the angles FD E, 
es Fk ir of the triangle FED, the correſpondent fides aut 
nd par» gngles of theſe triangles being cqual to one another; therc- 
ual an! re will the angles CAF, BAC be equal to the angles 
1{t, that” * DC, FB E; that is, the ere A B equal to the angle 
D, af "DE. In like manner the angles AFD, E FD, as alſo the 
paralic, 3 gles ACD, BCA Will be equal; ; that is, the angle A F E. 
ange Fual to the angle B CD. 
Il be re + Thirdly, the diagonal h E  divices the figure 1 given into 
another.  fwo equal parts. ; 
BE wil Poor becauſe by 34. 1 3 the diagonal nE of the parallel 
8 ram AR D E divides that parallelogram into two equal 
E, DF, jangles ABE, EDB; and becauſe the triangles aFrE; ECD 
rin tte Having each of the ſides of the one equal to each of the 
| es of the other, are alſo equal. Theretore the triangles. 
parallel; EB, AF E, as allo EP D, BCD, will be equal; that is, 
logram, de trapezium A B E equal to the trapezium B DE. 


e ang 
ides BC 


Therefore if there be any right lined figure having fix 
des, and two contiguous fides of it be alternately equal 


logram; And parallel to the other contiguous and oppolite fides, cach 
lel, and P each: I ſay, firſt, the two remaining tides will be equal 
es ABE) Md parallel: Secondly, the oppolite angles (vis. the fit 
t is, tie Md fourth, ſecond and fifth, third and 1xh) will be equi! 
Where P one another: "Thirdly, any diagonal joining two of tots 


tore! 


Open 
3 
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oppoſite angles, will divide the figure into two qua pam. 9 


een was to be demonſtrated. 


SCHOLIU u. 


Fence a hexagon, whoſe oppsſite fides are all PCI 
h parallel, may be called a parallelogram, that is, a figure hav. | 
ing parallel fides ; as well as the quadrilateral figure mens. 
toned by Euclid at prop. 33. lib. 1. and, indeed, jo may am 
orher figure, having parallel ſides, Welder be their number. 
Moreover, what Euclid has demonſtrated at prop. 33, 34. 
lib. 1. of his four ſided pay allclograms, holds univerſally tru | 
, any parallelogram of ſix or more oppoſite ſides, when theſe 
fides are alternately equal and parallel. Alſo, if the fide i 
any right-lined figure be alternately parallel, thoſe that ar 
eppoſite will be equal; and all the dtagonals biſett one another 
in one and the ſame point. There are other um form proper. 
tres of theſe parallelogr ams, which 1 won to others to dijcive 
and demonſtrate, 


PROP. VIII. PROBL 


To male a triangle equal to a given Tiger: nel 
figure. 


Let the given right-lined figure be ABCDEF: iti, 
required to make 
a triangle equi 
to the given 
right lin'd figur 
I ARC DEF. 
From one an- 
135 gle C, draw ths N 
diagonal c a vp 
the angle A nextÞ 
but one to the 
angle c. Conti 
nue out the lid 
Fa of the hour 
to 6, being "the 
firſt oppoſite ide 


to the angle ci 


-_ 
aw 
3 


and from tte 5 
angle B, hug 
bet weg 


the 


1 
30 
— 31. 1.] parallel to the diagonal c A, cutting the continua- 


Book I. ; 
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etween the angles a and c, draw the right line n [by 


tion of AF in the point o, and draw the right line c G, 


nate 
hau | 
inen. 
ay any 
umber, 
35 34. 
lly true 
71 theſe 
frdes if | 
Hat art 
another 
Proper. ö 
li ſcivef 


„ -Lined 


: it b. 


to make 
le cqul | 
given 


+4 £ N 
1 d four : 2 2 y- 7 LT 
de given right-lined figure ABCDEF. | 


E. F. 


1 one an- 
draw tit 
11 C4 VP 
le A nen 
7 7 
e to the 
>, Cont 
t the {ids | 
the hour 
being ties . ; 9 2 0 
| ſite fide | Of to the given right-lined figure ABCDEF ; o cauſe 
POLITE 1! theſe 85 | 5 AS, V 
| ele two figures have already been proved to be equal to 
one another, Aſter the ſame manner we demonſtrate, that 
th: triangles D MC, EMI are cqual to one another; and fo 


angle c 


p, IVE 
betwep 


which let cut the fide A B of the figure in the point k. 
Again, draw a ſecond diagonal C F of the figure; and 
continuing out the next fide F E of the figure to H, from 
the point 6 draw [by 31. 1.] the right line 6 H parallel to 
the ſecond diagonal c F, meeting the continuation of the 
ſide E F of the figure in the point H, and draw the right 
line c H from the angle c of the figure, Let this meet 
the right line G F in the point L. Again, draw a third di- 


agonal c E of the given figure, and continuing out the ſide 


'FE of the figure to the point 1, from the angle Dp draw the 
tight line D I parallel to the diagonal c E, meeting the con- 
tinuation of the fide F E of the figure in the point 1. And 
from the angle c draw the right line c 1, meeting the ſide 
DE of the figure in the point M: I ſay, the triangle HC 5 
will be equal to the given right-lined figure AB CD Ex. 


For becauſe [by conſtr.] the right line » G is parallel to 


te diagonal A c of the figure, the triangles c G, AB 
ſtanding upon the ſame baſe B 6 between theſe parallels, 
i will [dy 35. 1.] be equal to one another. And taking 


way from both the common triangle Bh G E, there will 
remain the triangle AK G equal to the triangle B Kc. 
Therefore the right-lined figure A K C DEF, together with 
the triangle B K c, will be equal to the ſame right-lined 
figure A K C D 2 F,‚, together with the triangle AK G. 
Wherefore the right-iined figure GC DEF will be equal to 
? Again, becauſe [by conſtr.) the right line G H is par- 
allel to the diagonal Cr, the triangles GH c, GF H be- 


teen them ſtanding upon the baſe G , will be equal [by 


A I.] and taking away the common triangle G LH, the 
fiangles E LF, G LC will be equal; and fo the right lined 
tgure L F E PDC, together with the triangle HL F, that is, 
the right-lined figure HE DC, will be <quil to the ſame 
Aght-lined figure LF EDS, together with the triangle 
Le; that is, equal to the richt-lined figure GC B Ir, 


OY F 2 the 


— 
— —ů— 
— (a: 


2 > - — = 
2 — — b — — 
A ae d wy _ : 2 bo * 2 
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— 


right-lined figure HE DC, But the right-lined figure HE 


has been proved to be equal to the right-lined figur 
GFEDC; and this laſt right- lined figure, equal to the gie 


rieht-lined figure ABCDEF. Therefore the triangle He. 
will be equal to the given right-lined figure A C DF. 
Therefore, &c. Which was to be demonſtrated. 


SCHOLIU u. 


This 1s one of the moſt elegant and uſe ful preblems i in pig 
lined Geometry. Some land meaſurers, who are uſed often; 
ſolve this problem upin paper, do it ſo eaſily and expediticul, 

_ by means of a parallel ruler and coampaſſes, as to obtain |. 
triangle required without attually drawing any diagonals: 


all, or any PR io them. 


PROP. IX. PROBL. 


To make a parallelogram equal to a given trian; 
whoſe Sour ſides ſhall be equal to the 4 three . des: 
the given [riangle, 


Let the given triangle be AC: It i is ; required t. to mil 
a parallelogram equal to the given triangle A B C, hart. 
its four tides equal to the three ſides of the given triangl 


Draw [by 31. 1. )] the right line am from the gi 


point A parallel to the baſe h c of the triangle. And! : 


Cauſe, if neither of the angles B, c be a right angle 


19. 1. ] each of the ſides AB AC is greater than ap 
pendicular draun from the angles Ay B, c, or the poi 

do the oppoſite parall 
* . 3B Fe A But if any of the ang 


„5 right angle, tg 


SES 3 - laid parallels, both! 0 
3 e ſides A B, AC of 
01 r 
ee "+ awning 


E 
is, either of the 0 1 
be perpendicular tot} 


Ele 8 
[i 
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the triangle E M1, together with the right-lined figur: 


HE MC, will be equal 1 to the triangle c MD together with 
that figure; that is, the triangle H c will be equal to th 
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given triangle wil | 2 
greater than twice g 
f4id perpendic! cular ; and 0 half the ſum of the (ide: wil 


ook |] 
d four 
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e HED 
d figun 
the give 
ole HC 
ETF. 
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] 772 71 90 . 
d often: 
editiuuſ, 
obtain [l 
agenais: 6 


triang.. 
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d to mit 
C, hav 


triange 


the ae h 

And * 
angle [0 
than a pe 
1e poi] 


ite Para i 
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10 


angle, ti 
f the bf ® 
cular tos 


ls 8 both 


- 


AC 01:1 | * grams oÞpeſi te to the ſi: des of the tt tangle, when 


53 Produced bora 45 the angle, meet. 
1 0 1 | 
des wil 


ol, © wil 


Book I. 
greater than that perpendicular: 
d be taken equal to the fide AB, and H1 equal to the 
Fide a c, fo that G 1 be the ſum of the ſides A B, ac, and 


ML are equal to the baſe Bc of the triangle. 


7 the g 
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that is, if the right line 


* 1 be divided at K into two equal parts; this half G k 


I a be greater than the perpendicular drawn from v to 


therefore biſect [by 9. 1.] the baſe Bc of the given 


t ani in the point Þ 3 and about the centre p, with a 
diſtance equal to G K or K I, deſcribe a circle cutting the 


Barallel right line AM in ſome point, as J. Upon A AT 


take LM equal to B D, and join the points B, M. Then 


[by 33. 1. the figure B ML D is a parallelogram: Lay, 
the parallelogram B MI. D is equal to the given triangle 


ABC, and the ſum of its ſides BM, ML, L D, BD, wilt 
be equal to the ſum of the ſides A By Ac, BC of the og 


Fiangle. 
For becaufe [by coniſtr.) the right light line AM is par- 


alle to the baſe ; C of the triangle, and BMLD is a par- 
allelogram upon B D, half the baſe of the triangle, having 


its oppoſite fide MJ in AM, the paraliclogram BMLD 


will be [by 41. I.] made equal to the given triangle a E C. 
Again, ſince [by conſtr.] DL, B M are each equal to GK, 


at is, to one half the ſum of the ſides AB, Ac; and 


Fccordio, ly, the ſum of DL, BM is equal to the ſum of 


the ſides A B, Ac of the triangle; and the right lines h b, 
Therefore 
he four tides DL, BM, BD, ML of the parallelogram 
3 MILD Wi ill be equal to the three ſides a BAC EC of. 
given triangle: but the parallelogram UMLD is alſo 
a to the given triangle ABC. 

* Therefore, Se. NV hich was to be done. 


3 PROP. Xx. THEOR. 


n every triangle anv parallelog. 2 deſcribed upon 


two ſides are equal 0% the parallelogram deſcribed 


| J 

a upon the remaining fide, and whoſe other fide is 
8 
9 


equal and parallel to the right line drawn from 
' the angle contained under the firſi-mentioned ſides, 


1 i to that point wherein the fides of the parallels- 


Fg | Let . 


Let there be any triangle A BC, and let any parallel, 


gramms AB DE, ACFG be deſcribed upon the two ſida 


AB, AC of it, whoſe two ſides D E, r G, oppoſite to th 
aſſumed ſides AB, A c of the triangle produced toward 

the angle A, contained under the ſaid ſides AB, AC, mer 
in the point H. Draw the right line A H: I ſay, the pa. 
allelograms A D, AF are equal to the parallelogram de. 


ſcribed upon the fide g c, and its other ſide © Pot ant 


- parte to the right line A H. 
For continue out the right line HA to cut the ſide 20 
of the triangle in the point 1; 
I. and from the points B, c dra 


WC [by 31. 1.] the right lines 31, 
/ 


| \ and join the right line IE. 
\r IJ hen becauſe [by ſuppoſition 


grams; [by 34.1.] BI, CK i 


the ſame parallels B1, L EH; the paraliclogram a p will k 


cqual to the paral! telogram rt, After the fame mann 
we demonſtrate, that the parallelogram A F is equal to th 


parallelogram K 1 : therefore the parallelograms AD, Al 


| will be equal to the parallelogram B K. 


Therefore in every triangle , any parallelograms deſcribe 
upon two ſides are ecual to the parallelogtam deſcribed uf 
on the remaining ſide; and whoſe other fide is equal and 
parallel to the richt line drann from the angle contained p 
del 
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1 * 2, 5 1 


C K parallel to the right line 4 15 


B 1 HA, CK HA are parallels 


98 - each of them be equal to ai; 
L : C and fo BI will be equal to cx; 
5 ” and becauſe (by 30. 1.] they at 
allo parallel to one another, ſince cach of them is parall 
to the right line AH; the right lines B c, 1 K will alfok 
[by 33. 1. ] parallel and equal. Therefore BC KI 6: 
Tarallclogram upon Bc, having its other fide 81 or ci 
equal and parallel to the riglit line H A; which we are! 
prove to be equal to the parallelograms AD, AF. Ihen 
fore becauſe the parallelograms a D, ABI H are [by 35.1. 
equal; ſince they ſtand upon the fame baſe A B, and ar 
between the fame parallels ap, HD; and [by 35. 1.] tl 
parallelogram A BIH is equal to the parallelogram 1 L, bt! 
cauſe they have both the fame baſe B I, and ſtand betwer 


ook 


arallelg. 
WO ſide | 
e to the 
towar; 
C, Mee! 
the Pare 
ram de. 


Jual ant - 


fide g. 
JoINt L; 
C dan 
nes B! 
ine AB. 
* 
poſition 
parallele 

C K WI. 
tO AY; 

to CK 

they an 
is paralk 


Il alſo k 


K 1 351 


J or c 

ve are bh 
There! 

y 35: 1. 


| and art 


61] te 
111, bt} 
between 
D will i 
e mann} 
ual to thif 
A D, At, | 


deſcribeſ 


der the firſt- mentioned ſides, to that point wherein the 
ſides of the parallelograms oppoſite to the ſides of the tri- 
angle, when produced towards that angle, meet. Which 
was to be demonſtrated. 


F 


eGims. 
of the fir/t book of Euclid, which is only that particular 


the right line r. 7. 


cribed up} 
equal anf 
tained un 


dep i f 
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8 HOL IVM. 


This theorem is to be found in Pappus* s athrmaitcal col- 
It is much more general than the 47th propoſiiion 


caſe of this, where the paralleligrams deſcribed upon the two 


ofſumed ſides of the triangle are each of them ſquares, and 
the angle of the triangle ME under theſe two ſides, is a 
7 Tight angle. | 


PROP. Xt. PROBL. 
To divide a given triangle into deb equal parts, by 
a right line 1 from any given point in one © "4 


ils. ſides. 


Let there be a given triangle ABC, and p any given 


Twp in one of its ſides: It is required to draw a right line 
from the given point p that ſhail divide the triangle ABC 


into two equal parts. 
- Biſect [by 10. 1.] the ſide Ac of the mals in the 


ng E, and join the right line EB; then if the point E 


falls in the point p, the thing is done; for by 38. 1. ] the 
triangles A B E, BCE are equal; and each of them will be 


one half of the given triangle ABC. Alſo, if the given point 
be in either of the angles of the triangle, the thi ng is done 
by drawing a right line from that angle to the middle e point 
ot the oppoſite tide. 


In all other caſes, draw To 5 B 


the right line EF {by 31. 3 
I.] parallel to the 42 „ 


ine vs, cutting the nde | 
'AB of the triangle n+ | 8 
the point x, and join V N 


br x E . 


The n 


becauſe - 


xonſtr.} EF is parallel | 
* che right line BD, tie tria angles FE 7M FEE landing 


= + upon 
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upon the ſame baſe r E, between thoſe parallels, will [by 

35. 1.] be equal to one another; and adding to both, th 
Common triangle AF E; the triangles A F E, FBE wWill be 
equal to the triangles AF E, EF PD; that 1s, the triangle 
Ans A F b will be equal to one another. But it has ben 
proved, that the triangle AB E is one half the given tr. 
angle ABC: therefore alſo the triangle A F Þ will be oft 
h. if of the given triangle ABC; and ſo the remaining tr 
pezium FBCD will be one half of the given triangle a 8c, 
\herefore the right line pr, drawn from the given poin 
» in the fide of the given triangle ABc, will divide it int 
two equal parts: which was to be done. 


PROP. XII. PROBL. 
20 divide given ſrapexium into two equal parts þ 


2 right tine dratun fro mM a Hen Po, in, in the mit 
ale of one * its ſides. 


T-rancnbea given trapezium, and a given poir 
in the nidule of one of its ſides: it is required to draw: 
right line from he's given point E, that will divide the giver | 
trapezium into two equal parts. | ; 
For {by 31. 11 bl draw the right line r c from the angt 
© of the figure parallel to the fi 
5 D, Cutting the fide A B in th 
+ Point F; biſect by 10. I. | th 
25 licht line FC in the point « 
. And having drawn a right |i: 
N A, from the given point E to ti 
| angle B of the figure, draw a fig 
1) line GH from 6 parallel to th 
7 ght lie EB, me ctinz the fide B c ot the figure in thi 
Point 11; and 01 the right line EH; and the buſineß 


88 


e 


Lor join the right 1 9 5 EF, EFS E88 BG = 
. hen becauſe A k is equa! to x p, and F C is parallel! 
by conſtr. }; the triangies A F E, E CD will be equ 
ir one another [by 37. 1. And dea F G, G C at 
qual by conſtr. ]; the triangles FEG, GE C will [by _ 
1. be equal to one another ; 3 as alſo the triangles 5 


B. Ibercfore the triangies AFE, FE G will be 5 


ll 


. 


ook |. 


Will [by 
2th, the 
will be. 
triangl 
nas been 
ven tri 
1 be one 
ning tre 


le ABE. 
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e it int. 
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aw a rig. 


le] to th 


Tre in tl 
Dufineſs | U 


parallelt 


Bock J. 
to the triangles ECD, EGC; that is, the trapezium ayGE 
will be equal to the trapezium E G © D. And ſince the tri- 
angles FBG, BGC are equal, the trapezium A BOE will 
be equal to the figure EGB CD: conſequently, the trape - 
ium A B G E will be one half the given trapezium AB c p. 
i Again, becauſe by conſtr.] C H is parallel to EE, the 
triangles E C B, EBH will | by 37. 1.] be equal to one 
another. Therefore the triangles ABE, EBH, will be 
equal to the triangles A BE, EGB. But the trapezium 
AE conſiſts of the triangles ARE, E EG, and the trape- 
ꝛzium AB H E of the triangles AB E, EB H: wheretore the 
trapeziums A HE, ABO E will be equal to one another. 
But the trapezium A BG E has been proved to be equal to 
one half of the given trapezium AB p. 
trapezium A B I E will a 
given trapezium A BC D. 


middle of its lid | 


Euctid's Elements. 73 


T herefore the 
lo be equal to one halt of the 
© Therefore a given trapezium 18 divided into two equal 
parts, by a rioht line drawn from a given point in the 


Which was to be done. 


The problem is almoſt as eaſily refed. when the given 


5 Point is not in the middle of one of the ſides; for it is only 
drawing a right line from ſuch a point joining the point h, 
found as above, and through the middle point E drawing a 
right line parallel to this line. Then a right line drawn from the 
+given point to that wherein this parallel interſects the oppoſite 
"i; de BC will divide 5s trapezium into two equal parts, 


| be * 3 


I (by pil 


les. F Þ by 
| be equi. 


i 


= 
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'E L E M E N T S 


DEFINITIONS. 


„ERA. right- angled parallelogram is faid to be 


contained under the two right lines, comprehend- 
ing a right angle * 


2. In every parallelogrim, any one of the parallelograns : 
that are about a diameter, with the two complements, 5. 


called a gnomon. 


0 Here Euclid, for brerity 8 ſake, ſays, E very right- angle 


parallelogram is ae under tewo right lines forming a right 


angle; though, indeed, every parallelogram i is comprehende! 


1 


or contained under four right lines. But as the oppoſite fides | 


of every parallelogram are equal to one another, any of the 
two ſides which contain a right angle, may not : Anapey be ſaid 


to contain the whole Tee n 


PROPOSITION, I. THEOREM. 


i there be t<v9 right lines, and one of them i is cut it. 
divided into any parts whatſoever, The refanpl | 
_ contnined under the two right lines is equal to all | 
the reftangles contained under the undivided line, 
and the Neutral e or Parts. of the oller 


| line. 


E T there hs two ieh lines, A MY BC, and let BC 
1 be any how cut or divided i in the points p, E: I favs 


ta rectangle contained under the right lines 5 BC, is is equil | 
| * ; 


1 to he 
rehend- 


lograms 
1ents, ö 


Dt-angiei 


g a riglt 


rehended 


Mite fides 


y of the 
y be ſail 


4 1 
M 
nnd s 


cut or 
eftangi | 
1 to all | 


A line, 
7 04 ber | 


| let BC 


is equal the ſauare of a Line. 


ock! II. 
: 4 kich is contained under A, E c. + 


e [by 31. 1. 
to Bc. And through the points D, E, C draw the right 
lines DK, EL, CH parallel 0 . 


parts at : 


Euclid's Elements. 75 


to the rectangle which is contained under the right lines 
, BD, and to the rectangle con- . 5 
e under A, DE, and to mat 1 


For [by prop. II. B. 1. ] from 5 


BF at right 1 4 to TY and | "x -, It 
make B G equal to A. And thro' FE we A 
draw G H parallel 


Then the rectangle BH is equal to the rectangles B *, 


DI., E.H. And BH is the rectangle under A, BC; for it is 
contained under G B, BC, and BG 1s equal to A: But the 
rectangle B K is contained under A, BD; for it is contain- 
ed Unter GB, BD, and GB is equal to A: and the rect- 
angle DL is contained under the right lines A, PE; be- 


cauſe D Kk, that is, BG, is equal to A: And in like man- 


ner, the rectangle E H, is contained under the right lines 
A, EC: 
Bc, is equal to all the rectangles under A, D, "and Aer 
A and p E, and alſo under a and E C. 


Therefore the rectangle under the right lines A, 


Therefore if a right line be cut or divided into any parts 


ſoever, the rectangle contained under the two right lines, 
is equal to all the rectangles contained under the undivided 


ine, and the ſeveral ſegments or parts of the divided line. 
: hich was to be demonſtrated. 


PROP. II. THEOR. 


7 a right line be any bow divided into two Parts,” 
the rectangles contained under the whole line and 


each of the parts, are equal to the * Jquare of the 
| Wl ! line b. | 


For let the 1 11 aht as A B he any how divided into 7 


Ms For prev 'ity's 8 we call the aare 4 2 ubed pon a Wwe 


Th ſay, the rectangle contained under the right 
nes a By 1 BC, together with the rectangle contained under 5 
3A, Ac, are equal to the 8 of the right line A B. 
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For "by 46. 1.] deſcribe the ſquare ADEB of AB; and 


through c [by 31. 1.] draw c F parallel to A D or h E. 


Then i is A E 5 5 to both the rectangles AF, CE: But 


A E is the ſquare of the right line ag, 


A KX 
| | the rizht lines : B A, AC,; for 1 It is con- 
mY tained under the right lines D A, ac, 
: 


T PE. 
3 E 4 B E is cqual to the right Line AB: 
Therefore the rectangle contained under the right lines a; 


AC, together with the rectangle contained under AB, bc, | 


178 equal to the ſquare of A n. 


It therefore a right line be any how divided into two [ 


parts, the rectangles contained under the whole line and 


each of the varts, will be equal to the fquare of the whole | 


line. Which was to be demonſtrated. 


L Although Euclid propoſes this ſecond theorem of a 5 ö 


line divided any how only into two parts; the {ame thing may 
be demonſtratec: eng the ſame manner, if a right line be di- 


3333 


it a right line be divided into any two parts, the 
 reftangle contained under the whole line, and on: 
of the parts, is equal to the rectangle containes 
under the parts, aud the Mae of the part Het 


fad. 


For let the dib line A n be divided in the point C into 
any two parts: 1 ſay, the rectangle under a B, B C is equal 
„„ to the rectangle under A c, CB, 
A mo | N together with tne ſquare of the 
8 | 5 rig tht line n. 

For by 46. 1 deſcribe the 
ſquare CDEB of BC, produce 
ED to F,; and through A draw 
EC ain F Par ral: ]. to CD 
9 e dr os 


5 
1 
ö 
| 
| 
| 


of "$5 1944 
WOT 


and the rectangle AF is contained under | 


whereof A D is equal to AB; and the 
rectangle c E is contained under the | 
right lines AB, BC; for the right line 


thi 
one 
ned 
e- 


into 
quial 
b B5 
the 


the 


Join b, and through c draw [ by 
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Then the rectangle A E will be equal to the rectangles 


Ap, CE, and A E is the rectangle contained under the 
right lines AB, BC for it is contained under the right 

Ines a B, BE, whereof BE is equal to ; C : But the rect 
angle AD is contained under A c, CB, ſince DC is equal 
to CB, and D B is the ſquare of B; : Therefore the rect- 
angle under AB, BC is equal to the rectangle under AC, 
c B, together with the ſquare of B c. 


It therefore a right line be divided into any two parts, 


the rectangle contarned under the whole line and one of 
- the parts, is equal to the rectangle contained under the 
parts, and the ſquare of the part aforeſaid, Which Was 
to be demonſtrated... 


ER OP; IV. THEOR. 


6 right line be divided into any two parts, the 

| ſquare of the whole line, is equal to both the ſquares 
of the parts, together with twice the rettangie 
contamed under the parts, a 


Fer het the right l 4 8 be divided by the point © de 


any two parts: I ſay, the ſquare of A B is equal to both the 


ſquares of A Cc, CB, together with twice the rectangle c con- 
tained under the parts A C, CB. 


For | by 46. 1. | deſcribe the 5 AEB of AB. 


; ES 
31. I.] the right line CG r paralldſdl!“!— ey" 
to AD or BE; but through C, the r A, | 3 
right line H K parallel to a h, or DE. os OO Red i Luk 
Then becauſe C F is parallel to a; 
and the right line B Þ falls upon them, | - 
the outward angle 30 C will be bkỹß G- ot 
29. I.] cqual to the inward oppoſite I E K 


| angle ADB. But (by 5. 1. ] the angle A DR is equal to 


the angle A D, becauſe the fide h a is equal to the ſide : 
"KB and ſo the angle CG B is equal to the angle GH: 


therefore the fide B C | by 6.1.] is equal to the dae 88. 


But like w ic CB Is [by 34. 1.] equal to the tide G K, and 
C tOLbK, Thercfore the fide GK 15 £qu tal to KB, and 
the parallelogram CEB is equilac ral: 1 fay, it is ri; he- 
angied too. For becauſe c G is paratel to BK, and tie 
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is a rectangle. But it has been proved to be equilateral ; 


vherefore CG K B 1s a ſquare, deſcribed upon Bc. By the | 


ſame reaſon alſo the parallelogram HF is a ſquare, viz. the | 
ſquare of HG, that is, of Ac: 


43. 1] is equal to the rectangle G E, and A G is contain- 


ed under the right lines Ac, CB; for GC is equal to ch; 
therefore GE is equal to the rectangle contained under | _ 
AC, CB: Wherefore the reQtangles A G, & E are equal to 
| twice the rectangle under the right lines ac, CB. But 
HF, CK are the ſquares of AC, CB. Therefore the four | 
parallelograms HF, CK, AG, GE are equal to the ſquares | 
of AC, C B, together with twice the rectangle under the 

right lines Ac, BC. But HF, CK, AG, GE make up the | 
Wherefore the | 
ſquare of AB is equal to both the ſquares of AC, BC to- 
: | cog with twice the rectangle. ee under A and | 


whole ADEB, viz. the ſquare of AB, 


Therefore if a fiat line be divided into any two parts, | 
the ſquare of the whole line is equal to both the ſquares of 


the parts, together with twice the rectangie contained un- 
der the parts. W hich was to be demonſtr ated. 


Book l. | 


right line c Bj falls upon them: the angles KB c, O Ch are | 
[by 29. 1. ] equal to two right angles. But [by 30. def. 1 | 
the angle K BC is a right angle, and ſo the angle G h 
a right angle too: wherefore {by 34. 1.] the oppoſite an. | 
gles CG k, GK B will be right angles. Therefore c K 


therefore HF, c k are the 
ſquares of AC, C B. And becauſe the rectangle A [ by j 


l 

; Otherwiſe : | ; 

I fay, t he: fauare of AB is equal to both the . of = 
AC, CB, together with twice the rectangle under A c, CP, 
For dec in the ſame figure, B A is equal to A p, / 
the angle app [by 5. 1. will be equal to the angle ADB; 
and ſince [by 32. 1.] the three angles of every triangle, | 
all together, are equal to two right angles. But the angle equ 
BAD is a right angle. Therefore the remaining angles the 
ABD; AD n are both together equal to one right angle. Eet] 
But they are equal to one another : Wherefore the angles the 
AR D, ADB are each one half a right angle. But ; C Þ | 
a right angle, for it is equal to the inward oppoſite angle Þ joir 
at A; and ſo the remaining angle CG B is one half a rigit 1 CE 

a angle: ; nccording'ys the angle 0 15 is equal to the angle an 


CP Gy 


And through A Gray 4 AK 1 to CL or BM, 
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Ac, CB: Wherefore AG, GE are equal to twice the rect- 
angle under the right lines A c, CB; but alſo CK, H F 


are equal to the ſquares of A c, CB: therefore CK, HF, | 
AG, GE are equal to the ſquares of a C, CB, together 
with twice the rectangle under Ac, CB. But CK, HF 


and AG, G Ez make up the whole ſquare of a B. 


Therefore the ſquare of A B is equal to both the ſquares 
of ac, c B, together with twice the rectangle contained 
under AC, CB, Which was to be demonſtrated. 


Crd. From hence it is manifeſt, that the parallelograms 
in ſquares that are about the diameter, are ſquare. 
themlelves. „ 


PROP. V. TIE OR. 


. i a right tine be divided into two equal, and into 


two unequal parts, the rectangle contained under 
the unequal parts of the whole, together with the 
ſquare of the right line between the two points of 


diviſion, will be . to ihe ſquare of baff the 


line e. 


For let any right line A B be divided at the point c into 


Equal parts, and into unequal ones at the point D. I ſay, 
| the rectangle contained under the right lines A D, DB, to- 
gether with the ſquare of e, is equal t to the ny: of - 
the half line cB. 

| For by 46. 1 ] deſcribe the ſquare CE FB of BC; 5 E 
Join BE; through p draw [by 31. I.] DHG parallel to 


C E Or BF; through H draw K L M parallel to C B or EF; 
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1 and the fide B c [by 6. 1. ] equal to the fide c C. 
But cB [by 34. 1.] is equal to KG, and CG to BK: 
Wherefore C K is equilateral. But it has one right angle 
CBK; therefore it is a ſquare, viz. that of c B, For the 
fame reaſon HF is a ſquare too, being equal to the ſquare 
of ac: Therefore the ſquares CK, HF are equal to the 
| ſquares of A c, C B. Again, becauſe [by 43. 1. the rect- 
7 159 AG is equal to EG, but AG is the rectangle con- 
tained under the right lines A c, CB, for c G is equal to 
3; the rectangle E G is equal to that under the right lines 


Now 


— 5 1 : 4 . r e 
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A_ — TX cu equal to the whoki ® 
HE 7 NI bk. But c M [by 36. 43 


But A H is the rectangle under A D, DB, for DH is equi 
to DB; but F D, DL is the gnomon N x O: Therefore the 

gnomon N xo is equal to the rectangle contained under th 
right lines a D, DB. Add L G, which [by Cor. 4. 2.] i 
equal to the ſquare of cp, to both, and then the gnomq 
NXo and LG are equal to the rectangle under the right 
lines A D, DB, together with the ſquare of CD. But the 


into two unequal parts, the rectangle contained under thi 


Soars of half the line. | Which was to be demonſtrate} C 


is equal to the rectangles under px, AC, and under ps, ch 
| {by 1. 2.]. Therefore the ſquare of cs will be equal ro ; 
: 2 of co, together with the rectangle under vs, av t 


eb, will be Kg to the ſquare of. EB. W hieh Was © be reg 
onſtrated. | = K 


Now becauſe {by 43. 1.] the complement CH 1s equi * 


to the complement HF, add Þ m, which is common x 


— 


0 5 both: then is the whok! J 


LI is equal to AL, ſince Ach; 
. © | equaltocB, And ſo a1 
* is alſo equal to DF. Add 
© - r 'F c, which is common 0 
both. And then the whole A H will be equal to D F, DL, 


8 = . 8 2 Ws 2 9 Iced N 


© a» 25 
8.8 2 


PEE)» 1 js Wn "og A ln 8 1 5 3 
PETS AA, V I ˙ A LE ES 7 
FFF 


. Nx O and LG, make up the whole ſquare c E FR, 4 
2. that of CB: Therefore the rectangle a P, DB, tag CE 
ther with the ſquare of C p, is equal to the ſquare of c B. bas 
If therefore a right line be divided into two equal, and * 


unequal parts, together with the ſquare of the right line 
between the two points of diviſion, will be equal to tx 


This theorem may be demonſtrated otherwiſe thus : Becaut | = 
the ſquare of ©B is (by 4. 2.1 equal to the ſquares of cy, 5 


AE 2 D B together with twice the rectang:} © du 
2 — — — under ps, co, and the rectangle un dan 


der DB, CB {by 3-2] equal to the rectangle under pu, co} he 


together with the ſquare of ps; the ſquare of C will be eq alÞ- 2 re6 
o "the remaining {quare of cp, together with the remainn ade 
rectangle under DB, cp, and the rectangle under ou, CB, a of 


under DB, AC. But the rectangle under dB and the whole 5: il 


_ the. rectangle under AD, DB, together with the ue ang 


Wan _ 
P RON 
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a „ , 
hoe Us. 8 right line be divided into two equal parts, and 
hoe any other right line be joined to it in the ſame 
1. 1 direction; the rectangle contained under the line, 
ch => compoſed of the whole line and the joined line, and 
Fo | > the Joined line, together with the ſquare of the half 
nn Une, is equal to the ſquare of the line compoſed of 
i, be half and the Aid line, taken as one line da. 
1 8 For let any right line a B be biſected in the point 2, 
* and any other right line BD be joined to it in the Ame 
1 1 direction. I ſay, the rectangle contained under a p, bs 
mal 4 N with the ſquare of C By is — to the quare 
of cp. 

* Z For [by 46. 1. ] deſcribe the ſquare CEFD of CD; join 
1 pf; thro' the point B [by 31. I. ] draw BHG parallel to 
5 . cor DF; through the point 5 . 

8 An. draw K L M parallel to a9 — 

ang or k F; and through A draw cs 

__ * K parallel to L or DM. 2 

: in Now becauſe A c is equal to > 

* *cB, the rectangle. „„ 

ted. by 36. J.] equal to the rect- 

EI angle c h. But [by 43. 5 WO ww 
u is equal to Hy; and therefore will a 1 be equal to r. Add 
: 5 Je M, which is common to both; then the whole AM is e- 
aH qual to the gnomon d x O. But A M is the rectangle con- 
le tained under the right lines A p, D; for DN by cor. 4. 2.] 
„en zz equal to D: therefore the gnomon N X O is equal to the 
equip, rectangle contained under the right lines A D, DB. Again, 
unny add LG, which is common to both, being g equal to the ſquare 
Bo of e; then the rectangle under AD, DB, together with the 
_ T fquare of BC, is equal to the gnomon N xo and to LG. 
% But the gnomon N x o and L make up the whole ſquare 
tbr *CEFD, that is, the ſquare of CD: wherefore the rect- 
are 0 I angle under AD, DB, together with the you. of B , is 
be 4 equal to the ſquare of c Þ. 


f therefore a right line be 4 into two equal parts, : 


and any right line be joined to it in the ſame direction; 
che rectangle contained under the whole line and the Joined 


F line, 


02 
i line, and the joined line, together with the ſquare of the 


of the half and the joined line, taken as one line. Which 
was to be demonſtrated. _ 


rectangle under the whole line a D, and the added line ; o, toge- 
ther with the ſquare of the half line c B, will be equal to the 
ſquare of the right line c p. For let the right line a E be added 


| to AB on the contrary ſide e. 
*. A Cc | B T qual to BD ; then the whole 
— * 5 1. i 


the ſquare of the right line compounded of half the given line 
AB, together with the added line r BD, taken as one e line, Which 
Was to be demonſtrated. | 


If a : right line be divided into any tevo parts, tht 


any two parts. 1 fay, both the ſquares of A PE, EC are 
cqual to twice the rectangle contained under the right lines 


be rectangle Gf, add CF, which is common, to both; 
. then the whole AF is equal to the Waols c E: therefore 
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alt line, is equal to the ſquare of the right line compoſe 


» This theorem may be otherwiſe demonſtrated this: Let a 
the right line a n be biſected in the point c, and let any right ul 
line B p be added to it, having the ſame direction. I ſay, the rec 


line E D will be cut equally in 
e, and unequally in s ; ſince E a, a c are equal to ps, Bc. The 
right line E B alſo will be equal to the right line a o, for E a is 
equal to Þ and a B is common to both. Therefore (by 5. 2. 
the reangle under the unequal parts E B, B p, together with 
the ſquare of the intermediate ſegment o; that is, the rectan- 
ole under a b, nb, together with the ſquare of the half line 
C B, will be equal to the ſquare of the half line © Þ ; that is, to 


PROP. VII. HE OR. 


ſquare of the whole line, together with that ef 
one of the parts, will be equal to twice the vt. 
angle contained under the whole line and the ſaid 


part, together with the ſquare 7 the remaining 
part”. 2 


For let any right Kew AB ; be divided by the point c into 


AB, BC, together with the ſquare of Ac. 


Por [by 40. 1.] deſcribe the ſquare A D ** of AB, an io 
: conſtruct [or make] the figure. 


5 Fto be 
Now becauſe {by 43. 1.] the rectangle AG is 3 to 


8 


; P F the ſquare C F will be double to 
the rectangle AF. But twice the 


bar: for . 2 BF 5 8 


— 


Fitch the ſquare of the remainin 
| —_— „ 
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4 ge rectangles AF, CE are double B 3 5 A 
* the rectangle AF. But AF, E N 8 
1 e the gnomon KLM and the ſquare . . 

Ir: wherctore the gnomon KLM © 4G) 3 


rectangle under AB, B C is double 3 A 


T 


q Pon k L M, and the e C F, are equal to twice the 
F xecangle under the right lines a B, BC. Add H N, which is 


common, to both, viz. "he ſquare of A C; then the gnomon 


ö K 1 u and the ſquares CF, HN, are equal to twice the 


&cangle under the right lines A , BC, together with the 


ſquare of AC. But the gnomon K LM and ſquares C F, 


Ax, make up the whole A DE B, together with C F; which 
re the ſquares of A 3, Bc: Therefore the ſquares of A B, 
Bc are equal to twice a rectangle under AB, 3 C, to- 
ether with the ſquare of AC 
Therefore if a right line be divided into a any two parts, 


| the ſquare of the who! e line, together with the ſquare of 
ne ſof the parts, will be equal io twice the recta ing! e con- 


tained under the whole line and the ſaid parts. together 
1g Fart. Which was to be 


e This theore m may be demer rated otherwiſe thus: Becauſe 
| ti ſquare of a x is [by 4. 2.} equal to che ſquares of ac, CB, 
gether with twice the rectangle under ac, en, if the com- 
"7 ſquare of ac be added, the ſquares of AB, ac will be 
Equal to twice the ſquare of ac, and - - Fe 5 35 - 
Eto the ſquare of e B, together ik 
boice the reQangie under ac, cn. Put {by 3. 2. the rect 
ale under a3, ac, is equal the  reclang le under aC, o, toge- 

ber with the ſquare of Act wh Cre fore twice the rectangle un- 

er aB, ac, will be equal to twice the recte 2ple under Ac, 
Per, together with twice the ſquare of ac. Therefore the 

Wquares of an, ac, are cqual to the remaining {quare of es, 
together with twice th: Fe: Aangle under A B, AC. Which was 
be demonitratcd, 5 5 „„ 


* 
' 
} 


PROP, 


— — 
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Fa right line be divided into any | 
times the refiangle contained der the whole lie] 
and one of the parts, together with the quer: 

of the remaining part, is equal to the ſquare g] 

[be whole line and the led oo taken bh 


PROP, vill. THEOR, 
40 parts, four 


together as one line k. 


For let the right line an be divided into any two part Þ 
at C: I fay, four times the rectangle under A B, BC, to. 
| gether with the ſquare of Ac, is "equal to the {quare 0 Þ 


AB, BC taken as one line. 


For continue out the right tins AB to p; make 55“ 
equal to B. Deſcribe [by 46. 1.] the ſquare AEFDd| 


AD, and conſtruct the double hgure, 


Then becauſe c B is equal to B p, but c [by 34.10 
is equal to GK, and BD to KN); therefore G K will be 
equal to K N. And for the ſame reaſon * PR wil be! 
equal to Ko. i 
And becauſe c B is equal to B D, and GK to KN; te 


the rectangle K. Again, becauſe c B is equal to ; p, ani 

B p to BK; that is [by 34. 1. ] equal to CG; but cg 
equal to G k, taat is, to 6: Therefore c 6 is equal u 
cr. But p R is equal to Ro. Wherefore the rectangl I 
A [by 36. 1.] will be equal to the reCtangle M P, " | 
"The cefhangle PL will be equal to RF, But MP [by 43-1; 
is equal to P L; for they are the complements of the pat 
allelogram ML. Wherefore alſo AG is equal to RF, 
| Wherefore the four rectanęles AG, MP, PL, REF, alt 
caqual to one another; and fo are four times AG, But it 
has been proved, that the four rectangles Cc k, BN, GH 
RN, are jour times CK: _ Wherefore the eight rectangle 


"wich 


Bock II. 


* „ 5 Fr 


A C! D rectangle c K [by 36. 1-] will be 
„„ hs. — . equal to the rectangle B; N, and tie |; 
e BY rectangle GR to RN. But (y 
** 7 81 P 4 Rl 43. i. ] CK is equal to RN, i 6 
3 ] they are the complements of the f 
er | parallelogram co. Therefore 35 W. 
j 5 | {| |} equal to GR, and the four red: 
. I angles BN, k c, G R, RN are equi 
f toone another, and ſo are four tins i 
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| ich make up the gnomon s T y are four times the rect- 
| angle A K. And becauſe A K is the rectangle under A B, 
y Bb, for BK [by cor. 4. 2.] is equal to B D, four: times 
| the rectangle contained under A B, BD will be four times 
| the rectangle AK. But it has been proved, that the gno- 
Fl. mon s I v is four times A K: wherefore four times the rect- 

angle under A B, BD is equal to the gnomon s v. Let 


00 'Bx, which is [by cor. 4. 2.] equal to the ſquare of a c, 
be added to both; then four times the rectangle contained 
ark under A B, BD, together with the ſquare of a c, will be 
io | equal to the gnomon sT and the ſquare x H. But the 
- | gnomon 87 v and x H, make up the whole ſquare A E n 
deſcribed upon the right line A D: therefore four times the 
85 rectangle contained under the right lines A B, B c, together 
„ with the ſquare of A c, is equal to the ſquare of AD, that 


to the ſquareof a n, Bc taken as one line, 

| Therefore if a right line be divided into any two parts, | 

1 | Sur times the rectangle contained under the whole line 

Il - and one of the parts, together with the ſquare of the re- 
| Maining part, is equal to the ſquare of the whole line and 

the the aforeſaid part, taken both EE 3 as one line, Which 

be Vas to be demonſtrated. | 


. BZ his theorem. may ls Jemonſtrated otherwiſe thus: Wan 
[9 | the ſquare of ap is [by 4. 2.] equal to the ſquares of AB, BD, 
, ta | together with twice the rectangle under à B, BD ; that is, to 
i the the ſquares of as, Bc, together with „ WB 
y twice the rectangle under a B, B C. — 


rect But the ſquares of an, 5c are by 7. 2. equal to twice the 
equal | redangle under à B, Bc, together with the ſquare of ac. 

| therefore the ſquare of ap will be equal to four times the rect- 
angle under as, CB, together with the ſquare of ac. Which 
=” to be demonſtrated.” | 


PROP. Tx: THEOR. 


| J 4 rieht line be divided into two equal and into = 
[ | Fwo unequal parts, the ſquares of the unequal parts 
are double to the ſquares of half the line, and of the 
* right line between he points of diviſi on s. 


For let any right line a B be divided into RU) parts at 
IC and into unequal ones at D: I ſay, the ſquares of A Ds. | 
I are double to che ſquares of AC, CD. 


. 
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” through D {by 31. I.] draw DF parallel EC; but th: "Our 
'F draw F G parallel to AB, and join A F. 


fore the whole angle AEB is a right angle. And becau 


Again, becauſe E G is equal to G F, and the ſquare of 361 


For by. 11.1 draw c E from the point c at right af 
gles to AB, make it e to AC, or CB; join E a, 62k 


Then becauſe A c is equal to C E, the angle E E AC N qual 
5. 1.] will be equal to the angle A EC. And ſince 4 Þle t 


1291 at C is a right angle, the remaining angles AEC 9 3 Tf 
E AC [by 32. 1.] will be equal both to one right ang into 
Theſe will 5 erelore be equal to one another; and 0 ub 


each of them one half a right angie. By the fame realonth þetw 
angles CE By E BC are cach one half a right apgle : wha Brat 


TAR > IE i 


the angle GE F is one half a right angle; and E C b . 
right angle; lor by 29. 1 Jit is equal to the inward oppoſ: | cauſe 


angle ECB; the remainin: 7 1 E x { 
E F G will be one half a right! 1 
IF 0 1 of A 


gle : . thereiere the angle Gf | Nee 
equal to the angle EFG; and Jer 
by 6. 1.] the fide EG is equa but 


the fide C F. Again, becauſe h equa 

| | angle at h is one half a right a unde 

gle, and r pn is a right angle; ; ſince [by 29. 1. ] it be | 15 
to the inward oppofite angle ECB the remaining a 1 " 


B FD will be one hi uf a right angle: therefore the ange 
E is equal to the angle DFB : and fo the fide DF by 01 


is equal to the fide bB. And becauſe AC is equal if If 
& E, the ſquare of A C will be equal to the ſquare of Ci 1 = a 
therefore the ſquarcs of A Cc, CE are double to the fun,, . 
of ac. But {by 47. 1.] the ſquare of E A is equal to . 
ſquares of A c, C, for the angle ACE is a richt ant? 4 
therefore the ſavare of E A is double to the ſquare of A , 


equal to the ſquare of G; the ſquares of E G, GF are 8 
ble to the ſquare of G F. But [by 4 47.1.) he kate 0E F 
is equal to the ſquare, of E G, G: therefore the ſquareſ Pat 
EF will be double to the ſquare of G F. But [by 341 N Cirec 
F015 equal to c n: therefore the ſquare of E E will ! (qua 
double to the ſquare of c . But alſo the ſquare of 42. F 
_ double to the ſquare of Ac; therefore the ſquares of 4 meln 
E F are double to to the ſquares of A c, c p: but [by 47, AE 
; the _— of AF is equal to the ares of AE, E F, i k ö and 
LCauſe AEF is a right angle: the refore the 2 8 5 of a*W Ap 
| | do AT 


outh 
here 
Ceca; 
ly i 
01 oft: 
ante 
: 


{it 4 
} -© 
and 
N 
Ude 'F 
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angle at D is a right angle a 


| qual to DB; 


„ WE 
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Jouble to the ſquares of Ac, cp. But by „„ 
ſquares « of AD, DF are equal fo the ſquare of A F, for the 
wherefore the ſquares of AD, 
pF are double to the ſquares of Ac, . But pr is e- 
therefore the ſquares of A D, D B will be dou— 
7 to the ſquares of AC, cp. 

I therefore a right line be divided into two equal and 
Þto two unequal parts, the ſquares of the unequal parts are 
double to the ſquares of half the line, and of the ri: ght line 


between the points ol diviſion. * hich was to be demon- 


rated, 


This theorem may be demonſtrated otherwily thus: Be- 
cauſe the ſquare of the right line a» [by 4. 2.] is equal to both 
the ſquares of ac, cv, together with twice the rectangle under 
ac, cp. If the common ſquare of aD be added, the two ſquares 
of ap, DB will be equal to the 4 CE D 13 | 
three ſquares of ac, cp, vs, toge———.— 
ther with twice the rectangle under à c, op, or under ne, CD ; 
ut the ſquares of B c, or ac, and that of © D, are [by 1 2 
equal to the ſquare of DB, together with twice the rectangle 
under Bc, Cp: therefore the iquares of Ab, DB are equal to 
twice the ſquares of ac, cÞ ; and fo the ſquares of aD,DBaEe 
double to the 28 of AC, cp. Which was to be demon, ate, 


PROP. *. THEOR.: 


J a right line be divided into two equal parts, and 
any Noh line be joined to it in the ſame direction, 


que : the ſquare made of the whole and joined line, and 


| F and through D draw DF. parallel CR 


| the ſquare of the joined line taken together, are 

double to the ſquare of one half the line, and to 

the ſquare of the line made of one half the linie and 
the joined line, taken as one line B. 


For let the right line A be divided at into two equi: al 
parts, and let any right line » D be joined to it in the ſame 


g direction: I ſay, the 2 of AD, DB are double to the 5 


quares of ac, D. 5 
For draw from C (by 11. 11 the right line CE at: 


Ah | git angles to AB; make it equal to A c or C B; join | 


A E, EB; through E [by 31. 1.] draw E F parallel to A'D'5:; 
And be- 
cauſe the right line EF falls upon the two parallels EC. FD. 


0 3 the angles CEF, EFD ate z-{by 296 1 1 equal to two rignt 


* mis angles: 
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angle: . therefore the angles FEB, EFD will be elf 
| P two right angles. But 1» 

lines infinitely produced fronf 
angles leſs than two right an. 
gles { by ax. 11. will meal 
—D one another: Therefore rf 


F D produced towards 23 r 


duced, and meet in the point G: join AG. 


Now becauſe A c is equal to CE, the angle A EH 
5. 1.] will be equal to the angle EAC. But the ang ole af 
Cc is a right angle: wherefore E Ac, AE c are [by 32. 1 
each haft a right angle By the fame reaſon, C ED, EAN 
are each one half a right angle: therefore A E U is a ri » 
angle. And becauſe EB © is one half a right angle, thÞþ 
angle D BG [by 15. I.] will be one half a right angle. bu 
[by 29. 1-] BD is a right angle too; for it is equal to ti 
alternate angle D CE: | wherefore the remaining angle da 
is one half a right angle; and ſo the angle DG B is eq, 
to the angle p G: " wherefore the fide BD will be [nt 
6. 1.] equal to the fide 6 D. Again, becauſe EG F is or: 
half a right angle, and the angle at F is a right angle, ſþ 
[by 34. .] it is equal to the oppoſite angle at c; the e 
maining angle F E & will be one half a right angle: where 
fore the angle EGF is equal to the angle x EG; and 
the ſide G F [by 6. 1. ] is equal to the ſide E F. And ln , 
E C is equal to CA, and the ſquare of x c equal to e 
ſquare of AC; the ſquares of te, CA are double to * 
ſquare of c A. But the ſquare of EA [by 47. 1.] is equi 
to the ſquares of Ec, CA: therefore the ſquare 25 EA | 
double to the ſquare of 4 c. Again, becauſe G F 15 equi 
to EF, and the ſquare of & F is equal to the ſquare of £5 
the ſquares of GF, F F are double to the ſquare of Ef. 
Put [by 47. 1.] the ſquare of E O is equal to the ſquares" 


GF,EF; therefore the ſquare of x will be double © 


the ſquare of EF: but E x is equal to c D: wherefore the 
8 ſquare of EG will be double to the ſquare of CD. Bit 
ir has been demonſtrated, that the ſquare of E A is double 
to the ſquare of A C: therefore the ſquares of à E, GE 2! 
double to the ſquares of ac, CD, But the ſquare of a6 
[by 47. 1.] is equal to the ſquares of AE, EG; thereicte 


tl e Wear of AG ls double to che ſquares of A c, c D. but 


[0] 


18 will meet, Let them be 1 ö 


4 


3 4 15 oh GoneYy —0— prmowuimgy : 
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us by 47. 1. the ſquare of A G is equal to the ſquares of A D, 
i pe: therefore the ſquares of A b, DG are double to the 
© ſquares of A c, C D. But DG is cqual to D. Wherefore 


La 4 
© 


— 3 


mey | Y C D. ON. 


BrÞ and any right line be joined to it in the ſame direction, the 
pref ſquare of the whole and joined line, together with the ſquare 


of the joined line, are equal to twice the ſquare of one half 


h the line, and the ſquare of the line made of the half line, 
en and the joined line taken as one line. Which was to be 
„ %% _ demonſtrated. 


Fe h This theorem may be demonſtrated otherwiſe thus: Let 
ian; the right line AB be biſected in c, and let any right line 8 D be 


„e added to it in the ſame direction. I fay, the ſquares of ab, Bb 


e ctogether, are double to the ſquares of ac, co together; for 


oe! having added the right line A to AB on the contrary ſide thereof 


ch (. towards a) equal ton vp; E A — (: B 5 
chen the whole Ep will be — 
wy cut equally in c and unequally in B. Becauſe EA, ac are equal 
- UF to vs, sc, the right line EA will alio be equal to the right line 
5 oe + ap; ſince Ea is equal to ps, and aB common to both. 'There- 
„ tk | fore [by 9. 2.] the ſquares of EB, BD, that is, of Ap, BD, will 
e ſk be double to the ſquares of gc, oB, that is, of cp, ac. Which 

her:! was to be demonſtrated. | 1 1 „** 
kun PROP. XI. PR OB L. 

oi F Ce gn I ads | 5 5 yy 
> tel} To divide a right line into two ſuch parts, that the 
equi  refangle contained under the whole ine and one 


equi i 1 other par 7 i. 

03 WE TO | Fon 7 | 
z Let AB be a given right line: it is required to divide it 
esd into two ſuch parts, that the rectangle contained under the 


le u whole line and one of thoſe parts, ſhall be equal to the 


e th ſquare of the other part. 


Bit For [by 46. 1.] deſcribe the ſquare AD of A, and 
ouble [by 10. 1.] divide Ac into two equal parts at E; join n 


B E is Equal to the ſquare of 4 H, 


For 


the ſquares of AD, DB are double to the ſquarcs of A c, 


th If therefore a right line be divided into two equal parts, 


ll of the parts, ſhall be equal to the ſquare of the 


produce c A to F; and {by 3. .] make x F equal to nE; 

4 . 2 - 33 gi OPS l | . 5 
a:\o deſcribe FH the ſquare of A F, and produce G H to K: 
Ifay, A B is ſo divided in H, that the rectangle under A B, 
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For becauſe the right line A c is divided into two ul 


parts at E, and A F is joined to it in the ſame direction; 
the rectangle under CE; TA, together ; 


FI es 18 with the ſquare of A E [by 6. 2.] wil 
1 | be equal to the {quare of EF, But Ez 
; nn is equal to EB: Wherefore the red. 


BA, AE are cqual to the ſquare of E 
for the angle at A is a right angle: 


3 therefore the rectangle under c , Fa, ; 
© " K 5 together with the ſquare of A E, is e. 


qual to the ſquares of BA, A E. Take 


away from both the common ſquare of AE; and then 
there will remain the rectangle under c F, F A equal to the | 
| ſquare of A B. But the rectangle K F is the rectangle un- 
der CF, FA; for A F is equal to FG, and AD is the ſquare | 


of AB: therefore the rectangle F K is equal to the ſquarz 


AD. Take away the common rectangle AK ; and N 
there will remain F H equal to pH. But p H is the rech!“ 
angle under AB, B E, ſince AB is equal to BD, and #:: E 
is the ſquare of a H: therefore the rectangle under Ab, en 
: Is equal to the ſquare of AH. | 
Wherefore the given right line as is ; fo divided in the 

N point H, that the rectangle under AB, BH is Wa to tle 
| ſquare of AH, Which was to be demonſtrated, 


Numbers are applicable to all the other propoſitions of thi 3 
book but this, there being no number that can be divided into Þ 
two others ſuch, that the product of the whole by one of the 
f Parts, ſhall be equal to the e of the other Part. 


PROP, XII. THE OR. 


In obtuſe-angled triangles, the ſquare of the 2 


oppoſile to the obtuſe angle, is greater than th: 
; ſquares of the ſides containing the obiuſe angle, 
by twice the reftangle contained under one of "the 
fades about the obtuſe angle upon which a per hen. 
dicular falls, and the right line without bet<veci 
the obtuſe angle and the point whereon the pes 
3 Ju 


| A— 2 angle under c F, F A, together with the 
e 528 ſquare of A E, is equal to the ſquare of 
EB. But [by 47. 1. ] the ſquares of 
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Let there be an obtuſe- angled triangle p ac, having the 


= obtuſe angie BAC; and from the point B, let the perpen- 

dicular BD fall upon the continuation A D of the ſide CA: 
11 ſay, the ſquare of BC is greater than the ſquares of Þ A, 

Ac by twice a rectangle contained under the right lines 
c A, A Do 


For becauſe the right line c Þ is divided any how at a, 


the ſquare of CD by 4. 2.] will be TR to the do wake 
of c a, A D, together with twice the B 

rectangle under CA, AD. Add the 
; ſquare of BD to both: 
: ſquares of CD, DB are equal to 
© the ſquares of CA, AD, E D, toge- 
ther with twice the rectangle under 
the right lines C A, A. But [ by 


then the 


7. I] the ſquare ofen is equal to op O 


© the ſquares of CD, DB for the angle at p is a right angle; 


and the ſquare of A B is equal to the ſquares of AD, DB: 


Therefore the ſquare of CB is equal to the ſquares of c &, 
AB, and to twice the rectangle under Ca, AD: Where- 
fore the ſquare of on 1s greater than the ſquares of c a, AB, 


by twice the reQtangie > contained under the right lines CA: 
A De 
| Wherefore i in obtuſe- ks triangles, the FORE 5 e 


ſide oppoſite to the obtuſe angle is greater than the ſquares 
of the ſides containing the obtuſe angle, by twice a rect- 


on which the perpendicular falls 


angle contained under one of the ſides containing the ob- 
tuſe angle upon which a perpendicular falls, and the right 
line without between the obtuſe angle, and the point up⸗ 


Which Was to be de- 
monſtrated. 


p R O P. XIII. THE OR. 


5 acute-angled triangles, the ſquare of the fide op- 
Poſite to an acute angle is leſs than the /quares of - 
Th ſides containing that acute angle, by twice a 
rectangle contained under that fide about the acute 
angle upon which a perpendicular falls, and the 
right line within, velween the Perpe endicular and 55 
_ the acute angle k. „ | 
Let there be an acute-ang Je triangle ABC, having an 

acute Oe: at Bz and from the your a draw the 5 8 

as eee noe IGKIAT 
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dicular A D upcn 3 C: I ſay, the ſquare of A c is leſs than 


the ſquares of C B, B A, by twice the rectangle Contained I 


under the right lines c B, B D. 


For becaufe the right line c B is any how divided at 9 ho | 


Ag 


Add the ſquare of A P to both: 


under CB, RD, together with the ſquares of A p, De. Bu 
[by 47. I.] the ſquare of AB 1s equal to the ſquares of BD, 
DA, fince the angle at D is a right angle; and the ſquare of 
AC is equal to the ſquares of AD, DC: therefore the 


| ſquares of CB, B A are equal to the ſquare of Ac, toge- | 
ther with twice the rectangle contained under the richt 8 


lines CB, BD. Wherefore the ſquare of A c alone is ſeß 
than the ſquares of C 3, B A, by tw-ice the rectangle con- 
taincd under the right lines C B, BD. 


Therefore in acute-angled triangles, the 8 of the 


fide oppolite to any acute angle, is leſs than the ſquares af 
the ſides containing that acute angle, by twice the reCtangle 


under that ſide about the acute angle upon which the per- 
- pendicular falls, and the right line within between the acute 
angle and the perpendicular. Which was to be demon- 


ſtrated. 


* Eucli a Da not 3 expreſsly the following afefa 


dee, In any obtuſe-angled triangle, if a perpendicular be 
2. fall Upon the baſe or fide eftof ite to the obtuſe angle, the ſquart ] 


of either of the ſides containing the obtuſe angle, together with twice 


the ret: agle under the baſe and that ſegment of it (made by the | 


Falling of the perpendicular upon it) evhich lies under the remaining 


fide containing oy ene angle, will be _ to the Aare if Z 


5 Its Jemoaltraclan? 18 the very 3 as that 25 this” 1 th propoſi 


tion. The theorem likewiſe holds true in any right-angled tri- | 
angle, when the perpendicular falls fr om the right angle upon 


the dale or ide on to ic. 


PRO! 


ſquares of C B, BD [by 7. 2. ] are | 
_ equal to twice the rectangle con. 
tained under the right lines cg, 
pb, together with the ſquare of DC. 


; 3 then the ſquares of C B, BD, DA 
3 Þ (are equal to twice the rectangle 
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- PROP XIV. FRO BI. 
01 deſerive or make a ſquare equal to 0 a given right- 
lined figure, 


Let the given fioht- lined figure be A: it is requited to de- 


ſerive or make A ſquare equal to that right-lined figure. 


Make [by 45. 1. ] the right. angled | parallelogtam BD 
equal to the — — K 


3 
gure A. 3 { 
therefore BE #1 

be equal to = fs 

ED, what was | — B fe —* 


= 


done. For the ſquare BD is mage equal to * bi nes 
pgure A. If not, either p , or E 


then divide F B 


produce D E to H, and join G E. 


Now becauſe the right line ; F is divided 1 into two equal 
parts at G, and into unequal ones at E: the rectangle under 
BE, Er, together with the ſquare of E 6 [by 5, 2. ] will be 
Equal to the ſquare of GF. But FG is equal to GH: 


Wherefore the rectangle under B E, E F, together with the 


ſquare of G E, is equal to the ſquare of 6 R. But {by 47+ 


J.] the ſquares of H E, GE are equal to the ſquare of : 


therefore the rectangle under BE, EF, together with the 
ſquare of G E, is equal to the ſquares of HE, G E, take 
away the ſquare of G E from both, then the remaining 


tectaugle under BE, EF, is cqual to the ſquare of E H. 
But the rectangle under BF, F, is the parallclogram B p, 
becauſe EF is equal to E D: therefore the paralle!opram 
BD is equal to the ſquare of HE. But the parallelogram 


By [by conſtr.] is equal to the right- lined figure A: there 5 


fore the right-lined figure A will be equal to the {quare of Es 


' Wheretore the ſquare deſcribed upon the right line E Hy. 


vil be equa] to the given right UNE 3 1. ZUTC A, "JV. lich was 
to p be done. | 


Additions 


D, mult be greater. Let 
E be the greater, which continue out to F, 80 that E F 
[by 3. I.] be equal to ED: 
parts in G, and with the centre G, and diſtance equal to 
either G B, or G F [by poſt, 3. ] deſeribe a ſemicircle B H , 


into two equal | 
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Additions to the Second Book. 


PROP. | THEOR. 


I a perpendicular be drawn from the eppefite ang ; 


of any triangle, upon the baſe, making 10 Jep- 
ments thercupon, the ſquare of one of the ſides, 


together with the ſquare of that ſegment nex! v1 


the other fide, will be equal to the ſquare of the 

other ſide, together with the ſquare of that ſep. 
ment of the baſe next to the firſt mentioned ſide, 
And the difference of the ſquares of the fides will be 
equal to the difference of the e of the ſaid 
ſegments of the vaſe. 


Let there be any triangle ABC, and let the perpendi- 


cular c p be drawn from "the angle C oppolite to the bat 


upon the baſe, making the two ſegments A D, D B ot the 


baſe: 1 ay, the ſquare of the fide A c, together with the 


ſquare of the ſegment D of the baſe, next to the fide c , 


will be equal to the ſquare of the other ſide C E, together 
with the ſquare of the ſegment A P of the baſe, And the 
difference of the ſquares of the ſides A c, C B, will be equal 
to the difference of che ſquares of the legments of the 
baſe A D, DB. 


For let the fide Ac i greater than the ſide Bc. Then 


5 becauſe the angle ADC is a right angle, the ſquare of 
the woe AC (by 47- 2 will be equal to the ſquares of the 


8 ſegment A D of the 
5 0. | 3 baſs, and of the per- 
: pendicular c p; allo 
CP is a right 0 

„ gle, the ſquare of 
the fide c {by 47. 
I.] will be equal 0 


a 3 of the ſegment D 3 of the baſs and of the PT el. 
pendicular c. But ſince, if ecual things be added to ca 
ones, the ſums will be equal, Therefore the ſquares 0! 45 


& i? 
b * +? 


becauſe the angle | 


angle 
16 Al 
re 
bV-47: 
11421 19 
16 pel“ 


Book U. 
BD, CD will be equal to the ſquares of CB, AD, CD, and 
taking away the common ſquare of CD from both, there 

will remain the ſquares of A c, BD, equal to the ſquares of 
'cB, AD, which was one thinz to be demonſtrated. And 
locauſe, if from equal things be taken away equal ones, 

% the remainders are equal, 0 
tween the ſquares of Ac and c, will be equal to the dif- 
ſerence between the ſquares of A D, DB. 
other thing to be demonſtrated 


BDC, EDS are 


eb 18 per pendl- 


Bra „ 
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Therefore the difference be- 


Which \ was the 
Thercfore, Sc. Which was to be demonſtrated, 


PR OP. H. 1H EOR; 

It the angle oppoſite to the baſe of a triangle be tes 
third parts of two right angles, the ſquare of the 
baſe of that triangle will Le equa! to the ſquares of 
the two ſides, together 7 with the reffangle under the 
two ſides, and if that angle be one third part of 
two right engles, the ſquare of the baſe will be 


equal to the difference of ihe quar es of the 70 | 
Ades, and the rectangle: u1nder them. 


Let ters be a triangle AB = having the angle ABC 
oppoſite to the baſe, two third parts of two right angles: 1 
fay, the ſquares of the fides a, N c, together with the rect- 


angle under the fides A n, B c, will be equal to the quare of 


the baſe Ac. 
Continue one of the ſides A B to E, and upon AE, let 


| the perpendicular c h be drawn [by 12. 1.] from the angle 


ACB, make DE equal to B b, and join the right line c E. 
Then becauſe [by 13. 1.] the angles a Bc, E Be are 


| Equal to two right angles; and Ac [by ſuppoſition] is 


equal to two third parts of two right angles; ; the angle EBC : 


| Will be one third part of two right angles; ; and be- 


Cauſe the angles 
night angles, for 


cular to AE; 
and ; D is made 5 
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and the fide co is common. Therefore [by 4. I.] the {ide 
Bc, CE of the right angled triangles ; DP, DEC will e 
cqual to one another; and accordingly [by 6. 1.] the angle 
E E C Will be equal to the angle EHC. But Ee has been 
proved to be equal to one third part of two right angles 
Therefore the angle Bn cis alſo one third part of two right 
angles. And ſo becauſe the three angles of cvery triangle 
are by 32. I.] equal to two right angles, the remaining 
angle BCE will be one third part of two right angles 
Conſequently the triangle nE will be equilateral ; and f 
the ſides B E, Bc will be equal; and twice BD will be equal 
to the fide Bc. Again, becauſe in the obtuſe-angled trian- 
gle A BC, the perpendicular cp falls upon the continuaticn 
of the fide AB; the ſquare of ac [by 12. 2. J is equa! to 
the ſquares of A B, BC, together with twice the rectanc!: 
under AB, DB; and becauſe twice the rectangle under a x, 
no is equal to the reftangle under a B, and twice B b; 
that is, BE, and BE has been proved to be equal to the ſide 
Bc. Therefore twice the rectangle under A B, BD, wil 
| be equal to the rectangle under the ſides A h, Bc of the 
triangle. Conſequently, the ſquares of the ſides a P, nc, 
together with twice the rectangle under AB, BD, will be 
_ equal to the ſquares of A B, Bc, together with the rectangle 
under AB, BC; and therefore the ſquare of the baſe uc, 
will be equal to the {quares of the ſides AB, B c, toget the 
weith the rectangle under the ſides A E, B c. Which was the 
firſt ching to be demonſtrated, 
Secondly, Let the angle A B c of the triangle a Bc p- 
poſite to the baſe, be one third part of two right angles: ! 
ſay, the ſquare of the baſe A c will be equal to the difference 
between the ſquares of the lides AB, BC, and the rectangle 
under them. 
For the conſtruction being the Ganie as ; before, only cD 
being here perpendicular to the lide AB, and not its conti- 
nuation, we demonſtrate as before, that the rectangle un⸗ 


der the ſides A B, BC, is equal to twice the rectangle under 


the ſide A B, and the ſegment DB. And therefore becauſe 
ſby the note to 13. 2.] the difference between the ſquares 
of the ſides A h, BC, and twice the rectangle under the ide 
AB, and the ſegment pn, is equal to the {quare of the bale 
Ac; tlie ſquare of the baſe ac, will be equal to the Gil 


te rence of the ſquares of the ſides A By BC; and the ret 
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angle under them. Which was the fecond thing to be de- 


. monſtrated. : | 5 5 | 
| Therefore if, Sc. Which was to be demonſtrated, 
n 


SCHOLIUM. 


"nk If the angle oppoſite to the baſe be one ſixth part of twa 
ww right angles; it is eaſuly demonſtrated by the forty-ſeventh 
% Þ propoſition of the firſt book, that the ſquare of the baſe is equal 
% t the difference between the ſum of the ſquares of the ſides 
„and the rectangle under them, multiplied by the ſquare root of 
a the number 3. 85 3 


om P ROP. III. THE OR. 
1 Is any triangle, if the baſe be biſected, and a right 


| line be drawn from the oppoſite angle to the 

point of biſection: I ſay, the ſquares of the two 
|  fides of the triangle will be equal to twice the 
ſquare of the biſecting line, together with twice the 
are of one half the baſe, .. 


| Let there be a triangle A n c, whoſe baſe A c is biſected 
in the point E, by the right line B E drawn from the angle 
3 oppolite to the baſe : I ſay, the ſquares of the ſides A B, 
| Bc are equal to twice the ſquare of the biſecting line B E, 
| together with twice the ſquare of the half baſe a E, or 
For [by 12. 1.] from the angle x, draw the perpendicu- 


br BD — Þ AR 


upon the 
baſe A c. * 
| Then [by : E. VF 
OS ͤ«̃ E 15 ) | 
2 | the ſquares K * VVT 9 
ef AB, BC are equal to the ſquares of AD, De, together 
der [With twice the ſquare of BD. But ſince Ac is divided 


> aqually in x, and unequally in p; the ſquares of A D, DC. 
wares [yl be [by 9. 2.] equal to twice the ſquares of A E, ED; 


therefore the ſquares of A B, h c will be equal to twice the 
bale ſquares of BD, A E, ED. But ſince twice the ſquare of 
us equal to twice the ſquares of E D, DB, For | by 27! 5 


4 | Euclid's Elements. Book 11 
the ſquare of EB is equal to the ſquares of ED, DB. There 
fore the ſquares of A B, BC will be equal to twice the ſquars 


of AE, EB. 


Again fig. 2.] the ſquare of aB [by 13. 2. ed 
the ſquares of AE, EB by twice the rectangle under , ih 
Bars the right line AC is biſected, and cp is added 
it.) And the ſquare of BC [by 12. 2. 15 is leſs than their fm 
by twice the rectangle under c E, E D, that is, twice te! 
rectangle under A E, ED. Therefore if to the ſquare of c 
be added the exceſs whereby the ſquare of AB exceeds de 
ſquares of AE, EB; the ſquares of AB, BC, will be equlß; 


to twice the ſquares of AE, EB. 
Wherefore Sc. W hich was to be demonſtrated, 


ScnoLium. 


This is one of the uſe ful and elegant propoſit tions of FA 0 
Zients, to be found in Pappus's Mathematical col OO 
and from it may be edſily obtained the following theorem, 

' the baſe AC of any triangle ABC be divided into any nuns 
cf equal parts, of which a D,1C are the firſt and laſt; ai 


I 
l 


7 Nabe lines BD, BL be arawn frem the angle B oppoſite i | 
2 _ the baſe joining thoſe tio rc 
Deobints of diviſion, the ſquares 


| 1 fides AB, BC, of the ti 1angl 
together, are equal to the ſquares! 

| | be right lines B; p, B I, togethi 
A D TM © with the ſquare of one of hc jr 

AD, or 10, of the baſe, as many times token wanting i) 
as there are unites in 1wice the 7 uunnber 27 fr ts the ba W's 


divided i Into, 


PROP: IV. THEOR. 


* the three 7 des of any triangle be biſefted, 2 

right lines be drawn from the oppoſite angles 10 {i 
points of biſetion, four times the ſum of the fquori 

_ of theſe three biſceiing right lines will be 241 f 

_ thrice the fam of the ef quares o the f des 55 ja 
triangle. 


Let there any triangle ABC, hots 3 gaes at 
biſeficd in Py Points 2 D, E; E; tO which are drawn Oi 
Nel 
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pere. zieht lines AF, BE, CD from the oppoſite angles: I fay 

ware four times the ſum of the ſquares of Ar, b, CD will be 

ÞF 52 to thrice the ſum of the ſquares of the ſides an, ac, 

ces} CB of the triangle. 

E, h > For fince [by 3. of this] twice the ſauares of AF, Cy is 

ed al equal to the ſquares of the ſides AE, AC of the triangle, and 

m twice the ſquares of EB, AE is | B 

e e equal to the ſquares of the ſides 

Fe A5, 3c of the triangle, and 

; te twice the ſquare of CD, a n - 3 

cu equal to the ſquares of the ſidlesü„»„ 

Ml 4 c8 of the triangle. There- EN, - C 

fore twice the ſums of the former ſquares, that is, twice 
the ſum of the ſquares of AF, CF, EB, AE, CD, AD Will 
be equal to twice the ſum of the ſquares of AB, cs, AC. 

lo % And io the ſum of the ſquares of AF, CF, EB, AE, CD, AD 

on; will be equal to the ſum of the ſquares of AB, Ch, AC. 

1. Þ '* ſince [by 4. 2.] the ſquare of any line is equal to four 

e times the ſquare of one halt of it, four times the ſum of the 

z ant ſquares of CF, AE, AD 1S equal to the ſum of the ſquares of 


ares f 


via 
de ſquares of CB, Ac, Ap will be equal to the ſum of the 
N ſquares of CB, AC, AB, And taking away one fourth part 
of the ſum of the ſquares of c 
ſum of the (quares of AF, EB, CD Will be equal to three 


ares | 
9 0 et bit 
E 70 1 


te ; 


remus 


CB, AC, AB; therefore the ſum of the ſquares of CF, AE, 

D will be equal to one fourth part of the ſum of the 
Hai of CB, Ac, AB. And to the ſum of the ſquares of 
Ar, EB, CD, together with one fourth part of the ſum of 


CB, AC, AB from both, the 


fourth parts of the ſum of the ſquares of Cy, ac, aB. And 


| taking four times each ſum, four times the lum of the 


| ſhuares of AF, EB, CD will be equal to tliree times the lum 
| Ui the ſquares of CB, AC, AB. 


1 De „ W hich was to be demonſtrated. 


PROP. V. THE OR. 


1 every parallelogram the ſquares of the fides taken 
' together, are equal to the ſquares of the diagonals. 


= there be any parallelogram ABCD whoſe diagonals | 
| arc AC, DB: I ſay the ſquares of the tides AB, BC, CD, AD 


hi will be equal to the two ſquares of the diagonals 


NC Fox 
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For let x be the point of interſection of the diagonals, Þ F 
Then becauſe AB, DC are parallel, the alternate ange 
 ABE, EDC, are [by 29. I.] equal; and becauſe Ab, x 0 
are parallel, the alternate angles B AE, ECD are alſo equal | 7 
And ſince the ſides AB, DC allo are equal; there are tw} 
«© triangles ABE, DE having tu 
angles of the one reſpectich ] 
equal to two angles of the other, Þ _ 
and the ſides between the equi = F 
angles alſo equal. Where] 
[by 26. 1.] the other ſides vi 4 
alfo be equal, and the remaining angles. Wherefore 2 4 
will be equal to ED, and AE equal to EC. Therefore th fun 
_ diagonals of the parallelogram AB cp do mutually biſect on be 
: another. And fo becauſe by 4. of this] the ſquares d Pe 
AB, BC are equal to twice the ſquares of AE, EB, and the ba 
\ ſquares of Ab, DC equal to twice the ſquares of AE, ED, 
therefore the ſum of the ſquares of AB, BC, AD, Dc vu? 
be equal to twice the ſum of the ſquares of Ax, BE, AE, Ef 
That is, equal to four times the ſquare of Ax, togetla 
with twice the ſquares of RE, ED. That is [ſince EE lh 
been proved to be equal to Ep] to four times the ſquared 
AE, and four times the ſquare of BE. But [by 4. 2. ] the 
ſquare of Ac is equal to four times the ſquare of a E, ai 
the ſquare of BD equal to four times the ſquare of i, 
Therefore the ſquares of the ſides of AB, Bc, CD, AD Wh 
be equal to the ſquares of the diagonals ac, BD. 
Fact. Oc. Which was to be demonſtrated. 


* r 


$cnorium. 


: The follaving ther em in a ſix-ſided parallelegram i is liteuiſ 
true, viz. thai the fum of the ſquares of the fides is equal ti i 
_ difference between twice the ſum of the ſquares of the thi 
 dragonals Joining the oppoſite angles, or inter ſetting one ar 
 - other in one point, and the ſum of the ſquares of the ſix tt 
maining diagonals. There are alſo other ſuch like propert®sÞ 
of erght-fided parallelograms, Y c. bat ys 1 legve * ih t 
7 Adee 5 e VU»̈Uu1l ; 
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PRO P. VI. THEOR, 

ul. V any quadrilateral figure, the ſum of the ſquares 
wp of the four fides, will be equal to the ſum of the 


\ 


k 6 ; 


"my b ſquares of the diagonals, together with four times 


vel 
equal 
elo? 

| TE 4 : . ., . 
7 diagonals AD, EF be biſected in the points B, c : I ſay the 
> thi 
+ one i 
res 0 


the ſquare of the right line joining the middle 
points of the diagonals © 


. g-, 3 


de equal to the ſum of the ſquares of the diagonals AD, FE 
together with four times the ſquare of the right line Bc 
Pining the points of biſection 5, c of the diagonals. | 


d the Þ For join the right lines FB, BE. Then becauſe the baſe 


AD of the triangle AF D is biſected in B; the ſquares of - 
Ar, FD [by 4. of this] are equal to twice the ſquares of 


E 


„E 
c wil 
„be A, Br. And likewiſe the 
getle | ſquares of the ſides AE, ED of 
= the triangle AE D equal to 
eu twice the ſquares of A B and /_ 
J ti | BE. Therefore the ſum of 
> Wie ſquares of AF, FD, AE, ED 
I 1 | Fill be equal to four times & 
2 "I the ſquare of AB, together 
| With twice the ſquares of FB, 
| Br. Or ſince [by 4. 2.] four 
| times the ſquare of AB is e- 
„ „pal to the ſquare of the dia- 
ett up AD, the ſum of the 


. , 8 


a 95 | ſquares of the four ſides of the figure will be equal to the 
22 th 


o, dle 


roperti 


et there be a quadrilateral figure A D E, and let its 


ſum of the ſquares of the four ſides AF, FD, AE, ED will 


ſquare of the diagonal Ap, together with twice the ſquares 
of FB, BE. But becauſe the fide F E of the triangle F BFE 
/* e s biccted in c, the ſquares of PE, f E [by 4. of this] are 
al to twice the ſquares of Fe, and CB; and fo twice 
for i the ſquares of FB, BE are equal to four times the ſquare of 
Wc; and four times the ſquare of B. "Therefore the ſum 
of the ſquares of the ſides will be equal to the ſquare of the 
diagonal Ap, together with four times the ſquare of FC, 
nd four times the ſquare of cs ; that is, ſince the ſquare | 
A the diagonal F E is [by 4. 2.] four * the ſquare 5 
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—- equal to the angle AcB. Therefore [ by 28, 1.J D E .. 
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rc) the ſum of the ſquares of the ſides AF, F D, Ar, x1ff 

will be equal to the ſum of the ſquares of the diagon; 
AD, EF, together with four times the ſquare of the rio 7 

line Bc joining the midd'e points 3, C of the diagonals, Þ If 


Therefore c. Which was to be demonſtrated. | | 
LEMMA. U 3 


if the two ſides of a triangle be biſedted, a right ln 
Joining the points of biſection will be parallel oF 1 
the baſe of the triangle, and equal to one li re 


of it. 


Let there be a triangle An c, whoſe ſides A n, c 2, uf 
biſected in the points p, E: I fay the right line Þ » jorſÞ 1 
ing the points D, E will be parallel to the baſe Ac of the iſ 
angle, and equal to one half of it. TD”: * 

For draw by 31. 1. ] BF parallel to Ac, and thro': “die 
draw r parallel to the fide A n meeting the baſe ac int E= 
point G, and the right line BF in the point r. | you 

Now becaule [by 15. I.] the angle B EF is equal tot | ject 
angle G Ec, and the angle EBF [by 29. I. ] is equal red 
DE the angle GCE, and the uM 


: 5 — 1 BE | by ſuppoſition] is equal In! 
, the ſide Ec. Therelore [i Ine 
26. 1.] the right line Br % 


be equal to 6c. But ſ by 24% 

4 ; {DY. 240 f 
AG is equal to BF, and 36h 37 
qual to GF. Wheretore 2 Th 
7) —8 will be equal to F E, tit line 
E 6 eu 0 10. Z ak 


5 Again, becauſe p E is equal to Ec, and BD equal to t 3 2 
and [by 29. 1.] the angle DBE is equal to the angle 6088 { 
Therefore [by 4. I.] DE will be equal to G; that 15, i Pals 
qual to B F, or equal to A G, and the angle B E D will | 4 

= 


: be parallel to ac. And it has been proved to be cual 


| A Or GC. : Wherefore DE will alſo be. equal to one hi | oy 
the baſe ac, Which was to be demonttrated, ö 6 
| An 


PRO 


qual vi 
he la 
quali 
Tre [0 


3 F wil * | 
that are parallel to the 


24 ] 
d 1368 
ore 30M 
that ö 


to te 


e 65608 


it 8, © 


Will & 


D E Wl 
equal 0 
one W 


ne n G will be parallel , 
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PROP. VI. THE OR. 


I the four fides of any trapezium be biſected, and 


the points of biſection be joined by four right lines, 
the figure conlained under theſe right lines will be 
a parallclogram, and the parallelogram will be one 
half of the trapezium. e 


Let ABCD be a trapezium, whoſe ſides AB, Bc, CD, AD 


gre biſected in the points E, F, G, H, and the right lines 
EF, FG, GH, EH. Join the points of biſection: I ſay 


the figure EF G H contained under them will be a par- 
allclogram, and this parallelogram will be one half of the 


trapezium A BCD, 8 
For draw the diagonals A c, B p. 


— 


Ih hen ſince the ſides A B, Bc of the triangle A 8c, are 
biſected in the points . 5 


E, T, the right line E F 
joining the points of bi- 
ſection will [by the pre- 
cedent lemma] be par- 
allel to the diagonal Ac. 
Inlike manner the right 


to a c. But right lines © 


ſame right line, are [by 30. 1.] parallel to one another. 


Therefore the right line EF will be parallel to the right 
line u. By the ſame reaſon the right line F will be 
parallel to the right line HE: Therefore the figure EF GH 


k a parallelogram. | ; „„ . 
Again, Let the point 1 be the interſection of the diago- 


nals. Let EF, HG cut the diagonal BD in the points 
N, u, and the lines F G, E H the diagonal Ac in the points 
X, I. Then becauſe FN, G Mare parallel, and CK is 
equal to K 1; therefore [by 41. I.] the parallelogram x K 
will be double to the triangle F CK, In like manner, be- 

cauſe F G 15 parallel to 2 D, and BN is equal to N1, the 


| parallelogram & K will be double to the triangle BF N. 
And ſo the parallelogram N K will be equal to both the tri- 


PROM 


| augles B F N, FCK, So allo will the parallclogram 10 be 


* r : K -——— 8 8 : 
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equal to the triangles c K O, GM. Wherefore the pr. 
allelogram NG will be equal to one half the triangle ; 
By the ſame reaſon, the parallelogram E M will be equal ut 
one half the triangle A BD. Wherefore the two parall.þ 


lograms NG, E M together; that is, the parallelogran | 
EFG H will be one half of the ſum of the two triange 


B p, BA PD; that is, one half the trapezium A Bc p, 
1 herefore, c. Which was to be demonſtrated, 


PRO . VIII. THEOR. 


Jf the middle points of the oppoſi te ſides of any fs # 
drilateral figure be joined by two right lines, u 


ſum of the ſquares of theſe two right lines will h 
one half the ſum of the Jquares 19 the Ov] W 


the e figure, 


Let ABCD be a quadrilateral figure whoſe ſides are l. 
felted in the points E, F, G, H, which are joined by th 


right lines E O, FH: I ſay the ſum of the ſquares of th | 
Tight lines EG, FH, will be equal to one half the ſum « 


the ſquares of the diagonals A C, BD of the Den 
figure. 
For join the right lines EF, F 65 0 n, EH. 
T hen becauſe the ſides of the quadrilateral figure are 0 
ſected in ihe F E, F, G, H, [by 7. of this] the figur 
EF GH Will be a parallelogram 


diagonal Ac of the quadrilateral f. 
gure, and the equal oppoſite fide 
FG, E H each of them equal to on: 
half the diagonal B D, of the quad: 
* lateral figure. Therefore [ by 4:2 
r N the ſum of the ſquares of the fou 
& N 0 fd nt #005 amof the pate 
allelogram EFGH : wil be equal to one half the ſum of tit 
ſquares of the diagonals A c, B D of the quadrilateral figut 
ABCD. But [by 5. of this] the ſum of the ſquares of the 

_ diagonals E G, FH of the parallelogram ; that is, of tit 
light lines joining the middle points of the ſides of the qui 

drilateral hgure A AB CD, | is equal to the ſum of the ſquare 


gi 


And the equal oppoſite ſides EF, 0 | . 
will be each of them one half of e 


7 


14 
pal. 
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of the ſides of the parallelogram. Therefore the ſum of 
we ſquares of the right lines E G, F H, will be equal to one 
half the ſum of the ſquares of the diagonals AC, BD, of the 
trapezium ABCD. _ 
Therefore Sc. Which was to o be demonſtrated. 


PROP. IX. THEOR. 


1 the middle points of the oppoſi te ſides of any trape- 
zium be join'd by two right lines, the ſum of the 
ſquares of two oÞpoſite /1 des, together with twice 
the ſquare of the right line joining the other two 


oppoſite ſides, will be equal to the ſum of the ſquares 


of the other two oppoſite ſides, together with twice 


the ſquare of ihe right line joining the middle 


points of the 19 oppo ito 5 des firſt Hume. 


Let there be a trapczium 12 p, whoſe ſides are bi- 


ſected in the points E, F, G, H. And let the right lines 
EC, FH, be drawn. 1 ſay, the ſum of the ſquares of the 
oppoſite fides A B, CD of the trapezium, together with 
twice the ſquare of the right line F H, will be equal to the 
| ſum of the ſquares of the other two oppoſite ſides a b, BC. 
together with twice the fquare of the right line EG. 


For let the point I be the interſection of the right lines 


te, rn joining the points of biſection of the oppoſite 
|  fides of the trapezium; and join A, BI, CI, DI. ; 
Then becauſe the fide A D cf the triangle AID is biſect· 
cel in the point E, the ſquares of A 1, 1D will [by 5. of 
| this] be equal to twice the ſquares of AH, HI. In like 
manner ſince AB is biſected in E; the ſquares of AI, Bt 
will be equal to twice the 

| ſquares of A E, EI. Solike- 
Viſe will the ſquares of EI, Ie 

de equal to twice the ſquares 

| Of BF, FI, and the ſquares of 

| C1, ID equal to twice the _ 
| ſquares of CG, 10. Therefore E 
te ſquares of Al, BI, CI, DI 
will be equal to twice the 
3 ſquares of A H, HI, BF, FI, A 
| and all ne quares of A1, E , Cc 5 1 1 equal to twice 


ihe. 
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the ſquares f AE, EI, C 0, 10. Wherefore twice the! 
ſquares of A H, HI, BF, FI will be equal to twice the 
ſquares of A E, EI, CG, 1 G. And [by doubling each ſun] 
four times the ſquarcs of A H, HI, BF, FI will be equal] 


to four times the ſquares of A E, E I, CG, I 6. But [by 
4. 2.] four times the ſquare of AH 1s equa] to the fſqars 


of Ap, four times the ſquare of BF is equal to the ſquare f 
of B; c, and four times the ſquare of F 1, 1H is equal to 
twice the ſquare of FH. In like manner four times the 
ſquare of AE is equal to the ſquare of A B, four times the 
iquare of CG equal the ſquare of CD, and four tim; 
the ſquare of k 1, 1G equal to twice the ſquare of n. 
Wherefore [by 1. 2.] the ſquares of A D, Bc, together Þ 
with twice the ſquare of EG, will be equal to the (quares& $ 


AB, C, together with twice the ſquare of F H. 
VV. herefore. Se. W hich was to be demonſtrated. 


| DCHOLIU M. 
The fellowing theorem. 1s alſo cafily obtained and demi. 


rated, viz. That in any t1 Apezinm, if the ſides be bi ec 


{4 


and two right lines foin the ef poſit points of biſection, alt 


7% Joar: right lines be drawn from their inte1 ſection to tne di. 
gles of the trapezium ; four tres the fum of the fquares if 


theſe right lines will be equal to the ſum of the ſquare | 
he four ſides of the trapezium, together with twice the fan 1 
of the ſquares of the two right lines joining the midale pci 


of the / ies of the trapegium. 
PR 0 P. X. T HEO R. 


In any five foded right-lined figure, thrice the ſum 4 


the ſquares of the fides wwill be equal to the ſums 
the ſquares of the diagonals, torether Di: UL fan 
times the ſum of the ſquares of the fo e 75 line 
orderly Joining the middle Pane of the diag 


Let there be a fve- nde righ t lined f foure ABCDE 

and let its five diagonals A „ BD, CE; DA, E B be bile 
| ed! in the points F K KAR let each two of thel? 
middle points next to one another be joined by the tie 
right lines FO, GH, HI, IK, KF: I fay, thrice the ſum 
= of the ſquares of the ſides AB, BC, CD, DE, E A of the 
| | | gute 


pods W AAA 


LG oa; od. ufc $5 wok flo ad a. ov oF kn ,d. 6 


a 


1 


the 
the 
ſum] 3 
equal | 
by 


[are 


Mare g 
al 00 ' 
the Þ 
s the Þ 
times 
E C. 


ether 


reset! 


" theſe 
le five 
e {um 
Of the 
Hgule 


fore [by 6. of this] 
the ſum of the ſquares ⁊ 
of AB, BC, CD, ADB 

zs equal to the ſum of 
the ſquares of Ac, BD, 


times the ſquare of FG, 
In like manner, in the 
'  trapezlum BCDE, the 

| ſum of the ſquares of BC, CD, DF, BE is equa! to the ſum 
of the ſquares of BD, CE, together with four times the 
ſquare of G . And in the trapczium © CDEA, the ium of 
the ſquares of CD, DE, E A, AC Is equal to the ſum of the 
ſquares of CE, A D, together with four times the ſquare of 
u. Alſo in the trapezium ABD BF, the ſum of the ſquares 
of p, EA, BA, BD is equal to the ſum of the ſquares of | 
A b, BE together with four times the ſquare of iK. And 
in the trapezium E AB c, the ſum of the ſquares of a E, 
Ag, BC, CE is equal to the ſquares of Ac, B E, together 
_ with four times the ſquare of K F. And adding all the 
former ſquares together, their ſum will be equal to three 
times the ſquare of each fide A By BC, CD, DE, E A toge- 
| ther with the ſum of the ſquares of the five diagonals AD, BE 
Ac, BD, CE. Alſo adding all the latter ſquares together, 
| their ſum will be equal to twice the ſquares of each of the 
| hve diagonals AC, B D, CE, AD, BE, together with four 
times the ſquares of the right lines F G, G H, HI, IK, KF. 
hut ſince the ſum of all the former ſquares is equal to the 
ſim of all the latter: And if from both theſe ſums be ta- 
ken away the ſum of the ſquares of all the diagonals, there 
uill remain thrice the ſquares of each fide Ai, Bc, Cp, 
D E, E A equal to the ſum of the ſquares of the diagonals 
. Og BD, * 4, B E, together with four times the 
| | | IUATES | 
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figure will be equal to the ſum of the ſquares of the diago- 
nals AC, BD, CE, DA, EB, together with four times the 
s ſum of the ſquares of the five right lines F G, G E, H, 
5 IK, K Fo 


For becauſe in the trapezium AB CD, the two diago- 


nals A Cc, BD are bi- Cc 
ſected in the points 
F, C, and the right line 


0 joins them. There- 
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ſquares of each right line F 6, 6 H, HI, Ik, Kr; that i., 


thrice the ſum of the ſquares of the ſides A B, Bc, c p, 
DE, EA of the five- ſided right lined figure will be equal 

to the ſum of the ſquares of the diagonals, together with! 
four times the ſum of the ſquares of the right lines orderly 
Joining the middle points of the diagonals. m 


Therefore &c. Which was to be demonſtrated. 


OCHOLIUM. | 
There are other the like properties of right-lined figurs | 
of fix or more ſides, In all which ſome number of tins | 
the ſum of the ſquares of the ſides will be equal to ſoeÞF — 
number , times the ſum of the ſquares of the diagonal; Þ 
together with ſome number of times the ſquares of the pri. Þ 
per right lines joining the middle points of the diagonals f | 
the figures. . | „ EJ. 
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ELEMENTS. 


BOOK III. 


DEFINITIONS. 


I FE” QUAL circles are thoſe whoſe Aditi; or the 


right lines that be drawn from their centres, are 
equal“. | 
LA rioht line is ſaid to touch a circle when meeting 


it and being produced does not cut it. 


Circles are ſaid to touch one another, which meeting 


q * another, do not cut one another. 


4. Right lines in a circle are ſaid to be equally diſtant 
from the centre, when perpendiculars drawn to them from 

he centre are equal. | 

And that line is fald to be fanber from the centre, 

upon which the greater perpendicular falls. 

b. A ſegment of a circle is a figure contained under a 
tight line and a part of the circumference of a circle b. 

7. An angle of a ſegment is that which is contained un- 


; ger a right line and the circumference of a circle c. 


8. An angle in a ſegment, is the angle contained under 


bo right lines drawn from any aſlumed point in the cir- 


This i is ratkir 5 an axiom thin a Aebinition ; ; for what elſe i is 


& but taking for granted this propoſition, viz. thoſe circles are 
Equal, whole diameters or ſemidiameters are equal. 


> From hence it follows that the ſegment of a circle is three- 


N fold, viz, a ſemicircle when the right line paſſes through the 
centre, a greater ſegment, and a leſſer. 


0 © This definition ſeems to be of no great uſe, at leaſt in theſe | 
ements, 5 


cumſerence 


4 
* 

1 

1 
i 

bu 
1 
| 
4+ 


Which Was LO LC donc. 
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cumference of the circle, to the ends of the line, being the 


baſe of that ſegment. 


. But when the right lines containing ſuch an anole do 
cut off part of the circumference of the circle, the a: we i 


ſaid to ſtand upon that part cut off. 


10. A ſector of a circle is the figure comprehended he. 


N tween two right lines dran from the centre of the circle 


and that part of the eircumſerence of the circle Which | 1 
between them. 

11. Similar ſegments of circles are thoſe which receive 
equa! angles, or whercol the angles in them are equal. 


PROPOSITION * PROBLEM, 


To find the cen Ire 0 Va given Circle 0 


Let A nc be a given circle: it is required to find the 
centre of the circle ABC. 


Let any right line A B be drawn in it; and [by 10. 1; 


divide the ſame in two equal parts at p; and draw pc [by 


I 1. 1.] at right angles to A B, which produce to E. Then 


divide o into two equal parts at F : I fay the point Fi 


WE the centre of the circle A BC. 
| For if it be not, let, if poſſible, 0 be 
S the centre, and draw G As G Di GB, 
Then becauſe AD is equal to DB, and 
/ D is common, the two ſides AD, 26 
will be equal to the two ſides G b, 53 
each to each. And [by def. 15. 1.] the 
baſe G A is equal to the baſe G B, for 


; they are bath drawn from the centre G. Therefore the an- 


ole a DG by 8. 1. ] is equa! to the angle G. But ſince 
2 right line ſtanding upon a right line makes the adjoining 
angles equal to one another cach of theſe angles | by 10, 


: def. 1. ] are right angles: Therefore the angle 6 p18 4 
right an igle. But F DE is a right angle too: W herefore 


the angle FDB is equal to the angle G DE, the greater e- 


qual to the leſſer, which is impolnib le. Therefore 6 is not 


the centre of the circle ABC. After the ſame manner we 
demonſtrate chat no other point ena F can be the "y 
- Fhereſore-the point p is the centre of the circle AB 


| a 
1 v4 


te 


HH] 


| 0 
| hen 
F li 


G be 
65 
„ and 
5 DG 
„ 5 
, ] the 
3, for 
Je an- 
- {1nce 
einne 
* 10. 
B 18 4 
>refors 
iter e 
18 not 
ner we 
centre. 
A 8 (a 


| ; 


bock UI. 


ing one another in the point p. Draw 


| equal to the angle D E: Therefore | 
| | the angle DER will be greater than the 
angle pn E. But [by 18. 1. ] the great- 

kr fide is oppoſite to the greater angle. . 
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Corel. From hence it is evident, If any right line in a cir- 
cle cuts another into two equal parts, at right angles, 
che centre of the circle will be 1 in the cutting line. 


The praxis of this problem may be ewe ſhorter, 
$Þus: Open the compaſſes to any 
convenient diſtance that will cut the 
wen circle, and ſetting one foot in 
2 circumference at the point a de- 
ſcribe an arch BC With the other foot, 
cutting the circumference of the given 
circle in the points , c, and about 
the centres B, c, with the diſtance AB 
or ac deſcribe two arches interſect- 


the right line à Þ cutting the circum- OY 

Ference of the circle in nv. Biſe& à in d, and then will a be 
the centre of the given circle. The demonſtration cannot * 
here given, becaule it e upon the xxivth propoſition of 


kad book. | 
RO P. H. THEOR. 
7 any two points be taken in the circumference of 2 


circle, the right line dohich Jois ins them, c 10. 12 
within the circle e. 


Let ABC be a e in whole <ircumfitence let any 
two points a, B be taken: I fay the right line a n joining 
* two points, falls within the circle. 

For if not, let it fall without, if poſſible as A EH; and 
| [by I. 3.] find the centre Þ, of the circle AB 85 join ? > 
Þ By and continue out DF to E. 7 

Then becauſe p A is equal to D B, the ang 
5. 1.] will be equal to the angle EE; . 
and becauſe one fide A E N of the wins: C 
0 D A E is produced, the angle DEB - 


by 16. I.] will be greater than the / 
angle DA E. 


e BAA [by 


But the ange D "AT 15. 


acrefore DB is greater than DE. But 


r F is ual to the right line DB: W hereſore D! T is greater 


| than 
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than DE, the leſſer than the greater, which is impoſſible 
Therefore the right line drawn from the point A to B does 
not fall without the circle, nor does it fall in the circum- 
ference, Conſequently 1 it muſt necellarily fall within the 
circle. 

If therefore any two points be taken in the eircumferenc 
of a circle, the right line which joins them will fall within 
the circle, Which was to be demonſtrated. 


This theorem may be demonſtrated afirmatively thus; 
Let the right line a B touch two points a, B in the circumfe. 
rence of the circle a B, whoſe centre is : I ſay the right line 
An falls within the eirele, ſo that all its intermediate points 
will be within the circle. For take any one of its intermedi. 
ate points p, and from the centre draw the 
A EDS 5 right lines ca, Cc D, CB, Then becauſe the 
/ two ſides Ca, c of the triangle c A; are 
equal ; the angles CAB, C A by 5.1. 
will be equal to one another. But [by 16. 1. 
the angle Cc DA is greater than the angle 
CBA, the external than the internal. There- 
fore the ſame angle c Þ a will be greater than the angle c ay, 
and ſo the fide © a will be [19.1 7 greater than the fide c 9, 
| Wherefore fince c a extends from the centre to the circumfe- 
rence; the right line © Þ will not extend to the circumference, 
Conſequently the point p will fall within the circle. The {ame 
may be demonſtrated of any other intermediate point of the 
right line a B. | Wherefore the whole rignt line a B falls with- 
in the circle. 
Some have thought this propoſition needs no demonſtration, 
it being ſo very ſelf evident. But it muſt either be a demon- 
ſtrable propoſition, or an axiom or indemonſtrable one. Eu- 
clid did not care to make it an axiom, becauſe of increaſing their 
number too much; and therefore did rightly in demonſtrat- 
ing it. 8 1 | 


PROF. Hl.. FHO 

If a right line drawn tbro' the centre of a circle d. 
vides a right line not drawn thro* the centre inis 
20 equal parts, it will cut the ſame at right ar 
gles: and if it cuts the fame at right angles, it 
will cut it into two equas parts. 


Loet there be a cirele- ABC, and let the right line cb 


drawn! in it dliro the centre, divide the right line A B nol 
drawn 


ce 
07 


N | ED : | | 
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drawn thro the centre into two equal parts : I fay it will 
” | Cut the ſame at right angles. 

* For [by 1. 3. ] find the centre of the circle ABC, which 
Ty: 1 be E, and join E a, E B. 

Then becauſe A F is equal to F B, and FE is common, 
tg Who ſides A F, E F will be equal to two ſides BF, F E, 
1 | and the baſe E A is equal to the baſe E B; therefore the angle 
bars [by 8. 1.] will beequal to the angle b BFE, But lince 
La right line ſtanding upon a right line 
fo. ne the adjoining angles equal to 
ine one another, each of the equal angles 
nts WW þ a right angle : therefore each of the 
| = AF E, BFE is a right angle, 
end ſo the right line C p drawn thro” 
E the centre cutting the right line A B, 
© not drawn thro' the centre, into two 

N parts, cuts it at right angles. 

Now if the right line c D cuts the right line AB at right 
ang! es: I ſay it "will divide the lame 1 into two equal POE 

Abr. 

For the ſame conſtruction remaining, becauſe the right 


rar will be [by 5. I. ] equal to the angle E EF. But 
the right angle A E is equal to the right angle B FE: 
Ftherefore the two triangles E AF, EBF have two angles of 


” the one equal to two angles of the other, and the ſide 
tion, Nr of the one equal to the fide E F of the other, viz. the 
mon- common ſide oppoſite to one of the equal angles: therefore 


Eu- che remaining fides of the one triangle will be [by 26. 1. J 


[equal to B F. 


divides A right line not drawn through the centre into two 


= Which Was tO de demonſtrated. 


PROP. IV. THEOR. 


Yr circle if two right lines not drawn through the 
e CD 
B not 


one another into two equat Paris, 
drawn g | | | 


Per A drawn from the centre, is equal to E B, the anole 


equal to the remaining ſides of the other: W herefore 4 AF is 
If therefore a right "Ha 5 through the centre of a Circ! E 


equal parts; it will cut the ſame at right angles: and if it 
tuts the ſame at right angles, it will cut it into two. > equal 


| Centre, do interſect each other; they 0. % not Wc 


or 


- "uit," 
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Let there be a circle a B c D, and in it let two right lc . 
Ac, B D not drawn through the centre interſect one 2. T : 
other in the point E. I fay theſe Will not cut one anothe B 
into two equal parts. 
For, if poſſible, let them bilect coch other ſo that ar 
equal to EC, and BE equal to E D. Find [by f. 3.) wiſh 
centre F of the circle A B c p, and join F E. Then 25 
the right line F E drawn thro' the centre cuts the right li 
Ac not drawn through the centre into two equal parts; 
will [by 3. 3-] cut the fame at right angles: whereſt 
FEA will be a right angle. Alſo becauſe the right line x; 
Cuts the right line BD not drawn through the centre in 
| two equal parts, it will alſo cut it: 

right angles: therefore FEB is: 
right angle. But it has been al 
proved that F E A is a right angk 
Therefore the angle F E A will k 
equal to the angle F E B, the lH, 
_ equal to the greater, which is in dhe 


| Poſfible. 35 | Ca 
| Therefore A 0 BD do not cut one another 1 into qa the 
parts. FC 


MW berefore if; in a inks two right Yai not FRI tu r 
the centre do interſect one another, they will not cut u k 
another! into two equal os Which was to be demontirati Ebb! 


PROP. v. THEOR . 


7 77 e ; circles interſe one another, they will nat bil 
have the e centre, 


1 let two bs ABC, CDG interten one anotk 
in the points B, C: I ſay they have not both the ſame centre 
"MF or, if palible, let E be the centre of them both feat 

| E C, And draw any right line EF“ 
G Tren becauſe E is the centre of i 
Ta circle ABC, the right line Ec wil 
{by- 15. def. 1. equal to E F; 1 
: becauſe E is the centre of the cl b 
Cp , the richt ine k C will be eq [- 
to E G. But E c has been prove? 


be 8 85 to EL, vhercfore EF 
| h! 
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ht ling 1 be equal to E o, the leſſer equal to the greater, which is 
ne a» $ impoſſible. Therefore the point E 1s not the centre of 
ole both the circles a Bc, c DG. Which was to be demon- 


ſtrated. 


art Therefore if two ads cut one another, they will not 
3-] % both have the ſame centre. 

becauß 

iſ PROP. VI. TH E OR. 

uts ; 8 © 

wh 7 tawo circles touch one another 8 they will 
ine zi not both have the ſame centre 

tre in 

ut itz 5 For let two circles ABC, CDE touch one another in- 
B 1s of tip in the point c. I fay ey have not both the ſame 
en a -_ 

t ang Por if they have, let the fame be r. Join F c, and draw 
will il 11 any how. 


e leſs 


Then becauſe F is the centre of the circle. ABC, 
| 1$ in. 


he line FC is equal to F B. Alſo be- 
© cauſe F is the centre of the circle co, 
the line FC will be equal to FE: but 
c has been proved to be equal to 
vn tu rn: therefore FE is equal to F B, the 
cut u feſter to the greater, which is impoſ- 
fir fble. Wherefore F is not the centre 
ol both the circles AB C, C DE. 
herefore if two circles touch one 
© _ Potber inwardly, they will not both have the ſame centre. 
10 bil f Which was to be demonſtrated. 


kf Euclid only propoſed this theorem of circles touching one 
| another inwardly ; for when they touch outwardly, it is moſt 
Epanifelt, they will not both have the {ame centre. 


h 
reno. vn. THEOR. 
any point except the centre be taken in the diame- 


ber of a circle, and any right lines drawn from it 
3 do fall upon the circumference of the circle : the 


to equl 


ano 
- Centit 
h Jol 
e EF6 
e of ii 
C will 
F; al 


_ 


* 


ae cid . 

dec greateſt of them will be that wherein is the centre; 
TL and the leaſt, the remainder of the ſame line; and 
all the other lines, that which is neareſt the line 


I E Leet 
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Let there be a circle ABC D, and in it let two right li 1 
Ac, BD not drawn through the centre interſe& one »|ſ* 
other in the point E. 1 ay theſe will not cut one ande 
into two equal parts. 
For, if poſſible, let them bile each other ſo that a x) 
| equal to Ec, and BE equal to ED. Find [by 1. 3.] tt 
centre F of the circle A B c p, and join F E. Then becaj 
the right line F E drawn thro' the centre cuts the right line 
Ac not drawn through the centre into two equal parts; 
will [by 3. 3-] cut "the ſame at right angles: whercf 
F E A will be a right angle. Alſo becauſe the right line x; 
cuts the right line BD not drawn through the centre i 
two equal parts, it will alſo cut it | 
right angles: therefore FEB AH wa 
right angle. But it has been u cer 
proved that FEA is a right angk 
Therefore the angle FEA will k 
equal to the angle F E B, the le 
equal to the greater, which IS in 
päʒjoſſible. 
Therefore A E BD do not cut one another i into qu 
parts. 
Wherefore if in a * two right fins not drank th 
the centre do interſect one another, they will not cut on 
another! into two equal Parts. Which was to be demontirars 
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| | an 
Tf two circles interſef one another, 5 will not li mf 
5 _ have the 9 5 centre. = E 


For let two circles A BC, c interſect one anotbet 
in the points B, C: I ſay they have not both the ſame ceutie 
Fo OI, it poſlole, ict E be the centre of them both Jol 

E C, and draw any. right line Efe 
Then decauſe E is the centre of tht 
| circle ABC, the right line Ee will 
by 15. def. 1.) equal to EE; an 
Pera E is the centre of the duc 
CDG, the right ine E C Will be £qui 
to E G. But Ec has been proveon n 

| 20 equal £ o EL, „ wherefore pF wi 


Þ 


Eu 
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ht 1 Abe equal to E O, the leſſer equal to the greater, which is 
ne a impoſſible, Therefore the point E is not the centre of 
anotieM both the circles ABC, CDG. Which was to be demon- 


ſtrated. 


Abb Therefore if two circles cut one another, they will not 


3] tl | doch act the ſame Centre. 

becauſe” 

ght , PROP. VI. THEOR. 

arts; 1-- 5 
1erefur 1200 ane touch one another inwardly, they will 
line x1 not both have the ſame centre. 

tre inh _ : 


cut it oF For let two circles ABc, DE touch one another in- 
Bis: ; wardly! in the point c. I ſay they have not both the ſame 
en ah — Ons 
t ange For if they have, let the ſame be r. Join Fc, and draw 
will k 7 ; any how. 
e lea; Then becauſe F is the centre of the circle ABC, 
is inthe line Fc is equal to F B. Alſo be- 
[|Wcaue p is the centre of the circle DE. 
to equi the line © © will be equal to FE: but 
c has been proved to be equal ta 
vn thurn: therefore FE is equal to F B, the 
cut c geſer to the greater, which is impoſ= |}. 
{trac ble. Wherefore p is not the centre 
; 1 both the circles A BC, CDE _ 
Iberefore if two circles touch one 
q brother inwardly, they will not both have the ſame centre. 
ol but Which was to be demonſtrated, 


q f Euclid only propoſed this theorem of cles touching one 
another inwardly; for when they touch outwardly, it is "moſt 


> anoth:1 
2 e they will not both have the lame centre. 


h Jools 

5 1 PROP. VII. THEOR. 

. «I | 7 any point except the centre be taken in oh diame-. 

oY 1 ter of a circle, and any right lines drawn from it 

_ do fall upon the circumference of the circle : the 
| greateſt of them will be that wherein is the centre; 


! 
3@ CIC 


be cqud p 
re and the leaſt, the remainder of the ſame line; and 
PBL | 5 all the other lines, that which is neareſt the line 
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116 Euc lid's Elements. Book "|| | 1 
paſſing through the centre will always be great N¹ 

than that more remote; and only two equal Wa : 
can fall from the aforeſaid point, being one on an 
ſide of the least line, and one on the other. 


Let aBcp bea circle, AD a diameter of i it, and la 

any point F be taken in that diameter, not being the cent; 
of the circle; let E be the centre of the circle, and let 210 
right lines F B, FC, F 6 drawn from the point F fall pa 
| the circumference of the circle AB OD: I fay F A is t 
greateſt of theſe right lines, and F b is the leaſt; and of tb 
reit, F B is greater than F c, and F C than FG. 

For join BE, CE, G E. 

Then becauſe two ſides of every triangle: are (by 20, 1, 
oreater than the remaining fide, the ſides E By EF will b 
greater than BF, But AE is equal to B E: therefore 35 
E F are equal to A F: Wherefore AF is greater than 1 

Again, becauſe BE is equal to C x, ai 
F E is common, the two ſides B E, f. 
are equal to the two fides c E, Er 
But the angle B E F is greater than th 
angle c EF: therefore {by 24. 1.]th 
5 baſe B F is greater than the bale ct 
By the ſame an CF is greater th 
FG. 
Again, becauſe G F, F E together, are greater than 26 
but E G is equal to E p, the tides G, FE will be great 
than E D. Take away FE, which is common: then tit 
remainder & F is greater than the remainder FD. Ther 
fore F A Is the greateſt of the right lines, and F Þ the leaf 
but b B is greater than FC, od F.C than FG. I 
morcover there can but two equal right lines fall fron 
the point F upon the circumference of the circle ac 
ene on one fide p the leaſt of the lines, and the other d 
the other fide of thisline. For [by 23. 1.] make the ange 
FEH at the given point E in the right line E D. e equal 0 
tie angle G r, and draw F H; then becauſe G E 15 equal h 
"EH, 46d E F is common, the two ſides G E, E F arc equ 
to the two ſides H E, EF, and the angle GEF [by conſtr 
is equal to the angle H EF: therefore the baſe F 6 by, 
1.] will be equal | to the baſe Fu, I ſay, no other 71! a 


line can fall from 5 F 7 upon the circumference of the Ci 
Sy ee 
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u F Fe torG; forit poſlible, let r k fall upon it, equal to 

ec e; then becauſe F K is equal to F 6, and F is equal to 
ln ;:; k will be equal to F H too, viz. a line nearer to 
, me line drawn thro' the centre, equal to a line which is 

| pore remote. Which is impoſlible. 

Or thus: Join E K, and becauſe G E is equal to E K, 

nd E and FE is common, and the baſe G F is equal to the baſe 

"TS K; the angle GE F {by 8. I.] will be equal to the angle 

T «ly KEF. But "the angle G EF is equal to the angle HE F: 

1 WW zperefore the angle HE F, will be equal to the angle KEF, 

5 g Ihe leſſer equal to the greater. Which cannot be: wherefore no 
Of the 


Other line can fall from the point F upon the circumference 
| of the circle equal to G F. There is therefore but one only 
Aal to it. | 

lt therefore any point except the centre, be taken in the 
Pinter of a circle, Sc. Which was to be demonſtrated, 


20. 1.8 
will b 


re Bl, 


" [ PROP. VII. THEOR. 
Es Ef any point be taken without a circle, and from that 


„ EET point be drawn any right lines to the circle, one 0 

han e hich paſſes thro* the centre, and the others any 

bh j how at pleaſure : that paſſing, thro* the centre will 
| be the greateſt of all thoſe that fall upon the concave 


ter tha 
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part of the circumference of the circle, and of the neſt 
an £6, 5 that which is neareſt it will always be greater than 
ores that which is more remote: but amongſt theſe lines 
bent which fall upon the convex part of the circumſon- 
Ther BB ence, the leaſt is that which lies between the aſ- 
e leak ſumed point and the diameter: of the others that 
1 Lf which is nearer to the leaſt will always be leſs than 
asc at which is more remote; and only tc Equal right. 
herd lines can fall upon the circumference of the" circle, 
he ances „he one on one fide the leaſe line, ang / the other on 
equal u be other 7. d of Wi - 
_— 1 Let Ac B be a circle, ; and any int D be tak en Wirh- 
_ ut it, from which any right lines D A, DE, DF, are 
„(05 as to the circumference of the circle, whereof DA is 
ier re at paſſing thro? the centre: I fay, the greateſt of theſe 


a that tall upon the Concave part of the circuintelcnce | 


13 . Of 


he cit 
eqn 
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= ofthe circle, is D A, which paſſey 
thro' the centre, and amongſt the 
reft that will always be the greater 
which is the nearer to that paſſing 
thro' the centre, viz. D E greater 
than DF, and DF than pc. By 
of thoſe lines which fall upon th 
convex part HL KG of the ci 
cumference, DG, which lies be. 
tween the diameter and the point 
D, is the leaſt, and that line which 
is nearer to this, is always leſs than 
that which is more remote, viz, 
D * leſs than D L, and DL | 


then D H. | 
For [by 1. 3.] find the centre m of the circle A 36, þ 


ad join M3, 4 u l Cr M Rs Mis 1 f. | 
Now becauſe a M is equal to E My let M D, which dhe 
common be added; and then A D is equal to EM, un for 
But [by 20. I.] E M, MD are greater than E D: there E 
Ab is greater than E D. Again, becauſe M E. is equal u 
MF, and Mb is common, E M, M D, will be equal t | the 
MF, MD, and the angle E M is greater than the an: 
F ND; therefore the baſe E D [by 24. 1.] will be great! i 
than the baſe F D. After the ſame manner we prove, u 
rd is greater than C p; therefore p A is the greateſt of ml 
_ thoſe lines falling from D upon the circle; p E is great 
than P;, and p F greater than D C. 
Again, becauſe MK, K D [by 20. 1.] are greater FE 
MD, and MG is equal to mt K, the remainder K p will 
greater than the remainder G D: wherefore G P is leſs tha 
K Þ, and fo it is the leaſt of them all, and becauſe ti 
richt lines M k, K D ſtand upon one ide MD of the ti: 
angle ML D within it, M Kk, K [by 21. 1.] will belt 
1 than w I., LD; but MK is equal to ML. Therefore ti 
_ remainder DK is leſs than the remainder p L. In like mat 
ner we demonſtrate that P L is leſs than p E, therefore 00 
is the leaſt of theſe right lines, DK Is leſs than DI, and DL 
; 1870 than DH. _ 
1 fay allo, that only two equal Hoh lines fal from v ip 
on the circumference of the circle, the one on one {1% 
and the other on the other ſide of the leaſt line; for [by 7] 


1. J at Te ror point M in the right line M D make bt 
ange 


i 
alles 
ſt the 
eater 
fling 
"eater 
„ But 
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2 Clt- 
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point 
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$ than 
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ABC, 


hich 
MD, 
eretore 
qual b 
ual t 
> Ang 
Treate! 
e, thit 
{t of 


great! 


er tha 
will be 
eſs that 


ie two 
the tit 
be les 
fore tif 
e Mall 
ore 50 
and DI 


n D up 
ne lidty 
(by 23 


jake tt 


ange 
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Eto that which is more remote. W hich has been demon- 


. 1 \ 
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| 1 2 DMB with it equal to the angle K M D, and] join p B. 


hen becauſe M K is equal to M B, and M p is common, the 


duo right lines K M, M D, are equal to the two right lines 
M, MD, each to each, and the angle K MD is equal to 
the angle B MD: therefore [by 4. 1.] the baſe k p is equal 
© to the baſe D B. I ſay alſo that no other right line can fall 
from D, upon the circumference of the circle equal to DK. 
or if there can, let it be D N. And becauſe DK is equal 
pN, and DB equal to pK; the right line DH will alſo 


equal to D N, that is, the line which is the nearer equal 


ſrated to be impoſlible. 


Or thus: Join N M, and becauſe K M is equal to MN, 
and 31 D is common, and the baſe Þ E is equal to the baſe 
A ; the angle K M D, [by 8. I.] will be equal to the an- 
ge DMN, but the angle K MD is equal to the angle n M D. 
Hr the angle B M Þ will be equal to the angle v M b, 

de leſſer equal to the greater: which is impoſſible. Where- 
© fore there cannot fall from the point p upon the circumfe- 
ence of the cicle A B C, more than two equal right lines, 


E the one on one ſide the leaſt line G D, and the other on 
| the other fide of it. 5 


If therefore any point be taken without a circle, De. 


Which was to be demonſtrated. 


j PROP.IX. THEOR. 


; I ſome point be taken within a circle, and from it 
I more than two equal right lines be drawn to the 
[ circumference ; that aſſumed Point 15 Foe centre 7 
Nl. 


| Let the circle be AB "I __ the point D taken within 
1 from which more than two equal right lines drawn to 
he circumference are equal to one another, viz. the three 
Welt lines DA, DB, Dc. I lay, the point D is the cen- 
4 of the circle a Bc. 
For, join A E, B C, and {by 10. 1. Jie de hs. into 

l parts, at the points E, F, join E Dy DF J Which pro- 
Nee to the points G, K, , r. 8 


© Then becauſe a E is equal to E B, and ED is commonz 
Ihe two des A , E D will be equal to the two ſides B E, 


k „„ „ TT ED, 


1 
* 
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E D, and the baſe p A is equ 
to the baſe D B. Therefore ty 
angle A E D will be equal tot 
angle BED [by 8. 1.] And fo 
10. def. I.] the angles AED, i 
are both right angles ; wherefo 5 
ſince G K biſects An, it yi 
cut the ſame at right ange 
and becauſe if one right line ii 
a circle biſects a richt line my = 
af right angles, the centre of the circle will fall by cor. 
3.] in the biſecting line; the centre of the circle 30 
will fall in the right line 6 x. For the ſame reaſon, h 
centre of the circle ABC will fall in the right line Hl, 
But the right lines G K, H L have no point but D comm 
to them both. Therefore D is the centre of the cird 
A B S. | BW 
If therefore ſome point be taken within a ied: and fn 
it more than two equal right lines be drawn to the circun- 
ference of the circle ; that "aflumed point is the centre of th 
circle, W hich Was to be demonſtrated, 5, 


* Otherwiſe: . B 

F or r take ſome point p, Within the circle AB ce, a 0 * 
more than two right lines D a, 55 

D C, fall upon the circumference ; 
We circle, I fay, the aſſumed pan 
D, is the centre of the circle A 3c. WW i 
For if not, let, if poſſible, tle 
point E, be the centre, and havin! 
joined D E produce it to F G. Ihe 
5 | is F G the diameter of the did 
ABC. And ſo becauſe ſome point p is taken in the ar 
me F G of the circle A B c, not being its centre; U 
7, 3. Me greateſt line falling upon the circumſerence wi 
by DG; but DC is greater than DB, and DB than 038. 
But they are equal too: which cannot be. W herefore Bi 
not the centre of the circle aBc. After the ſame mann 
we 1 that no other point beſides D, can be tit 
centre of the circle. I hereſore D is the centie of the cit 
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| Book III. 


and draw K c, LM, from 


the points A and E. 


cle A B c, the right line ac 
biſects the right line B H, 
at right angles; the centre 
BH - the circle A B; C [by cor. 


e of 
u; 118 the right line & x cuts the right line z G, into two 


PROP. 5. A THEO R. 


ore circle cannot cut another in more points thas 


Ido. 


For if poſſible, let one circle ABc cut another circle. 


DEF in more points.than two, viz, in the points By O, u, 
and join the right lines B G, 
B H, Which biſect in K, I, 


Kk, L at right angles to ; G, 
2 H, and produce them to 


Then becauſe in the cir- 


3.] will fall in Ac. Again, becauſe in the ſame circle 


| Equal parts, and at right angles too, the centre of the circle 


A, Dh 


-nce «+ 
d pot WE 


abc. 
le, te 


havin Wi: 


. Tha 
> Click = 
the d. 


e [0 


nce wil 


mann« 


be te 
the ci 


R OP. 


and 


ABC will fall in the right line x x. But it has been proved 


that the centre is in Ac too; and the right lines AC, N Xx 


will not meet one another in any other point but o; there- 


fore © is the centre of the circle ABC. In like manner 
we prove, that O is the centre of the circle DE & : there- 


fore © is the centre of both the circles ABC, DEF cut- 
ting each other, which [by 5. 3.] is impoſſible. 


Therefore one circle cannot cut another In more points ; 


than two. Which was to be demonſtrated, 


e | Otherwiſe: 
"Far again, let the circle AB 
cut the circle DEF in more 
points than two, viz. in B, C, F, 
and let K be the centre of the 3. 
circle AB C: join K F, KG, K B. 
Then becauſe within the cir- 
cle DEF is taken the point k, 
from whence more than two 
equal right lines KB, KF, K G, are 
drawn to the circumfere nce 3 the 
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1 their centres be taken, the right line joining their centres 1 © 
will fall in the point of contact of thoſe circles. Which 


| continue out C F. G to the point H, and | Join AG, A F. 


"forms nat to be Euclid . 


1 Euclid s Elements, Bocxk III. 
point k [by 9. 3.] will be the centre of the circle D Er, 


but K is the centre of the circle AB c, Therefore K will b P 
the centre of two circles that interſect one another. Which * 
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g GE 5. 3.] is impoſſible. | in 
W herefore one circle cannot cut another i in more points Þ _ t 
than two, Which was to be demonſtrated. | . 


PRO P. xl. THEOR, „ 

If two circles touch one another inwardly, and theix 1 
centres be taken, the right line Joining their centres | = } 
being produced, will fall in ine point wherein thoſe 1 
circles touch one another. < 


For let two circles ABC, A DE, touch one another i in- 
wardly in the point A, and let F be the centre of the cit. 


cle A Bc, and G the centre of the circle AD: I ſay, the i © 
right line joining the points 0, and F being produced wil 1 1 
=© 


fall in the point A. „ 
For if not, let, if poſſible, the richt line F G D "Io join- 1 
ing the centres, fall without the point of contact, and) join _* 
A TAG: | 1 
I ben becauſe A o, GF are [by 20. 1. greater thn t 
AF, that is than F H, (for F A is equal 
to F H, both being drawn from the 
ſame centre.) If F G which is com- 
mon be taken away, the remainder 
4 is greater than the remainder 
GH. But aG is equal to G p; there- 
fore GD is greater than G N, the 
lefler than the greater: which is im- 
poilible, T' herefore a right line join- 
ing the points F G, being continued, 
will not fall without the point of contact Az and ſo necel- 


|  farily mult fall in it. 


If therefore two circles touch one another mardi, and 2K 


was to be demonſtrated. 

5 Otherwiſe: 
* But let it fall without the point of contact, as G re, 
* This demonſtration ſea: ces differs {ow the for mer, 2 that it it 


Then 


at it 


hen 


5 Fa. 5 


# 
F 


* outwardly in the point A. 
Leet F be the centre of the 
circle ABC, and & that of 


the point of contact A. 
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Then becauſe AG, G F are greater than A F, and a F 
is equal to CF, that is, to FH; if Fo which is com- 
mon be taken away, the remuinder AG will be greater than 
the remainder G H; that is, G D is greater than G H, the 
leſs than the greater; which cannot be. In like manner 
we prove the ſame abſurdity will follow, if the centre of | 
x the greater circle be without the leſs, | 


PROP. XII. THE OR. 


1 jwo circles touch one another out wardly, the right 
line joining their centres will paſs thro' the point, 
where the circles touch one another. 


For let two circles ABC, ADE, touch one another 8 


BE 


the circle ADE: I fay the 
right line drawn from the 
| point r to G, Will paſs thro? 


For if not, let it fall with- 


out that point, as FCDG, and join A F, DW 


: f 


Then becauſe F is the centre of the circle AB c, FC 
will be equal to r a, Again, becauſe G is the centre of 
the circle ADE, A G will be equal to G p, but it has been : 
proved that F A is equal to FC too, Therefore F a, aG ; 


| are equal to FC, DG. Conſequently the whole r O is great- 


er than FA, AG. But by 20. 1. ] it is leſſer too; which can- 


not be. Therefore the right line drawn from F to G, can- 
| not paſs otherwiſe than thro' the point A of contact: where- 


ſore it neceſſarily paſles thro' that point. 
If therefore two circles touch one another outwardly ; 20 5 


| right line Joining their centres, Will paf; thro” the point of 
5 contact of thoſe two circles. W Wen was to be demon- 
rated. 


PROP. XIII. THE OR. 


One circle cannot Jauch another in more points than 
one, whether it be inwardly or outwardly. 


For firſt, if poſſible, let the circle A BDC, touch the 


Eirele EBF D inwardly 1 in more Feine than one, Viz. in 


2 ms. 
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BD, and [by 1. 3.] find G the centre of the circle a 
Dc, and E the centre of the circle ER F D. 


I Then a right line drawn thro? the points G, H, will paſs 
thro* the points ; v. Let this be ; GH Þ, and becauſe 0 


= the centre of the circle AB DC, BG will be equal to G p. 


Therefore B G is greater than Hp, 
and BH much greater than h p, 
Again, becauſe H is the centre of 
the circle EBFD, BH Is equal ty 
HD; but it has been proved to hs 

5 much greater than it; which is im- 
) poſſible. Therefore one circle wil 

not touch another inwardly i in more 

points than one. 

D; Nor ſecondly, I ſay one "nk 
will not touch another outwardly i in more points than one, 
For if poſſible, let the circle A C K touch the circle aBpc 

| outwardly 1 in more W than one, VIZ, in 45 e, and dran 
. 

Then EE two points A, c, are ken in the circum- 
ference of the circles A , DC, ACK; the right line join- 
ing them [by 2. 3.] falls within them. But [by 3 def. 3. 
the fame line which falls within the circle A B PC will fal 
without the circle A c E, which is abſurd. Therefore one 
circle cannot touch another outwardly in more points than 
one; but it has been proved, that one circle cannot touch 
another inwardly in more points than one. 

Therefore one circle cannot touch another in more 
points than one, wh: ther it be e or outward, W hich 
was to be demonſtrated. 


PROP. XIV. THEOR. 


T6, a circle equal right lines are 2 equally al Rant from the 
centre; and thoſe right lines which are equally di 
ant from the centre, are equal. to one another. 


Let there be a circle ABDC, and let the right lines 
AB, C p in it be _ 1 tay, they are wel difiant trom 
5 the centre. 

For find E the centre of the circle aB De, 1 FOR. it 
Bei EF EG ee to A Is C D, and | {Join AE, wy 


1 


8 | 
| 
's 
x 
1 
+ 


m << po 


ee. oa 


$mde, «„ fooim, 


— — 


paſs 
e G 
3 D. 
ID, 
1 D, 
e of 
| to 
o be 
im- 
will 
nore 
1rcle 
one, 
BDC 
uraw 


um- 
Joins 
. 30 
II fall 
e one 
than 
touch 
more 


Vhich 


11 the 
ly dis 
ber 

t lines 
t from 


rom it 
E, E C. 
Then 


| Was to be demonſtrated. 
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Then becauſe the right line E F drawn from the centre 


cuts the right line A B not drawn : I 
= fromthe centre at right angles; [by ——— 
: 3:3] it will divide it into two equal 
parts; wherefore AF is equal to 
' FB; and ſo AB will be double to 
A. Alfo, for the ſame reaſon 
cy is double to ; but A is 
| equal to Cp; Wherefore AF is 
| alſo equal to CG, And becauſe | 
AE is equal to E c, the ſquare of AE will be equal to the 
ſquare of EC. But [by 47. 1. ] the ſquares of ar, f E 
are equal to the ſquare of A E: For the angle F 1s a right an- 
gle; alſo the ſquares of EG, GC are equal to the ſquare 
© of k c, ſince the angle G is a right one: therefore the 
ſcuares of AF, FE are equal to the ſquares of C , GE: 
but the ſquare of A F is equal to the ſquare of c, for a F 
zs equal to CG. Therefore the remaining ſquare of FE 
will be equal to the remaining ſquare of EG; and ſo F E is 
equal to E G. But in a circle right lines are laid [by 4 def. 
3.] to be equally diſtant from the centre, when the per- 
|  pendiculars drawn to them from the centre are equal: there- 
E fore AB, CD are equally diſtant from the centre. 
| Now let A B, CD be equally diſtant from the centre, 
that is, let x E be equal to E G. I ſay, A B will be equal 
toes. 5 „55 T Sho 
| For the conſtruction remaining the ſame, we demon- 
ſtrate as above, that AB is double to AF, and c D double 
to c: and becauſe AE is equal to E e, the ſquare ofa 
will be equal to the ſquare of Ec. But [by 47. I.] the 
| ſquares of EF, F A are equal to the ſquare of A E, and the 
t ſquares of EG, GC to the ſquare of EC. Therefore the 
| ſquares of EF, F A are equal to the ſquares of EG, 6c; 
but the ſquare of E G is equal to the ſquare of E x, ſince 
| EF is equal to EG, Therefore the remaining ſquare of a x 
will be equal to the remaining ſquare of C; wherefore 
A is equal to CG, but AB is double to A , and co. 
double to cG, Therefore A B will be equal to cp. 
| Wherefore in a circle, equal right lines are equally diſ- 
tant from the centre, and thoſe right lines which are equal.y 
diſtant from the centre are equal to one another. Which 
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PROP. Xv. THE OR. 


The greateſt right line in a circle is a diameter, ande 
all other right lines in it, that which is nearer 1 
the centre is greater than that Which i is more re. 
mot 4. | 


Let ABCD be a circle, ay diameter is A D, and cen 
fre E, and let Bc be nearer to the centre E than FG. 1 
ſay, AD is the greateſt right line, and BC is greater than iſ 
FG. | i 

For from the centre E draw the right lines E H, E K per. 
pendiculas to BC, FG. Then becauſe BC is nearer t 
= the centre than FG {by 5 def. 3.] xx | 

will be greater than E H, make E I. equi ; 
to E H, and through I. draw LM at right WW © 
- angles to E K; which produce to N, and . 
0 


join PM, EN, EF, EG. 13 
„Then becauſe E H is equal to 2 Le 

” line Bc [by 14. 3.] will be equal to N. 

| ( Again, becauſe AE is equal to E M, ad | 
* D to EN: AD will be equal to ME, EN; but u E, ff 

are greater than MN; therefore A D is greater than u. I 
But M x is equal to BC : therefore AD is greater than zc. i 
And becauſe the two ſides M E, EN are equal to the two WW i 


tides FE, EG, and the angle M EN is greater than tie [ 
angle FEG; the baſe MN {by 24. I. ] will be greater than t 
the baſe F 6, But MN has been proved to be equal to t. 
n: Wherefore the baſe B c is greater than the baſe FG. 9 
Therefore the diameter A D is the greateſt of all theſc right tt 
lines, and BC is greater than FG. in 
Wherefore the greateſt right line drawn in a e is a dia- ri 
meter; and of all other right lines in it, that which is nea- t. 
er to the centre is greater than that which! is more remot: Þ 
Which v was to be demonſtrated, BD 

PROP. XVI, THEOR. F: 


c 
4 3s Vas drawn from the end of the diameter if 1 = 
circle, at right angles to that diameter, will fu BY 


Without the circle; . end no ! other Tight line cal bt 
maine | d Go uy 


mn 


14 of 
7 to 
e. 


cen. 
bu 


per- 
er to 
| EK 

equal 
right 
V, and 


L ; the 
o Mx. 
A, and 
E, El 
1 MN, 
an Bc, 
1e two 
an the 
er than 
Jual to 
e FG. 
£ hy 


SA dia- 
is neu- 
emote. 


er of 0 
all 0 
can be 


Gi A 


1 5 . 
Thhen becauſe D A is equal to Dc, the 2 73 DAC [by 

5. 1.] will be equal to the angle ACD; but DA c is a 
HK light angle; therefore ACD is a right angle too, and ſo 
the angles DA c, ACD are equal to two right angles, 
Which [by 17. 1. ] cannot be. Therefore a right line drawn 
5 ſeom the point A at right angles to B A, does not fall with- 
in the circle; after the ſame manner we demonſtrate that it 
* cannot fall in the circumference; therefore it muſt neceſ- 
ſurily fall without the circle, as a E does. 
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drawn Jetevecis that ſame line and the circumference 


of the circle; the angle of a ſemicircle is greater 
than any right lined acute angle: and the remain- 


ing angle (made by that line and the circumference) 


7s leſs than any right lined angle 8, 


Let A B e be a circle, whoſe centre is D, and diameter 


ET 5 AB. I fay, the right line drawn from the point A, at 
: rg angles to A B, will fall without the circle. 


For it not, let it fall within if rannte, as A e, and j Join 


I ſay again, between the right line a x, and the circum- 


| Z | ference CH A, no other right line can be drawn. 
For it there can, let it be F A, and draw DG from the 


= D perpendicular to FA _ 

Then becauſe the angle a 6 D Is a right angle, and DAG 
is leſs than a right angle, a b 
05 19. 1. will be greater | gl oy 
than DG, tub p &.i6 que 5 114 
to DH: therefore DH 
greater than D G, the Ick 
than the greater, which is 
impoſfible. Therefore no 
he line can be drawn be- 
tween A E, and the circum- 
| ference of the circle. 

I fay moreover, the an- 
* of the ſemi-circle, which 


is contained under the right line 1 BA, Py; FE as : 
CH aA, is greater than any right lined acute angle, and the 
Jemaining angle contained under the circumference CH As: 


and the right line AE is leſs than any right lined acute 
angle. | 
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For if any right lined acute angle be greater than the poi 
angle contained under the right line B A, and the circum. the 
ference c H A, or any right lined acute angle be leſs than that {cir 
contained under the right line AE, and the circumference J 
CHA, a right line may be drawn between the circumfer. MW x + 
ence C HA, and the right line A E making an angle greater BÞ 
than that contained under the right line B A, and the cir- twc 
_ cumference CH A, VIZ. which is contained under right the 
lines, but leſs than that contained under the circumference con 
c H A, and the right line A E. But ſuch a right line can. thei 
not be drawn; therefore no right lined acute angle is greater is e 
than the angle contained under the right line B a, and the tria 
circumferench CHA), nor is there any one ſo little as that ang 
contained under the right line a x, and the circumference ing 
C HA. Which was to be demonſtrated. ang 
Cor. From hence it is evident, that a right line drawn from . N 
the end of the diameter of a circle at right angles to it, uh 
touches the circle, and that in one point only. Becauſe WW bn 
a right line meeting a circle in two points, has been de- net. 
monſtrated [by 2. 3: 1 to fall within the circle, S 3 
3 The two latter parts of this propoſition do not appear o - 1 
be of any great uſe, in the elements of plain geometry at lea; Wſp® © 
nor has Euclid any where uſed them in the following part o 3 
theſe elements. If they had been omitted it might perhay WI * 
have been better; they have only ſerved as a ſubject of con- ore 
tention for mathematicians, and cauſed much vain diſpute an 
and ill-natured wrangling amongſt them. See the Controver- WE Vhic 
ſies of Clavius and Peletarius, about the angle of contact. Se the 
vr. 0 allis's Mathematicks, T w_u 8 Euclid, Oc. | 6 Circ 
ray 
RO r. XVII. PR OBL, 4 
Pofiti, 


From a gives point 40 draw a nil line to touch 


Lien circle b. Per 

8 7 | Whoſe 

Let the given point be a, and the given circle be z C. 
- 11 is required to draw a right line from the t A, to 
touch the circle BCD. _ | | 
For find the centre E of the ok join A E, nd -bhad 
ths centre E with the diſtance E a (by 3. poſt. ] deſcribe 
the circle A F 83 and [by 11. 1. F dran D F from th? 
| | pl 


Book III. Euclid's Elements. 129 


Ne my p at right angles to E A, and join E B F, AB. I ſay 
\- we right line A B is e from the point A to touch 2 
at 3 circle A B Co 
e For becauſe E is the centre of the circles BCD, AF 05 
r. r will be equal to E F, and 
er Eb equal to E B: wherefore the 
lr. two ſides A E, E B are _ to 
he e two ſides F E, E p, and they 
co contain the common angle at E: 
n. therefore the baſe D F [ by 4. 1.] 
ter is equal to the baſe A B, and the 
the WE triangle DE F equal to the tri- 
bat WF angle E Ba, and the remaining 
ic: Ml angles equal to the remaining 
== angles Therefore the angle — 
rA is equal to the angle EDF. But x D is a right an- 
on le; and ſo E BA 1s a right angle too, and EB is a line 
it WF drawn from the centre. But a right line drawn from the 
ac end of the diameter of a circle at right angles to that dia- 
Ges meter [by 16. 3. ] touches the circle: Therefore AB 
q Poches the circle. | 
r berefore there is . a right ling A B from the point 
a; A to touch the circle BCD. Which was to be done. 1 
rt of 
hav | t The practice of this problem may be 
con- | wore elegantly effected thus. Join the centre 
ſpue and the given point a by a right line az, 
»ver- Which biſect in the point c. About c with { 
Ses either of the diſtances ca, or ce, defcribe 
£2 circle cutting the given circle in the point B. 
Dray the right line ae, and this wall touch 
he given circle in the point 3. But the de- 
Honſtration depends upon the war firſt 5 | 
35 ö Poſition of this book. | 
ich 4 If it be required to aw 2 tangent to a circle parallel to a 
| Pen right line, it may be done thus. Let anc be a circle, 
8 Whoſe centre is Þ, and let Bc be the right e 
B CD. 1 ne cutting it, to whom a right line is to F. — — 8 
a, U drawn parallel to touch the circle. B/ 1 
Te [ rom p draw DE perpendicular a x 
about Which continue to the point a in the cir- { 1] 
elende mference. And from a draw FG per- 
* r to ab. Then [by coroll 16.3. 1 
wi F o, Which is [by 28. 1 parallel to BC, = touch che circle 


P the point =p 


K PROP, | 
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PRO P. XVIII. THE OR. 


if any al line touches a circle, and a right line | 
drawn from the centre to the point of contact, thigh « 
line will be perpendicut lar lo the tangent, WF 
For let a right line DE touch the circle ABC in th + : 
point c, and from the centre x of the circle AB c lt t 
right line C F be drawn to 3 1 lay c F is perpendicu ar u t. 
DE. 1 
For if it be not, draw / 12. * F G from F perper Fi 
di ular to p E. N n 
Then becauſe the ons FGC is a right angle; tle avi © 
ele GC Lby 17. 1. ] will be an acute angle: But (by 19.1, fl 
A: the greater fide of a triangle is 0h lit 

| poſite to the greater angle : Wa th 

ſore FC is greater than FC. bi be 


Fc is equal to F E. Therefore pi 
is greater than # 6, the Teſs thaniz i - 
| /R greater; Which cannot be. I ha. 4 
: * ben —＋ fore F G is not perpendicular to tz 

right ine DE. In the {ome Mat 
vie demonſirate that no rich t line whatſoever EXCCPT Fc Ca 
Be perprngicutar to DE: Therefore FC is perps Hdicun 


11 cheretore any right Kine 8 a circle, 7 and a ig in 
nne be drawn from the centre to the point of conte , ge 
will be perpendicular to the tangent, Which mo 0 1 
Gempnitratcd,” -- 7 
ang 

PROP. XIX. THE OR. e 


If a any right line touches 2 Circle, and a right lin i = 4 

drawn from the Point F contact at right e BL 
19 ihe langent; the centre ¶ ihe circle wu «Ml 
that Jaine line. : „„ . 


r let a 2ny right line p x touch the circle anc ind | dou 
my ict Ca be drawn from the e point c at right at e 
1 tay the centre of the circle 18 in le Deut un 


» 1 the crc, 


Ih 


the 
( the 
Ar 0 


[PCs 


> Aj 
9.1, 
18 0 
k 

theres 

But 
re 2! 
zan t 
Then 
to tie 


ſore the angle FCE is a right an- 


'EAB, EBA, are double to the angle 


N | Book III. Euchd's Elements, 131 


For if not, 1 F be the centre, and join c F. 
Then becauſe the right line Þ E touches the circle aB c, 


and the right line F c is drawn from the centre to the point 
of contact, the right line F [by 18. 3.] will be perpen- 


dicular to the tangent D E. Thbere- A 


ole. But ACE 1s a right angle too. 


|, Therefore the angle FC E is equal 7 =; 1 
to the angle A c E, the leſſer equal 5 
to the greater, which is impoſſible. 


Wherefore F is not the centre of — — 1d 3 
the circle A B. After this man- 3 12 


ner we demonſtrate that the centre of the circle is in no 
| other right line ſoever except A c. 


Therefore if any right line touches a circle, and a right 


| line be drawn at right angles to the tangent ; the centre of 
the circle will be in that fame right line, Which was to 
be demonſtrated. | . 


PROP. XX. THEOR 


A angle at the centre of a circle, is double to that 
| which is at the circumference, when the ſame part 


ef the circumference 7s the vaſe of them both. 


Let a ; c be a circle, and let B EC be an angle at its 


centre, and BAC an angle at its circumference, both hav- 
ing the ſame part Bc of the circumference for a baſe: 1 
. ſay the angle BE C is double to the angle BAC, 


For join A E, which produce to rx. 
Then becauſe EA is equal to EB; the 
angle E A B [by 5. I. ] will be equal to 
the angle EBA: Therefore the angles 


E A B. But [by 22. I.] the angle B E F, . 
is equal to the angles E AB, EBA. T here- B 
fore the angle B E F is double to the an- 9 


dex AB. By the ſame reaſon the 3 r Ec, will be 

double to the angle E Ac. Therefore the Whole angle 
| BEC will be double to the whole angle B Ac. : 
Again, Let there be another angle E DO [taken lower] . 
q and ' produce the ling D E bo 6. | We demon ate alter the 


= The oppoſt Tre angles of any quadrilateral Heure dt 
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ſame manner that the angle G E C is double to the angle 00 
GDC. But G EB is double to GD: Therefore the fe. to tl 
maining angle B E C is double to the remaining angle hoc. both 


Thereſore an angle at the centre of a circle, is double ts and 
that which is at the circumference, when the ſame part « | angle 
the circumference is the baſe of them both, "Ih Va | the! 


to be demonſtrated. | ue | fore 
J o t 
PRO P. XXI. THEOR de. 


AI the angles in the ſame ſegment of a circle art | bo 


equal to one another, ang 

Let there be a circle A B C b, and let the angles B AD, Ae. 

nE o be in the ſame ſegment BAED of that circle : 15 man 
theſe ales are equal to one another. nigh 
E For [by 1. 3.] find F the centre f J 

> thecircle a» c p, and join BF, FD. MW dei 


Then becauſe the angle BF D isat was 
the centre, and the angie Þ A D at the i 
circumference, both having the fame 
part B D of the circumference for 
their baſe: the angle BFD [by 20. 3. 
will be double to the angle BAD, For 
the ſame reaſoit, the angle BFD will be double to the ange 
BED: Therefore the angle BAD [by 7+ AX. ＋ will be equal 
to the angle BED. 
Therefore all angles in the fame ſegment of a circle are 
equal to one another. Which was to he domontirated” | 


PROP. XXII. THEOR. 


Serived in a circle, ore equal to two Tight angles. 


Let there be a circle anc Db, and Jet the quadrilate- 
= ral figure A BCD be deſcribed in it: I fay, its oppoſite aw 
. pes are equal to two right angles. e 1 
e 
Then becauſe [by 22 Is * the three angles of every tri 
angle are equal to two right angles, the three angle 
4 AB, ABC, BCA: of the triangle ABC will be equal to 
7 two right angles, But ſhy 21.3 1 the angle CAB is equi 
| 60 


to the angles BAC, Ac B. Add 
the common angle ABC to both: _ . 
| Then the angles ABC, BAC, ACB will be equal to the 
| angles ABC, ADC. But A B c, B Ac, ACB, are equal 
to two right angles: Therefore the angles A BC, ADC alſo 
re equal to two right angles. We prove, aiter the ſame 
manner, that the angles BA D, DC B are alſo equal to two 
right angles. wet 


| ishmilar to the ſegment ADB, and 
| thoſe ſegments of circles are ſimi- 

kr [by 11. def. 3.] which receive 
| equal angles; the angle A C B will 

be equal to the Angle ADB, the FF 
| outward angle equal to the in- e 
ward one. Which [by 16. 1.] is impoſſible. 
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do the angle BDO; for they are 
| both in the ſame ſegment B ADC, 
and the angle A c B is equal to the 
| angle A DB, ſince they are both in 


the fame ſegment ADCB: There- 
fore the whole angle AD C is equal 


Therefore the oppoſite angles of any quadrilateral figure 


| deſcribed in a circle, are equal to two right angles. Which 
was to be demonſtrated.  _ . 


PROP. XXII. THE OR. 


uo ſimilar and unequal ſegments of circles cannot be 
L ſet upon the ſame right line, on the ſame fiae of it, 
| For if this be poſſible, let two unequal ſegments, ACB, 
F ADB, of two circles ſtand upon the ſame right line A B, 
both on the ſame {ide of it. Draw A cb, and join 


Then becauſe the ſegment ac B 


| . 


Therefore two ſimilar and unequal ſegments of two cir- 


| cles cannot be ſet upon the ſame right line, on the ſame ſide 
3 dit, Which was to be demonſtrated, VV 
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PROP. XXIV. THEOR. Que 

Similar ſegments of circles, which are upon equi Nei 

right lines, are equal io one another, FS 
the 


For let A E B, CFD be ſimilar ſegments of circles Gang 


ing upon the equal right lines a B, Cp: I ſay the legmenk \ nf 
AE B, CFD are equal to one another, ak 


For the ſegment AEB being applied to the ſegmen ME hides 
Cx p ſo as the point A agre 


8 with c, and the line a » vn 3 
NAS cp; the point B will age 60 
3 # -- ol the point p, becu . 


> AB is equal to c: But fing 


on right 3 AB agrees with c D, the ſegment A E E ui or 
alſo agree with the ſegment FD. For if A B agrees vm the 
0p, and at the ſame time the ſegment A ER ſhould mn 
agree with the ſegment c F D, bur falls into a different . 31 


tuation, as HG p; then as one circle does not cut an- 
other {by 10. 3.] in more points than two. But the cice 
CHGD cuts the circle CF D in more points than two, vi 
in the points c, G, D; which is impoſſible : 'Therefor 
when the right line A B agrees with the right line cp, the 
ſegment A E B cannot but agree with the ſegment cn 
and fo will be equal to it. 

Therefore ſimilar ſegments of circles, which are upon 


equal right lines, are equal to one another. Which was 
: Ds demonſtrated. 


PROP. XXV. PROBL. 


A fe gment of a circle being given: to deſcribe a i 
dle whoſe ſegment it 7s. 


28 Let aB c be a given ſegment of a circle : it is require 
to deſcribe the circle, whole ſegment ABC is. 
Divide {by 10. I.] ac into two equal parts in D, and 
{by II. I. ] draw DB from the point D, at right angles b 
ac, and join AB, Then the angle A BD is either rente 
than the angle B a D, or equal to it, or leſs than it. | 
Firſt let it be greater. And [by 23. 1.] make the ange WW 2 
AF at the gyen point A — the line B A Equal to th + 
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join ECC. Then 


AB E is equal to 
the angle A E, „ 
the night line E {by 6. 1. ] will be equal to EA. And be- 
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| angle AB D, pro- 


"Be DB to E, and 


becauſe the angle 


cauſe A D is equal to DC, "and DE is common, the two 


ſides A D, DE are equal to tlie two tides cb, DE, each to 


each, and the angle ADE is equal to the angle c DE; 3 for 


each of them is a right angle: Therefore {by * e the 
baſe A E is equal to the baſe Ec. But a E has been prov- 
ed to be equal to EB: Whereſore B E is alſo equal to E C, 


and fo the three right lines A E, L b, EC, are cqual to one 


another. Therefore a circle deſcribed about the centre . 
E with either of the diſtances AE, E B, E C will paſs through 
the other points, and {by 9. 3.] will be the circle required 
to be deſcribed. And it is alſo manifeſt that the ſegment 
Ac is leſs than a ſemicircle ; becauſe the . of the 
circle is without the ſegment. 


But if the angle A n D be equa al to the angle 5 B A D; if 
'AD be made equal to BD or DC, the three right lines oy 
"DB, DC will be equal to one another; and. by 9.3 | 
will be the centre of the circle to be delcrived z the ee: 


ment ABC in this Caſe being a ſemicircle. 
Laſtly, if the angle A h P be leſs than the angle h a Dp, 


and the angle B A E be made at the given point A, With 


the right "ati BA, equal to the angle ABD, the centre E 
will be in the right line D R, within the ſegment A B +: 


which ſegment will be greater than a a ſemicircle. 
Therefore the ſegment of a circle being given, the circle 
i 1 whole legn nent it 8. VV hich was tO be de- 


| monſtrated . 


PROP. x XVI. T HF OR. 


. equal circles equal 1 fand pon equal If parts 


of their} circumferences, whether they be 20 their 
Centres or their ciicui ferences. 


Let a nc, DEF be eq dal eieles, and let che angics 
a0 c, E Hr at their centres be equal, and the . BAC, 
eb r at their circumſciences be cqual: 4 lay the part 
| K 4 „ 
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; E c of the Greuniference of one circle, is equal to the par 
ELF of the circumference of the other. 
For join BC, EF. | 
Then becauſe ABC, DE F are e nn circles, the line 
drawn from their centres will be equal: Therefore the ty 
ſices BG, GC ate equal to the two ſides EH, HF, aud th 
angle at at G is 8 8 to the an, de at H: i herefore [by 4.1 
the baſc E g is equal to th 
baſe EF. And hecauſe the 
angle at A is equa 0 th 
angle at p, the ſcgnin: 
B Ac [by 11. def. 3. wil 
be fimilar to the f-2men 
FE pF, and they are upon the 
equal right lines BC, EF: 
But ſimilar ſegments of circles which are upon equal right 
lines [by 24. 3.] are equal to one another: Therefore th 
ſegment BAC is equal to the ſegment E DF. But th 
whole circle ABC is likewiſe equal to the whole citck 
DEF: Theretore the remaining ſegment B Kc is cqual to 
the remaining ſegment x LF. And fo the part B K G 
the circumference of ene circle will be equal to the pat 
E I. F of the ciicumference of the other. 
Therefore in equal circles, equal angles ſtand upon equi 
parts of their cirednifer ences, whether they ſtand at thei 
Centres, or at their circumferences. Which was to be demot- 


| frrated. 


PROP. XXVII. T HEOR. 

1 equal circles, the angles that fand upon (l- 
[Paris of their | circumferences, are equal to oil 
another, whether they be at their Centres i 0 
their circun, ſerences. 


Fort in the equal Circles ABC, DEF, let the angles 500 
2 H at their centres, and the angles BAC, E DF, at the! 
circum! ferences, ſtapd upon the equal parts BC, EF ©: the 
circumferences: I ſay the angle BGC is equal to th? 
angle E Hr, and the an, de BAC, Equal. to the ang 
E DF. | | 
For i the angle C 80 he equal to the * E H 55 it ö 
un elt bz 20. 2 ; that. wy angle AS 15 alſo equal to 7 
| ange 
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de E pr. But if not, one of them is tne greater, which 


let be B G C, and |by 23. A. 


at the point G, with the 


ye ear, But equal an- 
gles (by 26. 3.] ſtand upon 


equal parts of the circum- 


ferences of the circles when they are at the centres. There- 


fore the part B K of the one circumference, is equal to the 


part E F of the other circumference. But the part EF of 


one circumference i is . to the part Bc of the other: 


Therefore BK is equa! to BC, the leſs to the greater, 
which cannot be, Therefore the angle & G c is not une- 
qual to the angle x HF: and ſo they muſt be equal. But 
[by 20. 3. the angle at A is one half the angle B G C, and 

the angle E D F one half the angle at H: 'F heretore the an- 


ge at A is equal to the angle at p. 


Therefore in equal circles, the angles that ſtand upon 
equal [parts of their] circumferences, are equal to one an- 


other, whether they ſtand at their centres or circumfer- 


ences. Which was to be demonſtrated. 


PROP. XXVIII. 1 HE OR. 


In equal circles, equal right lines cut off equal parts 
of their circumfei ences, the greater port equal to 


the greater, and the leſſer part equal to the leſſer. 


Let An c, DEF be equal circles, and let the equal right 
lines Bc, E cut off the greater parts BAC, E DF, and the 
leſſer parts BGC, E UF of the circumferences: I fay the 
creater part B A C of the one ciicumference, will be equal 
to the greater part © DF of the other circumterence, and 


the leſſer part BG C equal to the letter part EHF. 


For [by 1. 3.] find the centres K, L. ef the circles, and . 


join B K, K c, EL, L F. 
Then becauſe the circles 

are equal, the lines drawn / 

from their centres will be 


A 


des BK, KC are equal to Þ 
the two ſides EL, LF, 2. =, 
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the baſe B c is equal to the baſe E P: Therefore the ang 
Bk c[by 8. 1.] is equal to the angle E L F. But [by 2b. 3] 
_ equal angles, when they are at the centres, ſtand upon e. 
qual parts of the circumference : Wherefore the part noc 
of the one circumference is equal to the part F H F of tho 
other circumference. But the whole circumference a pc 
is equal to the whole circumference HF: Therefore thy 
remaining part BA C of the one circumference, will be e 
qual to the remaining part EHF of the other circumęe. 
rence. 

Therefore in equal circles „equal right l cut off equi 
parts of their circumferences, the greater part equal to the 
greater, and lefler part equal to the leſter, Which was to 
be demonſtrated, 


P'ROP.-XXIX. THEOR. 


Ty equal circles the right lines cu'ting off equal parts 
of their circumferences are equal. | 


Let the circles AB c, DEF be equal, and let BU 
E H F be equal parts of their circumferences z and join Bc, 


EF; I lay the right line BC is equal to the right line Er. 


For, find K, L the 
centres of the cir- 
cles. And join BK, 
K C, E L, LE. 
Then becauſe the 
part BGC of one 
—— - circumference is e. 
— Pd qual to the part Fur 
7 oi the other; the an- 
ole BKC all be equal to _ angle x LF [by 27.3.). And 
| becauſe the circles anc, DEF are cqual, the lines drawn 
from their centres will be equal: Wheretore the two ſides 
rie 1 to the two ſides k I., L F, and they con 
tain equal angles | Therefore the baſe BC [by 4: I. 10 
| Equal to che baſe EF, . 
Wherefore in equal circles, the right lines cutting of 


equal parts of their Clreuntcrences : are equal. VV lich Was 
BL o be uy mon rated. | 
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1 Book III. | 
PROP. XXX. PROBL. 


| 75 divide any given part of the circumference of 4 
3 circle into two equal parts, 


cle is divided into two equal parts. 
done. 


; Any angle in a ſemicircle is a right angle, 4 
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Let ADB be a given part of the circumference of a cir- 


de: It is required to divide this given part ADB of the 


ciccumference of a circle into two equal parts. 
Join AB, and | by 10. 1. } biſect the ſame in c; from 
the point c |by 11. I.] draw CD at 
right angles to AB, and join A p, DB. 
Then becauſe ac is equal to C By 
and CD is common, the two ſides 
Ac, Cb are equal to the two ſides 
B Bc, Cp, and the angle Ac p is equal 
to the angle B © D, as being cach of them a right angle: 


| Therefore the baſe A D (by 4 4. I.] is equal to the baſe D B. 
But by 28. 3.] equal right lines cut off equal parts of cir- 
cumferences, the grea ter part equal to the greater, and the 
E 1:fer part equal to the lefier; and each of the parts A Dp, 
E 0g of the circumference, is leſs than half the circumfe- 
| rence. Wherefore the part A D of the circumierence, will 
be equal to the part BD of it, 


Therefore any given part of the circumſerence ofac cit 
W hich was to be 


P R OP. XXXI. THE OR. 

any an- 
due in a greater ſegment is leſs 1 then a right angle, 
and any angle in a leſſer ſegment is greater than a 
right angle; and morecver the angle of a greater 
ſeament 1s greater than a riTDt ai gies and the ane 


gle of a ele 7 Jegment, 7s le MM than à right angle. 


Let ABCD be a circle, whoſe diameter is BC, and 
7 


centre k. Take a any points A and p, in the circumference, : 
and join B A, AC AD,.DC: 
E ſemicircle Bac is a right angle: The angle in the ſegment. 
Ac greater than a ſemicircle, is leſs than a right angle, 
and the angle A Dc in the ſegment DPA c, Which 1s leſs 
| Wan a ſemicircle en Is greater than a right angle. 


[ ſay the angle BAC in the 


Join 
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Join A E, and produce B A to f. 
Then becauſe B E is equal to x4, 

the angle E AB is [by 5. 1 5 equl 

to the angle EBA. Allo becaut 

EA is equal to E c, the angle act 

will be equal to the angle c ax: 

and fo the whole angle B ac, ie 


qual to both the angles AB C, ach Fu 
| But the angle FAC without the ti | ole | 
angle ABC, Is [by 32. 1 ] alſo equal to both the ange equa! 
ABC, ACB: Wherefore the angle BA C i; equal to th de oi 


angle FAC: and ſo each of them [by 10. def. 1. ] is a ft , 
le: W Coro 
angle: Wherefore the angle CAB in a ſemicircle 1 is a rig ©. 
| | tr! 
angle. 3 
And becauſe the two angles A B c, BAC of the triangt 
An c by 17. I.] are leſs than two right angles, and Ae - 
is a right angie; ; the angle ABC will be Jeſs than a right i 
angle. And it is in the ſegment ABC, which is greater WF + 
than a ſemicircle, 


And fince ABCD is a quadrilateral Ta 1 in a cirdk, N If 


and [by 22. 3.] the oppoſite angles of this figure are eq £4 
to two right angles; the angles ABC, ADC will be equal WF 7 
to two right angles; and the angle A BC is leſs than a ligt *4 
| angle : Therefore the remaining angle a p c will be great WF 7 
er than a right angle, and it is in the ſegment AD c, which 
is leſs than a ſemicircle. | 3 [ 
| fay moreover the angle of a oreater hn contained iW and 
by the circumference ABC, and the right line e Ac, is grea- i ſay 
ter than a right angle; and the angle of the leſſer legen eq. 
contained by the circumfercnce ADC, and the right ine th. 
. o is leſs than a right angle; which is indeed ſufficient : the 
evident. For becaufe the angle contained by the right lines 


B A, AC is a fight angie, the a angle contained by the ci- 
cumference A BC and the right line aC is greater thana s 
Tizht angle. Alſo becauſe ts angle contained by the right WWF © 


lines CA, AF is a right angle 5 — angle contained by the e. 
right line CA and the cl reumference AD 85 is les thana WW 
richt 8 „ tot 
| | ; 1 . 1 ; 5 . | Þ 

" Theref re any angle w. Lich is in a ſomicirdla is a right + 


| angle, any ang! © in 0 Seat ſegment, is less than a right | t 
; angle, and any Ang le in a leſſer ſegment, is gr reater thana * 
11 17 ght al Se; 5 and EN 89 the ande of 4 greater | r ſegments 
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| is greater than a right angle, and the angle of a leſſer ſeg- 
ment is leſs than a right angle. | 


Prated. 


} and draw any riabt! line BD from 3 
| lay the angles that 3B D makes with the tangent EF, are 
© equa! to the angles which ſtand in the alte rnate ſegments of 
the circle, that is, the angle r B Þ i3 cqual to any angle in 


| the ſegment DAB; and the angle E Bi CC ual | to any angle 
in the ſegment DCB, 


ges to K F, take any point Cc in the 
| CB. 


touches the circle ABCD in the point 
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Which was to be demon- 


Ocherwiſe: 
| The angle B A c is proved to be a right angle thus. Be- 


: Uuuſe the angle A E C is double to the angle B A E, ſince 


(by 32. 1. ] it is equal to both the inward oppoſite an- 
gles: and the angle A E E is double to the angle E Ac. 


| Therefore the angles A E R, AE c will be double to the an- 


ple BAC. But [by 13. 1.] the angles A E EH, AE C are 


ö equal to two right angles? Therefore the angle B Ac will 
| be one right angle. Which was to be demonſtrated. 


Corollary. From hence it is manifeſt, If one angle of a 


triangle be equal to the two others, it is a right angle: 
becauſe the angle which is adjacent to it, is equal to both 
| thoſe angles; and becauſe [by 10. def. 1.] when adjacent 


ö angles are equal, they are each of them a right angle. 


PR OP. XXXII. THE OR. 


| i a right line touches a circle, and a right line be 


drawn from the point of contact cutting the circle; 
the angles that this line makes with the tangent, 


will be equal to the angles that ftand 1 in the alter 


ale ſegments of ce circle. 


For let the right ve E F touch the RY AB C D in 3, 
cutting the circle: 1 


For by 11,1% draw B A from the point B at richt an- 
| circumference BD, and join AD,DC, 

Then becauſe the right line 3 E F 5 £ 
i and BA is drawn from the point | 


* contact B at right angles to the 
Pogeat, the centre of the circle 1 


lined angle : it is required. to deſcribe the ſegment of a ci 
cle upon the given right line A B, containing an ag 


equal to the angle c. ” his angle 1 IS either an ute, a fg 
1 angle, 0 or an obtuſe angle, 
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ABC D [by 19. 3-] will fall in A: Wherefore [by z 155 


the angle ADB in a ſemicircle is a right angle: chern 


the other two angles B AD, ABD are both together op 
Tight angle. But [by conſtr.] a BF is a right angle: there 


fore [by 1 10- ax. ] the gd A BF is equal to the angles Bad 
ABD, Take ABD, which i is common, from both ; ; the 


will the remaining angle D BF be equal to an angle in th 


alternate ſegment "of the circle, viz, to the angle Bay 
And becauſe A B CD is a quadrilateral figure in a circle, j 


oppoſite angles [by 22. 3.] are equal to two right angles 
Therefore [by 13. I.] the angles D F, DB E, are equaly 
the angles BAD, B CD. But B A D has been proved to! : 


equal to DEF: I herelore the remaining angle DBE yil 


be equal to the angle DCB in the alternate ſegment Der 


of the circle. 
If therefore a right line touches a circle, and any ligt 


line be drawn from the point of contact cutting the circ! 


the angles that this line makes with the tangent, will“ 


equal to the angles ſtanding in the alternate . of tl 
Circle, | Which was to be demonſtrated. 


PROP. XXXIII. PROBL. 


7 0 deſcribe a ſegment of 0 circle upon a given rig 


line containing an Ares ing e to 0 given & lit 
angie. | 


Let AB be a given right line, and c the giren rh 


In the firſt place, let it k 
an acute angle, as in the b 
figure, and at the right line 
and point A therein, "make l. b 

23. I.] the angle BAD cu 
to the angle C: Therefore 30 
i ͤis an acute angle. And frag 
the point A draw [by 11. f 
the right line A E at right at 
. gies to A o, and BY: 10 11 
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| qual to the angle GFB: There- 


na circle deſcribed about 6, with 
the diſtance A G will paſs thro' 
B: Let this circle de deſcribed, 
as AB E, and join E B. Then 


end a of the diameter AE at 


gle BAD [by 23. I. ] equal to the right angle c 
10. 1] biſect AB in F, and with 3 centre F, and a IT 


1 


Book III. 
ſect A B in F, and from r draw 7 
yo at right angles to AB, and 
join G B. 
zs equal to F By and F G is com- 
mon, the two ſides AF, FG 
; are equal to the two ſides F B 


Fuclid's Elements; 


Then becauſe AF 


p, and the angle AFG is e- 


fore the baſe A G (by 4. 1. ] is 
equal to the baſe 6 B. Therefore 


becauſe A D is drawn from the 


rigbt angles to A E; the right 
line A D [by 16. 3.] will touch the circle, And barges 
the right line A D touches. the circle ABE, and the right 
line A B drawn from the point of contact a, cuts the cir- 


cle; the angle DAB [by 32. 3. will be equal to the angle 


which is in the alternate ſegment of the circle, viz. equal 


to A E RH: But the angle D A B is equal to the angle c; and 


therefore the angle c will be equal to the angle AEB. Where 


fore a ſegment A E B of a circle is deſcribed upon the right 


line A B containing an angle AEB equal to 2 a Hen right 


| lin'd angle C. 


Secondly, Let the given angle © be a right angle: and, 


again, it is required to deſcribe a {cement of a circle upon 
the given right line A B containing an angle equal to BY 


OS 
Again in the ſecond figure, make the 2 


; and "by 


given angle c. 


tance equal to A F or F B deſcribe the circle AE RH. Then 


| [by 16. 3.] the right line A D touches the circle A BF, be- 
| cauſe the angle at A is a right angle. And the angle B 


BAD 
v equal to the ang'e 1 in the ſegment AE R: for it is [by 
231. 3.] a right angle, becauſe it is in a ſemicircle. But 


| the angle BAD is equal to the angle c. Therefore again a 
N 1 A EB of a circle is deſcribed upon the right line 5 
a Containing an angle equal to the angle c. 


. Let the angle C be obtuſe, and at the right line 


4 


right line A E at right angles to BD, and again [by 19, 1, 


- Ange AFG is equal to the angle BF G: Therefore [by 


Geeks deſcribed with the centre 6 and diſtance a 6, vil 
paſs thro B. Let it be deſcrib'd as A EB. And becauſe 
AD is drawn from the end of the diameter A E at right 


circle At B, and A B is drawn from the point of conta wut 


is in the alternate ſegment A HB of the circle. But the | Con! 


To cut off a ſegment from 2 given circle, contain nd 


8 angle D: It is requir'd to cut off a ſegment from the given 
circle An c, containing an angle equal to the ge igt | 
un e angie , Cauſe 


E the angle F Bc b 7 32. 3-] will be equal to that i 
the alternate ſegment Ba c of the circle. But the ange Wer: 
FB C is equal to the angle D. Therefore the angle 1 in th 1/4301 
8 en BAC > Will be alſo equal to ts wh b. 
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AB, and the point A make [by 23. 1.] the angle BAD, equi W 
to the angle c, as in the third figure; and by 11.1.]drawth cire 


biſect AB in F, draw FG at right angles to AB, and join Gy, 
And becauſe AF is equal to F B, and FG is common, the ty 
ſides FO, AF are equal to the two ſides BF, F G, and the 


I.] the baſe A G is equal to the baſe G B; therefore ; 


angles to it, the right line AD [by 16. 3.] will touch th 
A: Wherelore the angle B A D is equal to the angle which 


angle B AD is equal to the angle c. Therefore the ang 


© is equal to the angle in the alternate ſegment a Hd ent 


the circle. Wherefore the ſegment A HB of a circle i; D 


deſcribed upon the given right line A B, containing an ar ſp * © 


| gle equal to the angle c. Which was to be done. 3 
P R OP. XXIV. Þ R BL. W cent 


an angle equal 10 4 given right lined angle. 


Let ABC be a given circle, and the given right line! I hein 


Draw wo 17. 3 Jt the right line EF 9 the cirde Nine 
Az c in the point B, and a ſro 
the right line F E, and point ue, « 
therein make [by 23. 1.] ti elt 
angle FBC equal to the angle p. t © 
Then becauſe the right lin 

Wh rx touches the circle 4a 3c, {WW i 
and the right line B c is cram a. 
„ 5 1 from the point of contact 3; 


Ther 


Ill 
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V the 
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wil 
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| ook III. 
Therefore the ſegment BAC is cut off from the given 


EC kurcle ABC containing an anole equal to the given right 
| Jncd angle D: Which was to be done. 
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PROP. XXXV. THE OR. 


| If to right lines in a circle mutually cut one onother, 


' the reftangle contained under the ſegments of the 


one, will be equal to the rectangle contained under 


the ſegments of the other". 


For let two right lines Ac, B D in a circle ABCD, 


mutually cut one another in the point E: I ay the rect- 
angle contained under A E, E C is equal to the rectangic 

| @ntained Under DE, 8 
Now if AC, B D vale thro? the centre, ſo 5 E is the 
entre of the circle ABCD: it is manifeſt, that A E, x Es 

or, E being then equal, the rectangle contained under 
Ar, ec will be equal to the rectangle contained under 


Ir, EB. 
hut now let the right lines à c, D B, not paſs theo! the 
centre, and (by 1. 3. ] find r the centre of the circle ABCD. 


and [by 12. 1. from F draw the right lines FG, FH per- 
Ependicular to 


Ac pn, 9 
[join r , F C 
rf. 


Then be- 
| n the right 
Hine © 8 
Whro' the cen- 
re, cuts the 

Nat line a C | | 
Wor drawn thro? the centre at right angles J it will [by 3. J+3-} 


DIſet the ſame: fo that A is equal to GC. And becauſe 


A Bc, WW rizht line A c is divided into equal parts in the point 
drawn F b, and into une qua! ones in the point E, the rectangle 
tact 33 Htained under & E, k C, together with the ſquare of Gf, 
that in bill by 5. 2.] be equal to the ſquare of G. Add the 

e ange are of GF to both: then the rectangle under A E, Ec, 
in the Meter wich the ſquares of G E, G F is equal to the ſquares 


herelole 


{EG GE, But {by 47. I.] the ſquare of FE is equal 
Fic ſquares of E 9 OF, and the duare of FC e to 


ſquare of Fe. But FC is equal to FB: Therefore þ 


rectangle under D E, E B, together with the ſquare of xy, 


the rectangle under AE, Ec, together with the ſquare 0 


the > kw of CG, GF: Therefore the rectangle an | prot 


AE, EC, together with the ſquare of F E, is equal to th * 
efo 


rectangle under AE, EC, together with the ſquare of Ft bool 
is equal to the ſquare of F B. By the ſame reaſon, th e 
| e 


pro 
18 equal to the ſquare of F B. But it has been proved thy 1 | 
F E is equal to the ſquare of F B: Therefore the rectane; 
under AF, EC, together with the ſquare of F E, is cc 
to the rectangle under D E, EB, together with the ſqun 
of F E. Take away from both the ſquare of FE; u 


. 
+ 
_# 
.* 

* , 
3 


| then there will remain the rectangle under AE, EC cu 

to the rectangle under D E, EB. = 

Therefore f two right lines in a circle mutually cut on 1 

another, the rectangle contained under the ſegment 1 
the one, will be equal to the rectangle contained uni 

the ſegments of the other. Which“ was to be dem | 

ftrates. a and 

cut 

1 This een may be vated thus: I tu 750 't Un cet 

cut one another, that the rectangle contained under the Fo f doc 

of the one, be equal to the retangle contained under the fegrant 3 | 

off the other ; ; a circle may be d. fer 4bed thro" the extr eme + ints ane 

_ thoſe two right lines, that is, à circle diſcribed this any tir E rig] 

of thoſe NS. points <vill allo paſs thro* the fourth, _ E anc 

For let the right lines a n, C b mutually cut one another ca, 

E, ſo that the rectangle ander AE,EB be equal to the r ro! 

angle under © r, Ev: I ſay the four points à, p, B, c doal 155 

fall ; in the circumference of the ſame circle, and 10 that cinl 2 

which paſtes thro' the three points a, b, B, -wall neceffariy pal FE F, 

5 thro the point c. For deſcribe ſome circle thro” the three pon 2 

| 2, p, B [how this is to be done, fee prop. Ws. 

lib. 4.] which if it does not paſs thro" ,t, 

| paſs bey ond c, on this fide of it, or thro 4 Bt 

Then becauſe the rectangle under „ 0 Ft 

l by 35. 3. ] equal to the rectangle under get 

Ak ez, and the reQangle under cr, E hy 

1 "D- 25 equal to the ſame rectangle under re 
ES ; the reQangles under c E, E b, and We. 

der Pr, „ep will Ray equal, The part and the whole; Which + 

ablurd. Therefore the circle paves: thro" the ad c. W. 1 I 

was to be demonſtrated. FEI 

This xxxvth propoſition, as well as the next. may be 0888 ſq 

elegantly demonſtrated by the h book, chicfly from K 1; 
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rop. xvi. of that book. But Euclid wanted theſe propoſitions | 


fre, for demonſtrating the tenth and eleventh of the fourth 
book; and therefore he was obliged to demonſtrate theſe pro- 
1 poſitions in the third book, as well as he could: beſides, as 
© the third book treats of the circle, he has put them into their 
proper place. TT N 


3 PROP. XX XVI. THEOR: - 

If any point be taken without a circle, and two right 
EF lines be drawn from it to the circle, the one 
whereof cuts the circle, and the other touches the 
circle; the reftangle contained under the whole 
ſecant [or cutting line] and its outward ſegment be- 
tween the aſſumed point, and the convexity of the 
circle, will be equal to the ſquare of the tangent. 


and let two right lines DC A, P B, be ſo drawn, that D C a 
cuts the circle, and p B touches it: I ſay the rectangle un- 
der AD, DC is equal to the ſquare of By, Now DCA 
does either paſs thro” the centre or not. ne 


& Firſt let it paſs thro” the centre F of the circle AC: 
} and join F B. Then [by 18. 3.] the angle F BD will be a 
night angle; 5 D ; e 
and ſo be- e 
Jezuſe the „ 
night line Ac 
s biſected in 
Er, and the 
night line oo 
Is added to 
it, the rect- 
; angle under | \ 


ab, DCto- RV | 
Ifther with... So 


| the ſquare of ig, oy A 5 | | „„ 
Fe, wil [by 5. 2.] be equal to the ſquare of FD; but r 
equal to x B: Therefore the rectangle under AD, DC, 
together with the ſquare of F g, is equal to the ſquare of 
FFD. But the ſquare of FD | by 47. I.] is equal to the 


| Licrefore the rectangle under A D, be, together with the 
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© proportionality of the ſides of equiangular triangles, and by 


For let any point p be taken without the circle A . 


ſquares of F B, BD; for the angle F BD 1s a right angle. 


L 2 tquare 


GEE EIT 


| ſquare of FB is equal to the ſquares of F B, BD. Th 
away the ſquare of F ; from both, and the rectangle under 


| Wherefore A F is equal to . Again, becauſe the right 
line Ac is divided at F into two equal parts, and the rich 
line cp is added to it, the rectangle under A D, Dc, w. 
gether with the ſquare of r c will [by 6. 2.] be equal b 

: the ſquare of x D. Add the ſquare of F E to both: Tha 
the rectangle under A D, De, together with the ſquares 


for EFD is a right angle: and the ſquare of CE is equi 
to the ſquares of © F, FE: therefore the rectangle unde 
Ap, Dc, together with the ſquare of c E is equal to the {quare 
of ED. But c E is equal to EH; therefore the rectangt 
under A p, Dc together with the ſquare of E B is equal 
the ſquare of E D. But [by 47. 1.] the fquares of E B, 5) 
are equal to the ſquare of ED ; ſince E B P is a right angle: 
Therefore the rectangle under A D, DC, together wit 
the ſquare of E B, is equal to the ſquares of E B, B p. Take 
from both the common ſquare of E B; and there will fe 
main the rectangle under AD, DC equal to the {qui 
of DB. 


15 Which was to be demonſtrated. 


i any point be taken without a circle, and 1500 right 
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AD, DC remaining will be equal to the ſquare of the ta. WW ©. 
gent 8 D.. Fir 
But now let D c A not paſs thro” the centre of the ci WW © 
ABC, find E the centre, and from E draw [by 12. 1.] xx ns 
perpendicular to A c, and join B, EC, E D then is Er x 
a right angle. And becauſe the right line £#-drawn tuo 
the centre cuts the right line A c not drawn thro' the cen. 4 
tre at right angles; it will [by 3. 3.] biſect the fame: as 


C F, F E is equal to the ſquares of D F, FE. But [by 
1. ] the ſquare of DE is equal to the ſquares of DF, FE, 


If therefore any point be kin without a circle &6 


PROP. XXXVII. THEOR. 


lines be drawn from it to the circle, one of wbic 
cuts the circle, and the other meets it, and tit 
rectangle contained under the whole fecant [or cut. 
ling line] and the exterior part of it beteoc tht 
aſſumed point and the convex part of the circle l 
equal to the ſquare of the line meeting the cirit; 


this loſs line will touch the circle. en 


III 
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br Þ For let any point D be taken without the circle A B c, of} 
Pts, and let there be two right lines DCA, DB drawn to the þ 
a circle from the point p, one of which as Dc A cuts the 1 
oh circle, and the other, D B meets it, and let the rectangle 4] 
11 under A p, Dc be equal to the — of D B: S ſay D B . 
5 an | touches the circle A B C. 8 
en For [by 17. 3. draw the tangent DE to the cirele 1 
« e and [by 1. 3. ] find the centre F of the circle A c, [? 
cane. i and join F E, FB, FD: then [by 18. 3. 5 the angle FED 1 
— b a right angle. F 
g rel And becauſe D E labs the circle & 
* azc, and DC A cuts it, the rectan- 1 
2 : ; 0 under A D, DC will [by 36. 3.] 0 
_ de equal to the ſquare of DE. But | 
esd the rectangle under A p, DC is put if 
b equal to the ſquare of DB: Therefore fj 
0) *' We the ſquare of DE will be equal to the 
Mos : ſquare of DB; and ſo the line DE is 
an. | Equal to the line DB: But the line 
* Ee equal to FB too: Therefore 
N the two ſides D E, E F are equal to the 
qual wo ſides DB, B F, and they have a 
no dommon baſe: F D: therefore the angle D E F by 8. 1.1 4 
angle bil be equal to the angle BBF: But DEF 1s a right an- We ; \ 
— We: wherefore p B F allo is a right angle, and F B conti- 11 
5. Take Nucl out is a diameter. But a right line drawn from the 0 
ul r. end of a diameter at right angles to it [by 16. 3.] touches — 


de circle ABC. The demonſtration will be the ſame if N 1 
(the centre of the circle be in AC. | | 12 
Ulk therefore any point be taken without : a circle, £7. 
uch was to o be demonſtrated. 
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|  qvhen the angles they make with a Jemialameter j 


is the right line F E, and let c, D be two aſſumed poitt 


equal to one another: I ſay theſe two right lines, taken 
together, will be leſs than any other two right lines cu, 
po H taken together, drawn from the aſſumed points c 
to any other point H in the circumference of the gue 


op = If == right angles FEG, FEK Wt 


circle, tha tangent G K will cut the right lines c H, DH 
without the circle. Take any point 1 upon the tangent 
within the angle CHE, and join the right lines Cc 1, p! 


8 
E 
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Additions to the Third Book 4 


PROF. I. THEOR. 


L two points be aſſumed without a given cir, 
and from the ſame be drawn two right lines 
the convex ſide of the circumference of the cir; 
theſe lines both taken together will be the Is 


_ the circle be equal, 
Let there be a given circle A E R, whoſe ſemidiamet 


without the circle, and let two right lines c E, ED K 
drawn (not cutting thro the circle) to the point E of th 
circumference of the circle, making the angles F EC, El 


circle AEB. 
For thro' E [by 11. 1 1] draw the right TR G E perper 
e 5 dicular to the ſemidiamte 
N 'FE. Then [by cor. 16. 3. 

6E Will touch the ch In 
the point x, And ſince tie 


—— equal, and the angles F Ee, 
r E p are alſo equal [by ſu 
_ poſition] therefore the ang 
G Ec, DEK will be equl 
0 one another. And be- 


gent G K falls ichen the 


Now becauſe the 8 GEC, DEK have been proved b 
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he equal to one another; [by 1. of addit. to lib. 1. ] C E, ED 
| together will be leſs than C 1, 1 p together, but C 1, I D toge- 
E ther [by 21. 1+] are leſs than c H, D H together, Therefore 


ct, E D together will be much leſs than c H, D H together, 
| Therefore Sc. Which was to be demonſtrated, _ 


K. 


3 HCHOLIUM: -” 
Vit were required to find a point in the circumference of 
given circle ſuch, that drawing right lines from tws9 


: ih, given points without the circle to it, the angles made by theſe 
e lines with a ſemidiameter, or with a tangent to the circle 
rae rows thro? that paint, ſhall be equal: The conſtruction of 
- (of ſuch a problem generally could not be obtained by the poſtula- 
er un, of Euclid, that is, by means of a right line and a 


amet: Wi r, l. T E O R. 

He lt a circle any two parallel right lines intercept 

: D E | 1 | og 
equal parts of the circumference. 

of e | 7 P | 4 ” 4 ; = 

„Fb Let AB De be a given circle, and AB, CD any two 

taken parallel right lines drawn in it, intercepting the parts AC, 

es vb of the circumference : I fay theſe arches or parts A c, 

ts odo of the circumference will be equal to one another. 

gien For join the points à, D, by the right 


ine A bp. Then becauſe the right lines R 
perpen I + B, Co are parallel, the alternate an- 
iamete E oles BAD and ADS will [by 29. 1. 
16. 3 be equal to one another. Therefore [by 
ircle u 26. 3.] the parts A c, ; p of the circum- 
nce te ference of the circle will be equal. ; 5 
x k ar WW Wherefore, Sc. Which was to be A” 


'© | 


ro demonſtrated. 

nd OLD „ Ty 

© PROP. Il, THEOR. 
"0 uw f rom any Wo points of | the circumference | of G 
\c ta £7927 circle to any point of an aſſumed tangent of 
out the that circle be drawn two right lines, the angle that. 
1, 55 theſe right lines make with one another at the 
tangent tangent will be the greateſt of all when the aſſu- 


| I, D If 


med point is that of contałt. 
oved v ng 3G 
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Let A,B be two given points in the circumference of he vil 
given circle AFCB; and let the right line Þ © touch th F 
circle AEC E in the point c; draw the right lines a c, he dra 
to the point of contact c, and to any other point p in te the 

tangent from the given points A, B draw the right ling per 
AD,BD: J ſay the angle AC B will be greater than th me 
angle ADB. 5 poi 
For let Ab cut the circumfe. f 

rence of the given circle in te 

point E, and join the right ne WW cor 

RK. of 

Then becauſe he angles AER, | re 

ACB in the ſame ſegment x {MW at 

by 21. 3.] equal to one another, 41 

But the angle AE B 1s [by 2117 | {qu 

greater than the angle AD. eq 

Therefore will the angle a ce ge 

greater than the angle . dhe 
N he e Sc. Which was to be mh abel. the 
ea 

PROP. IV. PROBL. be 

Any cial line being given, and two points over tt; 4 
it is required to ind a point in that given 7: 1 N 6 
line ſuch, that drawing two right lines from the 4 
given points to it, the angle contained by bei . 
all be greater than any other angle contained in. v 
der two right lines drawn from thoſe given pul of 
to any other point in the given right line. I a 

Let the given right line be cp, and the given poins WF : 
over It A, R: it is required to draw two right lines fron pe 
the points A, B, to the right line c p, ſuch, that the ange 
contained under them ſhall be greater than any other angle gl 
contained under two right lines drawn from the points 4,3 WF B 
to any other point in the right PS = If 

Firſt let the given points A, ; be ſo ſituate as not to bein WE ti 

22 right line parallel to the given right line G p. Join the p 
points A, B by a right line,” which being continued, Chal! e. 
cut the right line CD in the point p. Make by 14. 2] WE: 
PD ſuch, "that i its ſquare ſhall be equal to the rectanęle um n 
der Ab, o; then will e be the point required. For 


to right | lines AC, BC be drawn to it, the angle AC 
XD] | WII 


V if 
right 
3 the 
they; 
d 1. 
Punt 


points 
; {rom 
| anole 
- angle 
S'A,B 


J he in 
in the 
1, ſhall 
4.2. 
le Un- 


Re 
ACD 
'1} 

Wil 


| will be the ak of all ſuch angles at the right line C p. 


1 conſtruction] the ſquare 


ar {by conſtruction, and by 8. 
ac deſcribed about the centre F . the diſtance Fe 
| will paſs thro the points A, B. And ſo becauſe the ſquare 
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For biſect [by 10. 1.] AB in the point E, and from x 


. [by 11. 1; ] the perpendicular EF to AB. Alſo from 
the point C erect CF 


perpendicular to c DA 
meeting EF in the 
point F. 
Join A F, F By F D. 
Then becauſe | by 


of cb is equal to the 


rectangle under AD, BD, But ſince [by conſtruction] 


aB is biſeed i in E, and ſo | by 6. 2.1] the rectangle under 


AD, Br together with the ſquare of E B 1S equal to the 
ſquare of ED. Therefore will the ſquares of C D, EB be 
equal to the ſquare of E D. But ſince FEB is a right an- 
cle, and fo [by 47. I.] the ſquares of EF, E ; are equal to 


| the ſquare of E B, the ſquares of C p, F will be equal to 


the ſquares of E D, EF. And becauſe Fp, FD are 


each right angles [by 47. I.] the ſquares of c p, CF will 


be equal to the ſquares of ED, EF, each of theſe ſquares 
together being equal to the ſquare of FD. Wherefore the 


ſquares of CD, FB will be equs! to the ſquares of CD, Fc, 


and ſo C , F B will be equal. Bag age FB 1s equal to 


Therefore a circle 


of c D is [by conſtruction] equal to the rectangle under 


Ab, DB; the right line c Þ will [by 38. 3. touch the 
circle ABC in c. 
n will be the greateſt of all, when its poine” is at the 
| point of contact c. 


Therefore [by 3. of this] the angle 


Secondly, Let the right line A B lig. 2. joining the 


given points A, n be paralle] to the given ihr line co. 
| Biet AB in u, as before; and from n draw the right 
line EC perpendicular to AB, gut- 
. ing the given right line C Þ in the 
4 point C. 
cd, 1 fay the angle A c will be 
becater than any other 
minating in the right line CD, 2 2nd 
| whoſe lides paſs thro' the given 
f oo A, By : 


Fig. 7 08: 


"Then if AC, BC be join- 
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For biſect Ac in the point G, and from & draw the 
right line G perpendicular to Ac, meeting the right line 


EC in , and join FB. 


Then [by conſtruction and 8. I.] AF will be equal to 
F B, and ſo will F c be equal to either of them. There. 
fore a circle a 3 c deſcribed about the centre F with either 


of the diſtances FC, F A, F B will paſs thro' the other two 


points. And ſince ECD is a right angle [by conſtruction] 


| therefore [by 16. 3] the right line C D will touch the cir. 
cle ABC in the point c. Wherefore [by 3. of this] the 


angle A C B will be greater than any other angle contained 
under to right lines drawn from the given Points A,Bt9 
any other point in the right line c . 
Wheretore, c. Which was to be demonſtrated, 


PROP.V. T HEOR. 


If the fi des, or their contintuations, of two triangle 
having the baſe of the ſegment of a circle for their 
baſe, and both being on the ſame fide, interceht 
_ equal parts of the circumference of the circle, the 
angles contained under their ſi des, or their con. 
nuations, will be equal. . 


For let a c D be a given circle, and AB the baſe d 
the ſegment A c B. Let AGB, AHB be two triangles 
ſtanding on the ſame ſide upon the baſe AB of the eg 
ment, the ſides a G, B G of the one, or their continuati- 


ons [ſee fig. 2.] intercepting the arch c p equal to the arch 


E F intercepted by the fides A H, B E, or their continuation 


of the other. I ſay the angles AG By A HB will be £quu 
to one another, 


For join the points A,D; Pr 
Then becauſe [by 21. 3.] the angle A DE (88. 1.J 8 


equal to the angle A E B, and the angle CAD is equal to 


FBE, ſince the arches c D, E F by ſuppoſition] are equal 


| And becauſe the outward angle of ever ry triangle | by 32.1: ] 
is equal to both the inward Sod oppoſite angles, the angle 
GAD, AGD will be equal to the angles EE H, A H B. And 

: taking away the equal angles G A D, E BH there will remain 


the angles AGB, AHB equal to one another. 


Again 
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Again 


| al to the G e | + 
WN — 3 R 


| the arches 


fore the an- 
gles ADB, 


Ihen becauſe [ by ſuppoſition] 
| the right lines B C, BD are equal 
do one another, the two angles. 
pp, BDS [by 5. 1.] will be E | 
equal to one another. In like N 
manner ſince E p, DB are equal 
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Aͤgain [ fig. 2. ſince the angle A D [by 21. 3. ] is equal 
; ' to the angle | Fi : : | | 

E AF PB, and the 8 | , 


Fig. 2. 
angle DB G is 
angle E A H, 


cD, EF being 
equal ; there- 


DB G will be = ARR 
equal to the angles A E R, E AH; and fo the outward an- 
gles AGB, A HB of the triangles GD B, AE H will be [by 
32. 1.] equal to one another. * HE 
Wherefore, &c. Which was to be demonſtrated, 


oo oOBROPF VL-THEOR:- 
If any right line be taken in a circle, and the ſame 

be continued out till the external part be equal to 
the ſemidiameter of the circle, and if a right line 


be drawn from the farthef extremity of this part 


bro the centre of the circle to its concavity, the 
_ two parts of the circumference intercepted between 


_ other, 


| theſe right lines will the one be a third part of the 


Let A B F E be a circle whoſe centre is p, and AB be 


any right line taken in it, which let be continued out till 
the external part B c be equal to the ſemidiameter B D of 
the circle; and from the point c, let the right line c E be 
| drawn thro' the centre p, cutting the circumference of 
the circle in the points E, F: I ſay the arch BF intercept- 
| ed by the right lines A c, EC will be one third part of the 
JJVWVJVJJV%Vh%W ..... 


For join the right line E B. 
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to one another; the angles DE, EBD will be equal tg 
one another; and ſo [by 32. 1.] the external angle n 
will be double to the angle p EB; that is, the angle 3c 

will be double to BEC, ſince the angles B C D, B De hate 
been proved to be equal to one another. Therefore thoſe 
angles taken together, or the external angle A B E will be 
thrice the angle B EF; and ſo fince [by 26. 3.] equal part 
of the circumference of the circle are interſected by the 
ſides of equal angles: therefore the arch A E will be thrice 
the oF. EE 3 | 

Therefore, Ne. Which was to be demonſtrated. 


1 1 0 
The ſolution of the following problem 1s ah ly obtained 


from this theorem, viz. An arch of a circle being given, tt 
find an arch that ſhall be thrice thereof. But the contrary 
problem, to find an arch of a circle which ſhall be one third 
part of a given arch, cannot be ſolved by Euclid's 1 


tums, vix. a 5 line and a circles 


PROP. VII. THEOR. 

Fi any two right lines within a circle mutually inter. 
ſect one another at right angles; the ſums of each 
| two of the oppoſite arches between-the extremities 

of thoſe right lines will be equal to one another. 


Let ABC be a circle wherein the two right lines A 3, 


c D interſect one another at right angles at the point H: 

I fay the ſum of the oppoſite arches A Dp, C will be equit 
to the ſum of the oppoſite arches A c, DB. 

For aſſume the centre of the circle P 1. 3.] and thro 

it by 31. 1.J draw the diameter E F paralle] to the gt 

line A B. 

Then becauſe A B is 8 to cD, and EF is 
parallel to AB; the angle DGF [by 29. 1.] will bea 
right angle; and fo [by 3. 3-] the right line c Þ will be 

bitectei in the point G. Wherefore [by 8. 1.] the right 

lines joining E D, E C will be equal to one another. And 

ſo [by 28. 3.] the arches E c, ED will be equal to one 

another. In like manner CF, DF will be equal. And 
lince the auchen E D £3 E CF are alſo equal to one another, 


: i 


as 


bock III. 


and the arch E D is equal to the 


| together with the two arches E a, _/ 


à circle ; A DS paſling thro” the 
| three angles n, c, D of the figure 
will alſo paſs thro? the fourth | an- 
Lular point Aa. 
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as being each of them one half 
the circumference of the circle, . 


arches E A, AD; the arch CF H 


a p will be equal to one half the Ft 
circumference. But the arch EA 
[by 2. of this] is equal to the l 
arch BF. Therefore the arch . 
cB together with the arch A p, (. Sees 

will be equal to one half the circumference, and the two 
remaining arches EC, E A, Viz. the arch a C together with 
the arch D B will be equal to one half the circumference 
too. Therefore the oppolite arches A bel and AC,DB 
will be equal to one another. 

Wherefore, Sc. Which was to be demonſtrated, 


$cnolium. 


There is another theorem of this kind, whoſe demunſtra- 
Hon, which is eaſy, 1 ſhall omit, D. That if the conti- 
nuations of two right lines in a circle cut one another at 
right angles without the circle, the difference between twice 
1 leaſt of the oppoſite mnterceptcd arches and the greate/t, 


will be equal to one half the fum of the other two inte. 


| as oppoſi fe arches. | 


PROP. VII. THEOR, 


| [/ the oppoſite angles of any quadrilateral figure be 


equal to two right angles, that circle which Zales 
thro' any three of the angles of e ure © i % 
aſs thro the fourth. 


Let AB CD be a quadrilateral figure, whoſe oppoſite 
angles A, c, and D, B are equal to two right angles: 1. f. lay 


For if the circle a BCD goss 


A 
not paſs thro' the fourth angular 
point A: Let it paſs, if poſlible, 
| aro” ſome other point F. 
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Draw the right lines FB, FD, B D. OS 
Then [by 22. 3.] the angles c, F are equal to two riet 
angles. But [by ſuppoſition] the angles c and A are 20 
equal to two right angles. Therefore the angles a, x wil 
be equal to one another: Which cannot be, fince [hy 
21. I.] the angle F is greater than A. 
Therefore, &c. Which was to be demonſtrated. 


PROP. IX. THEOR. 
If there be any right lined figure having an ev 
number of ſides in a circle, the ſum of all the mm 
gles of the figure beginning at any one, ſucceeding 
one another according to the odd numbers, will li 
equal to the ſum of all the angles, ſucceeding in 
another according to the even numbers. 


Let ABC DEF I fig. 1.] be a figure in a circle havin 
ſix ſides: I fay the ſum of its three angles a, c, E will be 
_ equal to the ſum of its three angles 3, D, r. 

ö For join the firſt angle a, and the fourth p, by a right 
line. „ - TO Et 3 
Ihen becaufe [by 22. 3.] the oppoſite angles A Dc, 

As of the quadrilateral f. 

gure ABC D are equal to the 
oppoſites angles E A D, BCD; 
allo the oppolites angles AD! 

AFE of the quadrilateral f- 
gure A p E x equal to tie op- 
| polite angles F A p, FED. 

J Therefore the ſums of the a. 
gles ADC, ADE, ABC, Aff 
P will be equal to the ſum of tix 

+ 


Fig. 1. 


angles B A D, F AD, BCD 
F | FE D. But the angles 4 DG 
Ap E are equal to the angle C D E, and the angles BAY, 
'F AD equal to the angle B AF. 1 herefore the ſum of the 
three angles B A, BCD, FED Will be equal to the ful 
3 of the three angles A r 5 | 5 
Again, Let the figure ABC DEF OH fig. 2. in de 
. circle have eigl ſides : I ſay its four angles a, C, E, G WI 
be equal to its four angles B, b, F, H. 12 
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| t, H. Therefore [by adding] 


wil be equal to the angles c p A, 
the angles A, C, E, G will be e- 


| ABCDEFGHIK [ big. 2] 
have ten fides : I ſay its five an- 


ges K AF, C, 1 equal to 
k, c, 1 will be equal to 


the anger” B, D, EF A, 


Ap are equal to the an- 


For 
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For divide the figure into the figure a B C p having four 
ſides, and the figure A H G F E p having fix ſides, by draw- 
the right line A p from the frſt angle A to the fourth 5. 

Then [by 22. 3.) the angles BA p, c will be equal to 


the angles C D A, [A and the angles R A Pp, E, 0 by what 


has been already demonſtrated] equal to che angles AD E, 


Fig. 2. 5 


the angles B A D, HA PD, C, E, G 


ADE, B, F, H: that is, ſince 
B A D, HAD are equal to A, 
and ADE, CDA equal to D; 


qual to the angles B, D, F, H. 
Again, Let the figure 


8 - | 


oy AC, E, 25 I will be equal 


For divide the figure into two other figures having fix 
ſides, by the right line AF, drawn from the hrit angle A 


; to the ſixth angle r. 
Ihen [by the laſt cath but one] the angles BAF, cy * 


will be equal to the angles 
5% D, EF A; and the ; an- 


the angles AF Gy H, K. 
Therefore { by adding] 
the angles BAF, KAF, C, 


AFG, H, K; that is be- 
cauſe the angles B A F, 


gle A, and the angles 
EFA, AF G equal to the 


angle 2 the five angles a, c, , G, 1 Wi ill be equal to the 


five angles B, b, T, H, k. 


Alter the me mauner the n is a 
E when the number of even ſides is twelve, fourteen, &c, 


| Therefore, e Sc. Which was to be demoultrated. 
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_ drilateral figure are equal to four right angles; therefore 
A LOTT ATELIER EE = ER 8 5 the 
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S HOL IU. | 
Hence it appears, that the xxii* propoſition of Euelids 
third book is only a partict:lar and the moſt ſimple caſe if 
this general propeſition ; being that There the right line 
Fgure in the circle has but four ſides; alſo it is eaſy h 


 demenfirate that a circle paſſing thro' any three angles of q 


right lined figure of an even number of ſides, whoſe ag 
have the conditions as mentioned in this our Ppropoſitim, 
wiil paſs thro" the other angles of the right-lined figure. 


FPRO FN. THEORN 
In a circle if there be three tangents meeting ar. 
another, and from the point of contact of the mid. 
dle tangent be drawn two right lines to the point. 
of contact of the other two tangents, the angle 


contained under the tangents taken together will; 


double to the angle contained under the right line 
Joining the point of contact.) 

Let the three right lines a B, B c, ep touch the circl 
AED IN the points A, E, p, and let the middle tangent 
BC meet the other two in the points B, C: I ſay the an- 


gles A E, ECD, taken together, will be double to the 
angle AED. | 


For [by 1. 3.] find r the centre of the circle, and dra 


_ the ſemidiameters FA, F E, F to the points of contact, 


> 


Then becauſe | by 5. I.] the an- 
gles FAE, FEA are equal to one 
another, as alſo F DE, FED. Ihere- 
fore [by 32. 1.] twice the angle 
FAE together with the angle A 
will be equal to two right angles 
In like manner twice the angle 
FE b, together with the ange 
E F D will be equal to two richt 


angles. And ſo [by adding] twice the angle FA E, twice 
the angle FHD, together with the angles A FE, EF D wil 
be equal to four right angles. But becauſe the ſemidiame- 
ters FA, FE, FD |by 18. 3.] are at right angles to the 


tangents A B, BC, DC, and ſince all the angles of any qua- 


wic 
) Will 
ame- 


the 


oy 4 


fore 


the 
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| the angles A F E, A B E of the quadrilateral figure A B Ex; 
pill be equal to two right angles; in like manner the an- 


les DFE, DCE of the quadriiateral figure F ECD will be 
equal to two right angles: Wherefore {by adding] the an- 


gles AF E, ABE, DFE, DCE will be equal to four right 


angles. Therefore twice the angle F A E, twice the angle 
FED, together with the angies AFE, DEF, will be equal 
to the angles A E F, A E, DFE, DCE and taking away 
the angles AFE, DFE, which are common, there will 
remain twice the angle FA E, together with twice the an- 
ole r E D, equal to the angles ABE, DCE, that is, ſince 


| the angle AED is equal to the angles A E, F E D, twice 


the angle A E D will be equal to the angles A BE, DCE. 
Therefore, c. Which was to be demonſtrated. 


Corollary. Hence if cach fide of 2 right lined figure | 


touches a circle, that is, if a right lined figure circum- 


ſcribes a circle, and right lines be orderly drawn joining 


the points of contact forming a right lined figure of the 
{me number of fides within the circle, any two adjacent 


angles of the circumſcribing figure will be double to the 
angle of the figure within the circle, which is between 


them. 


PROP. XI. 


If each fide of any right lined figure, whoſe fides are 


even in number, touches a circle, the ſum of the 
fir, third, fifth, &c. beginning at any one fide, 
and orderly proceeding, according to the odd num- 
bers, will be equal to the ſum of the ſecond, fourth, 
ſixth, Sc. ſides, orderly procceding according to 
the even numbers. | 


| Firſt, let the right lined figure fig. I.] have four ſides 
A3, BC, AD, Dc, and Jet theſe ſides touch the circle 
re k, in the points E, F, 6, H; I fa 

E tit fide A n, (making A B the ſirſt, and B; c the ſecond) 
and the third fide C p will be equal to the ſum of the ſe- 
| cond hide Bc, and the fourth fide A bp. 5 8 


hd 


y the ſum of the 


* 
4 


For ſince A E touches the circle in E, the rectangle un- 


| der any right ling drawn from A to the convex part of the 

| circle, and its external part will [by 37. 3+] be equal to 
| the ſquare of the tangent AE: So alſo becauſe A N 
touches the circle in H, the 


2 „ 


rectangle under any other 


8 -> 


— — - 


= 
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right line drawn from a, to the convexity of the cir. . 
and its external part, will be equal to the ſquare of the tan. 
gent AH; wherefore the ſquares of the tangents a E,  y 
will be equal to one another; and fo their ſides A E, ay 
will be equal to one anther, In like manner it is proved 

that EB will be equal tg 

2 BF; FC equal to cg; 

D_ 1 and Gp equal to pH: 
C I berefore A E, B F will be 2 

equal to AB; EB, Fe. 
qual to B C; FC, GD e. 

qual to c D; and D, AM 
equal to AD. Where MW | 

[by adding] AE, BF, f 

1 bp will be equal to ay, 

A.. cp. But fince Bc, aq 

4 are equal to E B, FC, 6D, 

A H, that is bers E h has been proved to be equal ty 
BF, and HD equal to D G) equal to AE, BF, FC, 6D; 
therefore will AB, C D be equal to BC, A p. 

Again, Let the figure fig. 2.] have fix ſides, A the 
firſt, B c the ſecond, CD, DI, IL, AL touching the ci 


* _— —— — — — 


hag. G > 


Fig. 1. 


cle in the points E, F, G, H, K, M: I ſay A By C D, 11 g 
will be equal to Bc, DI, AL, _ tl 
For from what has been already prov ed above, it follow » 
that the ſeveral tangents AE, AM; BE, BF; CF, C6; 0 
DG, DH; HI IK; KI, LM; will be each two equal i - 
EE, one another. I here ; 
Fig, 2. fore AB will be equl i © 
„ to AE, BF; ce 
9 . qual to B E, C; CD 55 
| equal to C, Gil 
equal to G p, HI 


11. equal to H 1,LK 
and AL equal toLk 
JAM: Therefore {i 
5 adding] AB, C71 
- will be equal to AH 
| BF, CF, GD, H) 
"LK; and. Be, D. 
Al. equal to BE, ch 
| G D, H 1, LK, AM) 
and [adding equals! 
n equals] AP, my 
%; apt, 555 
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ice zr, cr, GD) HI, LK, AM will be equal to BC, DI, AL, 
1 AE, BF, CF, GD, HI, LK; and taking away from both 
41 c, GD, HI, LK, there will remain AP, C p, 11, BE, A M 
An equal to BC, DI, AL, AE, BF, | But fince B N, AM are 
Over equal to AE, BF, therefore again taking theſe away 
al to from both, there will remain A n, CD, 1L equal to BC, 
Co; DI, AL. | : RS. . 5 . - 
ou WF The demonſtration is much the ſame, when the figure 
be about the circle has eight, ten, Sc. ſides. 
"6.6 Therefore, Sc. Which was to be demonſtrated, 
We PROP. XII. 
reore from any point in the diameter of a circle be 
5 FC, drawn two right lines to the circumference, the one 
AB perpendicular to that diameter, and the other to 
TOY the middle point of the circumference of one of the 
a 5 : | ſemicircles upon that diameter, the ſquares of theſe 
ep; 729 71248 lines talen together, wii be equal to 
| twice the ſquare of the ſemidiameter of the circle. 
5 8 Let ADBN be a circle whoſe diameter is A B, and cen- 
5 tre c, and let D be the middle point of the circumference | 
5 ADB of the ſemicircle Aa p; allo let Þ be any point in 
uon the diameter A B, from which are drawn to the circumſe- 
co rence the right line Þ M perpendicular to AB, and the 
_ 1 b | rigft line PD to the point p: I ſay the ſquares of P M, PD 
Teer | together, will be equal to twice the ſquare of the ſemidia- 
<a meter A C of the circle. | : 5 
=o For continue out i mecting the circumference in the 
F: CD | point N, and join CD. „ 
bzb Then becauſe mp is perpendicular to the diameter A Þ z 
„ 1; [oy 3. 3.] MP, PN will be equal to one another: And 
1418 therefore [by 35. 3-] the ſquare of Þ M1 will be equal to the 
mo rectangle under AP, PB. But ſince [by 5. 2. ] the rect- 
ore (ir i angle under A p, P B together with | fre pr ies 
© 5,108 the ſquare of Þ C is equal to the 
0 a, lquare of A c; therefore will the 
_— iquares of PM, P C be equal to „ 
c, oog «quare of AC. But becauſe of 
i, 0 | the right angle Pc Þ (fince the g 
„ an; aches AD, D B are [by ſuppolition} : 
cual qual to one another, and ſo b; 
— gy es Me 2 a. 


BL 
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27. 3.] the angles ACD, DS B too) the ſquare of p vil 
be [by 47. I.] equal to the ſquares of Pc, p; that is, 
becauſe C p, AC are cqual, the ſquare of P D will be equal 
to the ſquares of Pc and Ac. Therefore [by adding e. 
quals to 1 the ſquares of PM, PC, PD will be equi 
to twice the ſquare of A c together with the ſquare of pc; 
and taking aw vay from both the common ſquare of pe, 
there will remain the aa ot PM, PD equal to twice 
the ſquare of A c. 
Therefore, Sc. Which was to be demonſtrated. 


PROP. XIII. THE OR. 


In a circle if any right line be parallel to a diameter 
aud from the extremes of that parallel to any point 
in that diameter be drawn two right lines. Their 
ſquares taken together, will be equal uo the ſquare 


of the parts of the diameter taken Log ether one each 
Side the aſſumed point. 


Let ABCD be a circle whoſe diameter is A D, and cen- 
tre F; let Bc be any right line in the circle parallel t 
: "hs diameter AD, and let E be any point taken in that 
diameter, from which let two right lines E B, E C be drawn 
to the extremities of that parallel : I fay the ſquares of nt, 
CE taken together will be equal to the ſquares of the part 
A E, ED of the diameter. 
For biſect Bc [by 10. 1. ]! in the point 0, and join Eo, 
FO-F9. 
1 hen becauſe the "TY pc of the triangle B E C is biſed. 
ed in 6; ſby pro add. 2. 
* 17 the . 15 = will be 
/ \ equal to twice the ſquare 0 
= L G c, together with twice the 
" ſquare of E G. But becaule 
Bc [by ſuppoſition] is paralle 
to AD; the angles AF G,FG6C 
29. 1«] will be equal to 
one another. But fince BC 
is biſected in 6, the angle 
_ D E by 3. 3. | „ill be a right 
angle; thereiore AFG will al 
ſo be a right angle: i 


T7 
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, 5 F Lby 47. 1. ] the ſquare of E O will be equal to the ſquares 
qual of EF, FG; and twice the ſquare of EG will be equal to 
ge. twice the ſquares of EF, FG. Again, ſince F GC is a right 
qual angle, and ſo the ſquares of F G, G C are {by 47. 1.] equal 
pc; MW to the ſquare of F C, or to the ſquare of AF (for AF is 
pe, MW <qualto Fc), and twice the ſquare of Fo, and twice the 
wice WW {quare of G C is equal to twice the ſquare of a F. There- 
fore, if equals be added to equals, twice the ſquare of E G, 

twice the ſquare of F G, together with twice the ſquare of 

6c, will be equal to twice the ſquare of EF, twice the 
ſquare of FO, together with twice the ſquare of A F. And 
taking away from both twice the ſquare of FG; there 

eter, WM will remain twice the ſquare of E G, together with twice 
Port WE the ſquare of G C, equal to twice the ſquare of E F, toge- 
T heir tber with twice the ſquare of a F. But it has been alrea- 
uare; dy proved that twice the ſquare of 6 c, together with 
each twice the ſquare of E G is equal to the ſquares of EN, EC: 


Therefore the ſquares of EB, EC will be equal to twice 
| the ſquare of EF, and twice the ſquare of AF; that is, 
d cen: becauſe A D is biſected in F ; and fo [by 9. and 10. 2.] the 
Ilel tb ſquares of A E, E Þ are equal to twice the ſquares of EF, 
n tht ar; the ſquares of E E, E C will be equal to the ſquares. 
drawn f A E, E. %% 
oi: BY, Therefore, Sc. Which was to be demonſtrated, 
e pat FR. . 


PROP. XIV. THE OR. 


in E 
:.1. Ina circle if any two right lines mutually cut one 
44.21 another at right angles; the four /quares of their 
will be ſegments will be equal to the ſquare of the diameter 
lare of of the circle, Eo | 

pecae In the circle A nc let any two right lines A C, E E 


mutually cut one another at right angles in the point o: 


parade WW . 
ay the four ſquares of the ſegments AD, DB, E D, DC 


WAIT | ICI L 

qual oil be equal to the ſquare of the diameter of the circle. 

ice BY N For join A B, TIE Oe „„ | OE 
- ance i Then becauſe a DE [by ſuppoſition] is a right angle, 


Fend fo [by 32. 1.7 the angles AED, EAD together are 


> a nig i E IA 
Will a equal to one right angle, the arches AB, Ec, on which 
And b toe angles ſtand, will be [by 26. 3.] together equal to 
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one half the circumference of the circle. Therefore he. 


cauſe the angle of a ſemicircle is [by 
31. 3.] a right angle, the ſquares of 
CAB, EC [by 47. I.] will be equal t 
the ſquare of the diameter of the cir. 
cle. And becauſe the angles at p ars 


of a D, Þ B will be equal to the ſquare 
WD ©) | of AP, and the ſquares of E D, bc equa 
to the ſquare of E. Therefore [by adding equals to e. 


quals] the ſquares of AD, DB, DE, DC will be equal to the 
| ſquares of AB, EC, But the ſquares of A B, Ec have been 
proved to be equal to the ſquare of the diameter; There. 


tore the ſquares of A D, BD, E D, CD will be equal to the 
ſquare of the diameter of the circle ABCE. 
W Sc. Which Was to be demonſtrated, 


PROP. xv. THEOR. 


IF from the vertex of an equilateral triangle ere 


upon the diameter of a circle, a right line be dra 
to any point in that diameter, aud from that poi 
be drawn a right line perpendics lar to the diani. 
ter meeting the circumference of the circle, Tit 
(quare of that right line, together with the jquar, 
of that perpendicular, will be equal | to toc 8 if 
ze diameter of the circle. 


et MB be a circle whoſe diameter is A B, and cem 
tre ; and let at B be an equilateral. triangle deſcribed 
upon the diameter AB. Let p 8 any point taken in 48 
Let the right line Þ Þ be drawn, and let Þ M be perpendr- 
cular to the diameter An, meeting the circumference of 
he circle in M: I fay the two ſquares of p D, P M will be 
cqual to the {quare of the diameter A of the circle. 


For join c p. 
Then becauſe A c is equal to c h; AD b equal to Dh, 


and C b is common; the ano gles A Cc b, BCD [by 4.1 


will be cqual to one another; and ſo each of them will 1 


A ri, Eht angie, 4 herefore the Tquare of AD Balan 25 47 5 
. 


right angles [by ſuppoſition]; the ſquare 


III 
e be. 
es of 
1al to 
e cir. 
D are 
Juares 
quare 
equal 
tO e- 
to the 
> been 
here. 
to the 


refit 
rau 
Point 
iam. 
The 


1 
tare if 


id cen- 
ſcribes 
in AP, 
rpend: 
nee 0f 
W ill be 


Bock III. 
be equal to the two ſquares of A c, c p. And ſince AD is 


equal to AB, by reaſon of the equilatera triangle, and 
[by 4. 2.] four times the ſquare of the ſemidiameter A © is 
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equal to the ſquare of the diameter AH: Therefore four 


times the ſquare of A c, will be equal to the two ſquares 


of Ac, p; and taking away the common ſquare of AE 


from both, there will remain thrice the ſquare of A C equal 
to the ſquare of c p. Again, becauſe ty 35. 3. % the 
ſquare of P M is equal to the rect- 
angle under A P, PB (for if PM be 
continued to meet the circumſer- 
ence in x, MN [by 3. 3.] will be 
biſeCted in p) and ſince A B is di- 
vided equally in c and unequally in 
?; and ſo [by 5. 2.] the rectangle 
under AP, PB, together with the 
ſquare of Pc, is equal to the ſquare 
of Ac: Therefore the ſquares of 
PC, P M Will be equal to the ſquare 


of ac. Wherefore ſince it has been proved that the ſquare 
| of cp is equal to thrice the ſquare of Ac, if equals be ad- 


ded to equals, the three ſquares of CD, PC, PM will be 
equal to four times the ſquare of A c, that is, to the ſquare 
of AB. But becauſe [by 47. I.] the ſquare of p h is equal 
to the two ſquares of Pc, C b, by adding again equals to 


; equals, the ſquares of Pc, P NM, CD, PD "will be equal to 
te ſquares of AB, PC, CD, and taking away the iquares 


ol y c, cp from botb, there will remain the ſquares of 
PD, P M equal to the ſquare of the diameter A B. 


Therefore, & 6. Which was to be demonſtrated, | 


8c 0 M. 


Vers are many other elegant and 1, ful theor ems cencernu- 


ing the equalities of the fquares and rectangles of right lines 


rawn in and about a circle, a few of which 1 ſhall add at 
the end of the ſixth book, becauſe their demonſtrations are 


ſorter and much caſier from the propor tronality of the ſides 
TE eqmangular triangles, and the equality of the rectangles _ 


under the Means 2 ad ee than * the Pe Wren! 7 the 
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I. fhall here only juſt mention two theorems ; 3 one of Al, 


| Huygens' s, whoje demonſtration is too long to be biin 


1f a circle be deſcribed about the centre * of gr avity of ay 
right lined figure, and right. lines be drawn From all i, 
angles of the figure to any point of the circumference if ., 
circle, the ſum of the ſquares 7. all 12 55 lines will Ewa b 
of the ſame magnitude. 
And the following theorem, which Was found ont by n 

fame years dg, and communicated by me to ſeveral jel 
ſome years ago, viz. The {quare of the number expreſſing th 


area of any trapegium inſeribed in a circle, will 95 6 equal ty 


the product of the four numerical differences bet tber th 


wumber expreſſing half the ſum of the four ſides, and mach i 


the numbers expreſſing the ſides. The demonſtration, whithl 
have by me, cannot — be conveniently annex'd, 


hat point upon evhich if the froure any how reſts, ſuppoſing i 
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— » 
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he heavy, it would cuntinue Without alter 7 its fituatis EN; 
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ELEMENTS. 


BOOK IV. 


dt. Kd —— 


DEFINITIONS. 

| Right lined figure is ſaid to be inſcribed in a right 5 

lined figure, when every angle of the figure in- 

ſcribed touches every ſide of the figure i in which it is in- 
ſcribed. . 


2. A right lined figure is card to circumſcribe a nieht 
lined foure, when every fide of the circumſcribed figure 


| riches every angle of the figure, about which it is cir- 
| cumicribed,. 


+ A right lined "PERS is ſaid to be inſcribed: in a clocks; 
when every angle of the inſcribed figure touches the cir- 
cumference of the circle. 5 | 

4. A right lincd figure is (a id to be circumſcribed about 5 
a circle, when every ſide of the circumſcribed figure 
touches the circumference of the circle. 

5. A circle is ſaid to be inſcribed in a right lined fi- 
gure, when the circumference of the circle touches every 


de of the figure in which it is inſcribed. 


6. A GI is ſaid to be circumſcribed about a right 
lined figure, when the circumference of the circle touch: 
every angle of th hgure, about which It 18 circum: 0 


7. A xicht line is ſaid to be applied in a FER when 


; the extreme 8 ot | that line are my che circumſerence of tue 
circle. | | | 


PROPO- 
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PROPOSITION I. PROBLEM, 
To apply a right line in a given circle equal t 
 _ given right line which is not greater than the da. 
meter of the circle *. 


Let the given circle be A nc, and D a given line nx 
greater than the diameter of the circle: it is required 90 
apply a right line in the circle A Bc equal to we given 
right line D. 


Dm the diameter nc f WM ** 
the circle a Bc; then if xc 
be equal to p, the thing r. 
quired will be done already 
2 for the right line BC is applid Wi 
in the circle ABC equal to th: WWF 5 
given right line p. But if nu 
BC is greater than p, and [by] 
3.1. make CE equal to D, and from the centre c with 
the diſtance GE [by 3. poſt, deſcribe the CGE: A 


8 AE by 1. poſt.] join c A. 3 
Then becauſe the point c is the centre of the cir: 
AE, CA will be equal to GE: But Þ is equal to tl: i t 
right line E; and therefore p will be equal to c A. F 

"Wherefore the right line CA is applied in the cink 1 
ABC, equal to the given right line p, which is not 
greater than the diameter of the circle. Which was to be WF | 
done. | 1 I 

|| 


1 Tf it be required to accommodite or apply a right line 10 
than the diameter of a given circle within the circle equal to! 
5 1 005 right line w hich mall be parallel to another given right 

ine, the thing may be done thus: | 

Let a #0 be the given circle, p the centre, and E F tt 
” s line, to y zulich che given right line leſs than the diameter 
| J nod 22. MESRG circle is to be accommodated 
„„ I N . in t ne circle equal; and let 6 be the 
” 6, II right line to which the applied right 
CC 1 5 to be parallel. Thro? the centie 
in; D draw [by 31. 1.] a a diameter « cf 

50 ROE! ircle Fara allel to the right line 6: 
mn =o.) OO Then! if the right line x F be r 
ER earn Jo. | ö 0 1 the diameter, the thing requirec's 
eee | dane. But if EH be leſs- than dhe 
Ra ven dae ir 


k IV, Wpook IV. Enuchd's Elements, 171 
| | 1: meter, having biſected it in n, cut off p 1 equal to E H, and 
M. [ 22 to £5 : So that the whole 1 « be equal to the whole 
er; and thro'1,« [by 11, 1,] draw L M, xo perpendicular 
01 ac; and join LN: I fayunas applied equal to E r, and 
ve d. rallel to : For fince L u, No are equally diſtant from the 
| . they will [by 14. 3.] be equal to one another; and be- 
auſe they are divided in half at 1, K [by 3. 3.] for they are cut 
ine no; WF at right angles by the right line a c paſſing thro” the centre p, 
ired p their halves L 1, K N will be equal. But becauſe [by 28. 1] 


: given 1, vx are alſo parallel; alſo L », 1x {by 31. 1. ] will be equal 
asd parallel : Wherefore fince 1x is equal to x and parallel 

do o; LN will be equal to Er, and [by 30. 1.] parallel to G: 

Bc of By the ſame reaſon if o be drawn, it will alſo be equal to 

if err, and parallel to 6, Which was to be demonſtrated, 

Bs WA In „„ „ 

on PROP. II. PROBL. 

| to the 


a To inſcribe a triangle in a given circle, equiangular 
t if not BW to à given triangle, _ 

nd [by | nn Wea Tu | 
C With 


Let the given circle be a B C, and the given triangle be 
AE 


per; it is required to inſcribe a triangle in the circle 


Ac equiangular to the triangle p E. 
| Draw the right line 6 AH touching the circle ABC in 
| the point A, and at the right line A H, and at the point A 
init [by 23. 1.] make the angle H A c equal to the angle 
E DEF: Allo at the right line G A, and at the point A in 


| Circle 
to the 


> Circle 


's 1 WF it make the angle G a B equal the angle FDE, and join 
„CCC 5 5 5 
| Then becauſe the right „ 

„nen a6 touches the circle — 
ae: age, and d c b dan d 
_ irom the point of contact; LK _/ 

de angle H A c [by 32. 3.] 8 | 
rer th: i will be equal to the angle E. e 
iameter AB e, which ſtands in the 5 
nodated WW alternate ſegment of the cir . 
be the WP cle: But the angle Eñ A C is equal to the angle DEF; and 
A | therefore the angle A B e equal to the angle D E F. By 


_ the ſame reaſon, the angle acB is equal to the angle 
line 6: 
e equal 
ured 5 
nan dhe 


alnetef, 


| FDE: Therefore the remaining angle B A c will be [by 
32. 1. ] equal to the remaining angle EF D; and fo the tri- 
| angle an c is equiangular to the triangle pf, and | by 3. 
def. 4.] is inſcribed in the circle A Bc 5 
C 38 Wherefore 


> 
— 
ps — <>" 4 


—_— = _ —&Sn - 1 = = - " 
„„ = C 
C4 — > NE * 1 


PII - E had r 
N — 2 fs” 2 2 = * * = +) 7 
n e * - bo REI _ 
N gt - — 4 - — - x I» >< Hs — = ö 4 f 
=". wc © 3 4 * — wh Ye 2 2 ng $a 5 8 « * n I ds 
$f MERE. Ent = Z .. - — 
C . — — — 
1 : 4 7 * — — — N 
2 , _ 


__ SS - a= a 
= 
— — 


ane ru - 
—_—_— 


—— 


„ 
— ces 


1 


— 


17 Euclid's Elements. Book I 


Wherefore a triangle! 15 inferibed' i in a Circle, equianouly 


to a given triangle. Which was to be done. ove 
b This problem may be otherwiſe conſtructed thus: Le f 
A B c be the given circle, whoſe centre is h, and DE ta given IT 
8 to which a triangle is to be inſcribed equiangular c and 
the given triangle p EF: Draw any ſemidiameter u, anda iet 
the centre H with the ſemidiameter H A make [by 23. 1.] he 23. 
angle a H B double to one of the angles E DF of 2 civen att 
triangle. W 8 the right line AB. At the point a with the i ole 
right line A make ge 
the angle B A C C equal | d 
to the angle or 
the given triangle, WW” . 
Apply the right lin: WW 3 
BC. Then will the tri- M. 
angle a B © be inſcr. , 
bed in the given cit. 
cle A B C equiangula the 
to the given triangle * 
W th 
For Ager [by conftruQtion] ] the anole 1 BHA at the centre i: WW 
double to the angle EDF; and the angle B CA at the circun- i” 
ference by 20. z.] is one half that angle g H A; therefore tie 0 
angle B C A will be equal to the angle EDF. But the ange Wi ( 
BAC {by conſtruction 1s equal to the angle DFE. Therefore by tn 
: 32. 1.] the remaining angle A B C will be equal to the remain- er 
ing angle DEF of the given triangle. Wherefore the triangle Wi be 
A B C 1s equiangular to the triangle DE Fr, and is inſcribed in d 
the circle ABC. Winch was to be done. 7 
Cine + 4. ens bi equilateral triangle may be WW: 
B, >,  callly inſcribed in a given circle; for it 
rg is but applying A b equal to the ſemidi 2 
a meter a H of the circle; and then again Wi” 
applying B D equal to Ak, and joining ; the P. 
right line a B, Which will be one fide of WAP 
tne equilateral triangle a B c inſcribed in Miſa 
the circle. The demonſtration is calv, Wt 
trom what has been ſaid above, and Ir ſrom *P 
Pros XXVI, xxvii. lib. ili. | 
0 
PROD. III. PROBL. 0 


Te 9 ee 2 triangle about a given circle equi: 
agular lo 4 given triangle. 


Let An c be e the * given circle, and DEF the giren tri. 
88 e angie; | 
1 
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Book IV. 15 
Engle; it is required to circumſeribe a triangle about the 
| given circle ABC, equiangular to the given triangle 
DEF. 
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Produce E F [by 2. poſt. both ways to the points a and 


: o, and {by 1. 3.] find the centre K of the circle a Bc, 
and any how drawing the 

nieht line K By make by 
23. 1.] at the line K B, and 
at the point K in it, the an- 
ele pK A equal to the an- 
ee DE G, and the angle 
Ezxc equal to the angle 
Era; and draw [by 17. 
zu the right lines L AM, e 
Ius x, NC L touching the circle ABC in the points 
A, B, C. 


Then becauſe the right lines L A M, ME N, NCL touch 


the circle AB C in the points A, E, C, and the right lines K A, 


kB, Kc are drawn from the centre K to the points A, B, % 
E the angles at the points A, B, C, will [by 18, 3.] be right 
angles; and becauſe the four angles of the quadrilateral fi- 
eure A MM B K, are [by 32. I.] equal to four right angles 
(tor the quadrilateral figure A MKH may be divided into 
two triangles) whereof the angles K AM, K BM are each 
one right angle; the remaining angles A K B, AMB will 
be equal to two right angles. But [by 13. I.] the angles 
DEC, DEF are allo equal to two right angles: Where- 
fore the angles A K B, A M B, are equal to the angles DEG, 
DEF. But A E B is equal to DEG: Therefore the re- 
Emaining angle A MB will be equal to the remaining angle 
DEF. After the ſame manner we demonſtrate, that the 
angle L. N M is equal to the angle DFE; and fo the re- 
| maining angle M L N | by 32. I.] is equal to the remaining 
angle EK DF: Therefore the triangle L MN is equiangular 


s the triangle D E F, and [by 4. det. 4. ] it is circumſcri- 
bed about the circle a B C. . 1 


Therefore a triangle is circumſciibed about a given cir- 


Ice equiangular to a given triangle. Which was to be 
jj ⁵ eoe 
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another in the point Þ, and from p draw [by 12. 1 ] th 
perpendiculars p E, DF, DG to the ſides A By BC, C A, of 
the triangle. 


B E D is alſo equal to the right angle 5 
By P, there are two triangles EBD, DBF. 


two angles of the other, and one ſide of 
the one equal to one fide of the other, 
viz. the fide B D oppoſite to one of the 
equal angles common to them both: 1 
Therefore [by 26. 1.] the remaining 


maining ſides of the other; that is, DE A 
will be equal to DF; alſo by the ſame 
reaſon the right line p G will be equal to PF: - ka 
if a circle be deſcribed with the centre D, and either df 
the diſtances DE, Dr, DG, it will paſs thro* the remainins 
points, and touch the right lines A E, B S © A, dern 


be right line drawn from the end of a diameter at right 
angles to it, will fall within the circle; which [by 16. 3] 
is abſurd: Therefore the circle deſcribed with the centr 
p and either of the diſtances DE, p F, p G will not cut 
the right lines aB, Bc, CA; Wherefore it will touch 


them, and [by 5. def. +] be inſcribed in the triange 
A 


angle AB 8. Which was to be done. TO 


PRO P. IV. PROBL. 

20 inſcribe a circle in a given triangle, 
Let the given triangle beABC: itis required to nge 
a circle in the triangle ABC _ 


Divide [by . 1.] the angles A B c, BCA each into 
two equal parts, by the right lines B p, C D, meeting ons 


Then becauſe the angle ABD is equal to the angle 


CBD, for the angle aBC is biſected, and the right avg 


having two angles of the one equal to 


{ides of the one will be equal to the re- 


the angles at E, F, G, are right angles : for if it cuts then 


Therefore the 3 E F O is ; inſcribed i in che eien til 


PROP, 
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© P R OP. V. PRO B L. 
To circumſeribe a circle about a given triangle. 


Let aBC be a given triangle: it is required to circum- 


— E{cribe a circle about the given triangle A B 0. 
h in Divide [by 10. I.] AB, Ac each into two equal parts 
ng one in the points D, E, and [by 11. 1.] draw DF, EF from the 


i] the [points Dy E at right angles to A B, 4c theſe will either | 


meet within the triangle A BC, in the ſide BC, or r with- 
out the triangle A B C. 

| Firſt let them meet within the triangle in the point F, 
band join BF, Fc, FA: Then becauſe A p is equal to p B, 
and or is both common and at right angles, the baſe a Þ 
bby 4. 1.] will be equal to the baſe FB. In like manner 
ye demonſtrate that C F is equal to FA, and ſo BF is e- 
cual to rc; wherefore the three right lines F A, FB, Fe 
are equal to one another: Conſequently a circle deſcribed 
rom the centre F with either of the diſtances FA, FB, FC. 
vill paſs thro? the remaining points; and [by 6. def. 4.] 


1erefore 
ther of 


nainins i 

*. [the circle will be circumſcribed about the triangle ABC. 
its them Let! it be circumſcribed 6s AB Cc - 

at 1a Secondly, Let DF, E meet at F in the right "Rs B e, 
16.31 in the ſecond figure; and join AF. We demonſtrate ; 
e centre Miter the ſame manner that the point F 1s the centre of a 
not cut ercle circumſcribed about the triangle A B Cc... 

| tou RE Laitly, Let 5 F, E F meet in the point F without the - 
triangle angle A h c, as in the third figure; and join AF, F B, 


Irc: "Then becauſe A b is equ al to v B, and DF is com- 
mon and at right angics, the baſe AF [by 4. 1.] will be 

equal to the baſe F B. Allo after the fame manner we de- 
monſtrate that CF is equal to F A; and ſo B F is equal to 
Fe; therefore again a circle deſcribed with the centre F, 
and either of the "diſtance 5 FA, FB, FC Will pas thro' the 
manning points, and will be circunucrtbed about the tri- 
N angle 
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ing in a ſegment greater than a ſemicircle, is leſs than 


tuſe angie, they will meet without the triangle A B C. 


ſcribe a ſquare in the circle a hp. 


For becauſe the right line B D is a diameter of the cir 


the angle BAD IS a right angle : by 1 ſame reaſon excl 
And it has been proved to be equilater: al too: I berek ore l 


circle a B C D. Which was to be done. 


angle A BC, Let it be deſcribed as a B c. 
Therefore a circle is circumſcribed about a given trim. 


gle. Which was to be done. 


Corollar 4, Hence it is manifeſt, that if 1 centre gf 
the circle falls within the triangle a B c, the angle cb. 


= CUI 

right angle; if it falls in the right line Be, the ang n WF | 
the ſemicircle will be a right angle; ; and if it falls withou at 
the triangle AB c, the angle in the ſegment less than: the 
ci will be greater than a right angle. Wherefoe n 

if the given triangle A B C be an acute angled one, 0, , 


will meet within the triangle; but if it has a right an WF 
BAC, they will meet in the fide Bc: If BAC de n 


PROP. VI PROBL. 


To inſeribe a ſquare in a given circle. 


Tet the given circle be ABCD: it is required to it 


_ Draw [by 11. I.] two diameters AC, BD at right ar 
gles to one another; and Join 450 
Doo | 
Then becauſe B E is equal to £0, 
for E is the centre, and EA 1s com. 
mon and at right angles, the baſe a 
by 4. 1.] will be equal to the bak 
Ab; and by the fame reaſon Bc,cv 
| are each equal to B A, a p; thereiore 
5 the quadrilateral figure ABCD Se 
quilateral I fay it is alſo right angel. 


FL 


ABCD; BAD will be a ſemicircle : and fo [by 31-3; 


of the angles ABC, B CD, CDA will be a right 
Therefore the quadrilateral figure ACD is right 1 


is a ſquare, and inſcribed in the circle an C P. : 
Therefore the ſquare a BCD is inf {eribed | 
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. PR OP. VII. THE OR. 
| 2 0 circumſcribe a ſquare about a given circle 
. 
let the given circle be a Bc p. It is required to cir- 
1 WF cumſcribe a ſquare about the given circle 4a 5 C . 
en Draw two diameters A c, BD, of the circle ABC D 
at richt angles to one another, and [by 17. 1.] thro” 
tze points A, B, c, D, draw the right lines r 6, G E, 
tor nx, K r, to touch the circle ABCD in the points 
© WE A,B, C, D. | 
le BE Then becauſe F 6 touches the circle a BCD, and the 
| 0 right line E A is drawn from the centre 
n to the point of contact A ; the angles i A F 
E ata [by 18. 3.] will be right angles. 
hy the ſame reaſon, the angles at the 47 
points B, C, D are right angles; and 5 
becauſe the angle AE B is a "Fight an- | 
0 n- gle, and E BG alſo a right angle; the 
2 p GH by 28. J.) will be parallel to - pp T — K 
t au: 4c: By the fame reaſon A c is par- 
506 Ale to FK. In like manner we demonſtrate that r, 
nx are each parallel to 5 ED. Iherefore GK, GC, AK, 
„re, BK are parallelograms; and ſo f is [by 34. 1. 
com- equal to EH K, as alſo GH to FK ; and becauſe A c is equal 
eber; but A c is equal to each of the lines G H, F k, and 
je bie BD is equal to each of the lines , HK: Therefore each 
c,cv WF © the right lines H, FK will be equal to each of the right 
-refore RF lines G r, HK; and fo the quadrilateral figure FG HK is 
ee equilateral, I fay it is alſo rectangular, For becauſe © BEA. 
ange ; a parallelogram, and A E B is a right angle, (oy 24-1] 
cir: WF 46 will be a right angle. After The ſame manner we 
3.3% <monſtrate that the angles at the points H, K, F are right 


„ eich angles ; and fo the quadrilateral figure HE is right an- 
e ed. But it has been proved to be equilateral; Therefore 
a gel it is a (quare, | and is. circumſcribed about the circle 
cio IN ABCD. | 

| Therefore a ſquare i is circumſcribed about a given circle, : 
Which was 0 be done. 
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given ſquare. 


Book IN, 


VIII. 


Ae 14 4 


PROF. 
To injcrive a 


Let the given ſquare be A3 c b. It is required to in- 
ſcribe a circle in the given ſquare AB Ch. 
Divide [by 10. 1. j the ſides AB, AD into equal parts 
in the points F, E; and thro” = draw by 31. I. ] E H pa- 
allel to A h or © D, and thro' F draw F K 1 to ab 


or B Co SEN 
A 3 D Then will A K, k B, A H, H D, AG, 

4 TD * 8 BC, G Dy wy 4 ue them pa 
FFFFET gon.” Nan ber 
7 (2 _- Oppolite des Are equal. And Decalle 


AD is equal to AB, and AE is one 
half of AD, and AF one half of as; 
3 C AE will be equal to AF: and the 
B 11 ſides oppoſi te to them are equal; 
therefore F G is equal to GE. In like manner we demon- 
ſtrate that G H, G K are each equal to FG, GE, Ther 
fore the four right lines G E, GF, GH, GK are equal t 
one another; "and ſo a circle defcribed with the centre 6, 
and either of the diſtances G E, G F, G H, G E, will ab 
paſs thro' the remaining points, and will touch the right 
lines A B, B 1 e, DA. becauſe the angles at E, F, , 
are right angles: For if the circle cuts the right lines a4, 


Be, e D, D A, 4 right line drawn from the end of the dia- 


meter of a circle at right angles, will fall within the ci 
cle, which [by 16. 3. is abſurd. Therefore a circle de. 
ſcribed with the . G, and either of the diſtances 6 
GF, GH, GK will not cut the right lines A B, Be, C b, D& 
Tt will therefore touch them, and [by 5. det. 4- ] will be 
inſcribed in the pare ABD. 


Therefore a circle is inſcribed it in 4 given ſquare. Which 
"_. to be ons . | 


PROP. IX. PROBL. 
2 0 circamſerive a cirel about a a given far art. 


| Lt the given ſquare bs AB C D. It is required to Ci 
cumſeribe a circle about the ſquare AÞ CD. 


Por- 


bilected by the right line Ac. Alter 


z biſected by the right lines à C, DB. 
Therefore becauſe the angle D A B is 
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For join A c, B D, cutting one another in the point E. 
Then becauſe Þ A is equal to A , and Ac is common, 
the two ſides DA, A C are equal to the two ſides B; A, AC, 
and the baſe D C equal to the baſe pc; | by 8. 2.] the an- 
cle DAC will be equal to the angle 
5A C: Therefore the angle DAB is 


the fame manner we demonſtrate that 
each of the angles A BC, BC D, DA, 


equal to the angle A B c, and the an- 
ge EA B is one half of the angle D A B, and the angic 


es 4 one half of the angle A 3 C; the angle E AB Will 
be equal to the angle E HA: W . by b. 1. ] the fide 

EF : A is equal to the fide EB. In like manner we demon- 
E firate that the right lines E c, E D are each equal to each of 
the right lines E A, E B. Therefore the four right lines 


E A, E B, EC, ED are equal to one another. Wherefore 
a circle deſcribed with the centre E, and either of the di- 


E ſtances EA, EB, EC, ED will paſs thro* the reſt of the 


points, and will be circumſcribed about the ſquare A B CP. 


Let it be deſcribed, as A Bc P. 


Therefore a cirde' is circumſcribed about a given ſquare. 


| W hich was to be done. 


PRO P. X. PROBL. 


| 77 make an iſoſceles triangle having one of the angles 


ot the 0 double to the; remaining og 


Let AB be any given right line, and [by 17. 2.] divide 
it in the point c, ſo that the rectangle under A B, BC be 
equal to the ſquare of c A; and about the centre 4 with 

the diſtance A B [by 3. polt.” ] deſcribe a circle E DE, and 

Y 4. 1.7 apply the right line BD in the circle B DE. 
j Watch i is not greater Ne the diameter, equal to Ca, and 
L joining D A, DC circumſcribe the circle ac D by 8. +] 
bout the triangle Ac vb. 
| Then becauſe the rectangle under AB, BC is | equal 


0 the ſquare of AC; and A c is equal to B D; the 
| N 2 


rectangle 5 


4 ; 


F 
w 
th 
UN 
tu 
U 
4. 
l 
hy 


— Pr 
— Gn As 


n 
l y] 

: * 

4 j 

: T1 

1 4 
F 

ua 
1 
vt 

4. 4 p 
4 
b 
: N 
. 
ny 

4 
* 
0 
ll 
4 
2 

g | 
+" * 

n a" 

19k 

\ ) 

'' 

N 
o U 

c [ 

, 
. 1 
4 k 
f, 1 

N 
A ” 

44. * 

. [1 x 
71 be! 1 , 
+, ': 
13 
WE 

+ 
1 f E 
„II. 4 

4 

. 1 

LOT... 
WY 14 

112 hi 9 

. 

i" 8 
0 45 
* . 19 

n "Ul 

[7 188157 4 

} WEN *t 

4118 

1 E 

- 1 „ 

ii 
* 0 
* 9 
e 

0 "0 

1 2 
k Rad 

A. 
. 

% . 
1 7 

Ul IF! N 

. 
{3s 
: 7 1 4 

2 7 

D 

1 PB 
. 
þ is # . 
1 N 

n 

n 

ii 
37 
* >. ol 
RY "Us 

' 11 
2 AW a3 
W 
I 
5 1 2 
25 4. bY 
"18 
1 i £4 
WM. Y. 
* Wy * 
r 
1 | 4 
F 
: +. 
. 
» * 4 
a. RES: | 
1 . 7 
* * 
» ** iz 
' * 
4 44 
{i 4 
5; 
"1. 
a . 
5 1 
* 
* . 
1 
bt © © 1 
. 
7 7 
18 
: tas 
i 2 
„ 
. 
1 ih 
, 8 
dS 1 ? 
A 1 
. 
M4 * 
1 
2 e 
| 
| N 
[#231 
ne”, 
Sf 
Ty * i: 
on. ©: +. . 
18 
2 
þ 1 
n 
ROBY 
Wt kf 
, FB 
Wl 
1 4 
ad 
(04. 3 
* £ 
1 17 
1 
Fa 
+6 [31 vo 
J *F 
L N 
j 
I. | 10 
1. 1 
Nin b 
ERS 
99! - 13> Be 
a bs 
-41 
4 4 ? 2 
. 
9 1 
/ vo 
3851 
K 
4 7 . 
(SIPS i 
l 1. 
l = ? 
4 i! IN 
4% 5 
* 
-F 4 f 
57 
21 ; 
« . 1 
4 if 
4 C 
4 
„ MHþ 
1 
* 
bg: 17 
N *.4 
2 
[2 
Ai 1 
'S 
= ** 7 
* 4 1 
by + = 
"FS 
4 4 
j 
. 
A 


* . 7 ME. £ 2 = = 7 
— — FFC n 
"Ex » — —— _ < 
— EE * —— 3 * 
= 2 dy X — : — — 


— 
— 


— 


— 
8 5 2 
3 2 
ID I Wd 
— — 


2 
2 Xx 


180 Euclid's Elements. Book IV 


rectangle under AB, BC will he 
equal to the ſquare of ; D; and 
becauſe the point B is taken with. 
out the circle A c D, and two right 


point B fall upon the circle a cy, 
one of which cuts the circle, nf 
the other meets it, and the red. 
angle under A B, BC is equal to the 
ſquare of BD: the right line gy 
7 1 1 will touch the circle Ac; and therefore be- 
cauſe BD is a tangent, and p c is drawn from the point di 
contact v; the angle ; D [by 32. 3.] will be equal t 
the angle DA c in the alternate ſegment of the circle; ant 
ſince the angle BDC is equal to D Ac; add CD A, yhid 
is common to both; then the whole angle B D A is equi 


to the two angles cDA, DAC. But the outward angt 
BCD [by 32. 1. ] is equal to C D A, DAC; and therefor 
BDA is equal to Bc Dp. But the angle B DA [by 5.1, 
is equal to the angle c B D, becauſe the ſide AD is equi 
to the fide A : and therefore D B A will be equal to 89, 
Whereſore the three angles B DA, DBA, BCD are equi 
to one another: And becauſe the angle DH is equal 0 


the angle h c, the ſide BD [by 6. 1.] will be equal t 
the fide Dc. But BD is made equal | to CA; therdor 


AC is equal to c; and fo the angle c DA [by 5. 1.] | 


equal to the angle D AC: Therefore the angles c= 


'DAC taken together are double to the angle DAC Bu 
{by 32. I.] the angle B c p alſo is equal to the angles cp, 


BA Therefore BCD is double to D Ac. But BCD Þ 


equal to either of the angles B DA, DBA; 3 and tbereßoe 
either ; DA or D BA is double to DA. 
Therefore there is deſcribed an iſoſceles triangle ADB 
7 having either of the angles at the baſe B p, double to ths 
N 4 remaining angle. Which was to be done. 


PROP. 7 PROBL. 


: To 07 inſeribe an equilateral and equiargiular pentagot 1 


a given circle“. 


Let the given cee be A BC DE. It is required to 7 
ſcribe an equilateral and Fequapgular pentagon in the circk 


ABCD'Es n 


. 7 ah 


13 vv 


lines BC A, BD drawn from th 


Ftazon 
Fconſtr 
1 Clid's | 
weenth 


| ſcribe 


& 
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be if ther of the angles at G, H double to the remaining angle 
yy at F: and [by 2. 4.] inſcribe the triangle A C D in the 
2 circle A B C DE equiangular to the triangle FG H; fo that 
14 | 


the the angle C A D is equal to the angle r, the angles ACD, 
"a cya equal to either of | ; 


I the angles at G, H. Then 

by either of the angles A C D, 

5 cp A is double to the an- 
l _ 

ge A D. Now [by 9. 1. 

BY 3 

;þ biſect each of the angles 

15 ac, CDA by the right 
.- | 


a — 
lines C E, DE, and draw d 


* ' AP, BC, DE, EA. | | | | 
1 Then becauſe either of the angles a CD, Cp A is dou- 
-qud | ble to the angle CA p, and they are biſected by the right 
oe lines CE, DB : the hve angles DAC, ACE, ECD, CDB, 
.c 52.4 are equal to one another. But [by 26. 3.] equal 
reges ſtand upon equal parts of the circumference. There- 
eq ] fore the five parts A B, BC, CD, D E, E A of the circum- 
+ Wi ference are equal to one another. But [by 29. 3.] equal 
de bers of the circumference are joined by equal right lines. 
we Therefore the five right lines à B, BC, CD, DE, EA are 
cal to one another: Therefore aBCDE is an equilateral | 
ve BF bentagon: I fay it is alſo equiangular. For becauſe the 
% n of the circumference is equal to the part DE: 
„ add the common part B C Þ, then will the whole A Bc D, 


2, be equal to the whole E DCB. But the angle AED 


10 | angle B A E upon the part E PCB. Therefore [by 27. 3. 
ehe dle angle BAE is equal to the angle A ED. By the 
; fame reaſon each of the angles ABC, BCD,CDE is equal. 
Oo to either of the angles B AE, AED. Therefore the pen- 
0 the eon ABCDE is equiangular. And it has been proved 


| to be equilateral too. e e 
Therefore an equilateral and equiangular pentagon is in- 
{ſcribed in a given circle. Which was to be done. 


© The following elegant way of deſcribing a regular pen- 


0 ü. penſtrution of Ptolemy) is in reality much ſhorter than Eu- 
Ed's way, But as its demonſtration depends upon the thir- | 
Kenth book, Euclid himſelf, if he had known this method, 


Let {by 10. 4.] FG H be an iſoſceles triangle having ei- 


ſtands upon the part a B C Þ of the circumference, and the 


[tagon in a given circle (to be found in lib. i. of the great 


could 


 Euchd's Elements, Book I} 


could not have put it into the foum WF equal 

book, the materials being not y WF to c 

prepared for it. The method is thy, Wi 10 

Draw two diameters a c, B D of : | Th 

J circle at right angles [by 11, | 3 

40 meeting at the centre x. Biſcq b = 1 

10. 1.] the ſemidiameter ar in ; WF * 
Join g, B. And upon ac from : 6.1 
lay off s 6 equal toe B. And dy tit * 
— K the right line g: which will bet to t 
N de of the pentagon required. Then ang 
985 from B apply B1,B H equal to WW xe 
as alſo ix, K ., Un: And the regular pentagon 31611 Wil he 
will be inſcribed i in the circle A B C D. rt 

Note alſo that  G is the fide of a regular decagon or figure Wl 

of ten equal ſides and angles inſcribed in that circle. The N oY 
demonſtration cafily follows from the ninth and tenth propok irt 
tions of the thirteenth book of Euclid, | {0 : 
Foul 

PR P. XII. p R O B I. 

: Ir 
EZ circumſcribe an equilateral aud equiangular pans ges 
„ gen about a Sir ven circle. E fide 
Let the given circle be ABC DE. It is required to d = 
cumſcribe an ere and | cquiangula pentagon aba ges 
the circle ABC DE. | qu; 
Let the points of the angles of a pentagon inſcribed I | rich 


11. 4.] in the circle be ſuppoſed to be 4, By c, D. E, f | I 


that the parts of the circumierence A B, Bc, C3, DE, l qu: 
be equal: And [by 17. 3. thro the points A, By e, D,5 eas 
draw the right lines GH, HK, k L, LM, MG to touch tir Bi TM 
circle : find its centre F : and join FB, FE, EC, FI. ID. ss d 
Then becauſe the right line K L touches the circe KI. 
AEC DE In the point c, and FC 18 drawn from the centre u 
F to the point of contact c; the line Fe by 18. 3 3. * pen 


be perpendicular to K L. And ſo each of the ang Je tc aul. 
will be a right angle. By the ſame reaſon re angles * rr 
10 points E, D are right angles. And becauſe the age * 


ano! 
| 18 
F CK is a right angle, the ſquare of FK (by 47 BL the 
equal to the ſquares of F c, CK. And by the 3 realon WW e 
the ſquare of FK is equal to the ſquares of FB, BE. Nen 


Therefore the ſquares of F c, c k are equal to the {quars x T 

of FB, BK; but the ſquare of F c is equal to the quae WR : 

of FB: | Therefore the remaining Jquare: « of * will * bent 
| | £9ue = 


> 
3 
# ro * 
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uns equal to the remaining ſquare of n K: and © BK is equal 
vi to ck. And becauſe FB is equal to 


tu, WWF + c, and r Kk is common, the two 2 
the Gdes E F, Fk are equal to the two A. 


es cr, rk; and the baſe BK is e- , EF NN 
(by | qual to the baſe CK: 'T herefore [by | 5 


# ; 6.1. the angle B F K will be equal to . SD 
day the angle K F c, and the angle BK F . : 
er to the angle FK C: Therefore the It wy on 


Fin angle BF C is double to the angle 

xe: And the angie B Kc double to the angle F K c. By 

E the ſame reaſon the angle CFD is double to the angle 
err, and the angle c L D double to the angle c LF. And 
becauſe the part 3 c of the circumference is equal to the 
part c D of it; the angle BF c [by 27. 3.] will be equal 
to the angle CFD, But the angle By c is double to the 
angle KF C, and the angle pF c double to the angle L Fc. 
Therefore the angle K FC is equal to the angle CFL, 
| Wherefore FK c, FL C are two triangles having two an- 
E cles of the one equal to two angles of the other, and one 
ide of the one equal to one fide of the other, viz. FC 

E which is common to them both; therefore {by 26. 1. ] the 
remaining ſides of the one will be equal to the remaining 


avoll des of the other, and the remaining angle of the one 
„aal to the remaining angle of the other: Wherefore the 
105 right line K c will be equal to the right line c., and the 
Ei angle F K c equal to the angle F LC. And becauſe K C is 
1:1 WW cqual to c L; K I. will be double to K c. By the ſame 
Be E reaſon H K will be proved to be double to Bk. Again, 
n 1 becauſe B K has been proved to be equal to Kc, and EL 
b. s double to K c, and & to BK; HK will be equal to. 
Ys Kr. Alter the manner we demonſtrate that 6 H, 6 My 
ul M are each of them equal to HK, Or K L : there:ore the 
1 pentagon G HK L M is cquilateral. . tay it is alſo equian- 
15 no gular. For becauſe the angle F KC is equal to the angie 
e FLC, and it has been proved that HE C is double to the 
75 angle FKL; and DLC is double to the angle K L r : 
an bs angle HK L. will be equal to the angle K L Me 
BK! We demonſtrate after the ſame manner that the angles 
une So, HGM, GML are cach equal to the angles H K Ly 
qu MM ©: Therefore the five angles GHK, HEL, KL MM 
vill be N LMG, MGH are equal to one another. * hercfore the 
equa bentagon G HK LA is equiangular. Put it has alto been 
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proved to be equilateral, and is circumſcribed about th 


circle AB C D E. Which was to be done, 


P R OP. XI. PROBI. 


To inſcribe F circle in a given equilateral and equigy 
gular Pentagon, 


Let the given equilateral and equiangular pentagon 0 


1 o required to inſcribe a circle in the pen. 


On AB CDE. | 
Biſect {by 9. 1.] each of the angles BCD, CDE by the 


right lines CF, DF. And from the point F wherein the 
meet, draw the right lines F B, F A, FE. Aud becaue 


BC is equal to c p, and C f is con 
mon, the two fides Bc, r ar 
cmqual to the two ſides DC , and 
the angle BC F is equal to the an- 
gle DCF: Therefore the baſe 35 
is {by 4. 1.] equal to the baſe DH 
and the triangle E F C is equal to the 
triangle DCF, and the remaining 


angles equal to the remaining angles, which are oppaſte 


to the equal ſides: Thantars the angle CB F will be 


equal to the angle CDF. And becauſe the angle CD® 5 


double to the angle CDF, and the angle cp E equal to 


the angle AB Gs "but the angle CD F equal to the ang 
cb: The angle C BA will be double to the angle cr; 


and accordingly the angle a B F equal to the angle FBC: 
"Therefore the angle a Rc is biſected by. the right line Br. 


In like manner we demonſtrate that the angles BA, A9 


are each of them biſected by the right lines FA, F F. And 


ſo from the point F draw FG, FH, F k, FL, F M perpen- 


dicular to the right lines A B, Bc, C, DE, E A. And 


15 ; becauſe the angle H c F is equal to the angle K CF, bit 
the right angle F Kc is equal to the right angle F KC: 
The two triangles FHC, Fk c, will have two angles d 


the one equal to two angles of the other, and one {ide of 


the one equal to one ſide of the other, viz, the commol 
fide F c, which is oppoſite to one of the equal angle: 


Therefore [by 26. 1.] their remaining ſides will be equi, 


lat 
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lar to F K. After the ſame manner we demohftrabe that 
Fi, F M, FG are each of them equal to FH or FK: 


| Therefore the five right lines FG, FH, Fk, FI, FM 
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1 b, DE, E A: it will therefore touch them. 


are equal to one another. Wherefore a circle deſcribed. 
with the centre F, and either of the diſtances FG, F E, 
FR, FL, FM will alſo pals thro? the remaining points, 
and the right lines A B, BC, c D, DE, E A will touch it, 
becauſe the angles at G, H, k, I, M are right angles. For 
if the circle does not touch: but cut them, a right line 
drawn from one end of its diameter at right angles to that 
diameter, will fall within the circle. Which [by 16. 3. 
has been proved to be abſurd. Therefore a circle deſcri- 
bed with the centre F, and either of the diſtances FG, 
F H, F E, FIL, F M, will not cut the right lines A B, BC, 
Let it be 
leferibed; as G HK L M. 

Theron 4 circle is inſcribed in 3 given n equilateral and 
equiangular pentagon. Which was to be demonſtrated. 


PROP. XIV. PROBL, 


Jo circumſcribe a circle about @ given e quilateral a 4 | 


 equiangular Pentagon. 


Let ABCDE be a given equilateral and equiangular 
pentagon. It is required to circumſcribe a circle about dhe 


pentagon ABC DE. 


Biſect [by . TY each of the angles B C p, c D by the 
rioht lines CF, FD; and draw the right lines FB, F A, FE 
from the point F wherein they meet, to the points By Ay Fe 
Then we demonſtrate after the ſame manner as in the lait 
propoſition, that the angles c A, BAE, AED are biſect- 
ed by the right lines Br, FA, FE. And Heraule the all- 
gle BCD is equal to the angle c DE, Re 
and the angle FCD is one half of the 
angle BeD, and c DF one half of the 
angle p E; the angle FC D is equal to N ,. 
the angle FDC: and ſo [by 6. 1.] the 
ſide Fc is equal to the fide FD. In 
like manner we demonſtrate that F B, 
FA, FE are each equal to FCOrFD: 
Therefore the bive right lines FA, FB, 
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c, F, FE are each equal to one another. Wherefgy 
à circle deſeribed with the centre F, and either of the 
diſtances FA, F B, FC, FD, F E will alſo pals thro? the fe. 
maining points, and be Sreamferibed about the equilate. 
ral and equiangular pentagon ABCDE. Let the Circ 
be deſcribed, and let it be ABC DE. 

Therefore a circle is circumſcribed about a given e. 


quilateral and equiangular pentagon. Which wan d 
be done. | 


PROP. XV. PROBL. 
To inſcribe an equilateral and equiangular hexagon i; 
a be en circle. 


Let the given circle be ABCDEF. It is required ty 
inſcribe an equilateral and equiangular hexagon i in che cit. 
cle ABC DEF. 

Draw the diameter a D of the circle ABCDEF; and 
Hind the centre G of the circle, and about the centre »; 
170 the diſtance DG deſcribe [by 3. poſt.] the citcl 

CE, and } joining E G, C G, produce them to the point 
8 Alſo join AB, BC, CD, DE, EF, FA: I fay the 
hexagon AB CDE F 5 equilateral and equiangular. 

For becauſe the point G is the centre of the circle 
ABCDEF, the line GE will be equal to G D. Again, 
becauſe p is the centre of the circle EGCH; DE will be 


equal to DG. But GE has been pro | 


ved to be equal to GD: Therefore G1 
is equal to DE, Therefore E GD 5 an 


angles E G D, G DE, DEG, are equi 
to one another; We [by 5. 1.] the 
- angles at the baſe of an a(oſoeles triangle 
are equal to each other, and [by 32. 1] 
the three angles of a triangle are equi 
to two right angles: Wherefore the an- 
gle E GD is one third part of two right 


| | angles. After the ſame manner we de- 
wende that the angle DGC is one third part of th 
right angles. And becauſe. {by 13. 1.] the right line C6 


| ſtanding upon the right line E E makes the adjacent 3 angles 


E C Cy 


. 


J equilateral triangle; and ſo its three 


1 „ , y 
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F :Gc, co B equal to two right angles, the remaining an- 


gle CGB will be one third part of two right angles: 
Therefore the angles E GD, D G C, C GB are equal to one 


185 another. And ſo the angles BGA, AGF, FG E at their 
ick vertexes [by 15. I. ] are equal to the angles E p, DG e, 
c68: Wherefore the fix angles EG D, DPG c, co B, 
1 6 5 0 A, AGF, FGE are equal to one another, But [by 
0 26. 3. ] equal angles ſtand upon equal parts of the circum- 
ference : Therefore the ſix parts of the circumference AB, 
pc, CD, DE, EF, FA are equal to one another. And 
by 29. 3-] equal parts of the circumference are joined by 
= equal right lines. Therefore theſe fix right lines are equal 
* to one another: and ſo the hexagon ABCDEF is equila- 
teral: I ſay it is equiangular too. For becauſe the part 
ex of the circumference is equal to the part E p of it, if 
1 0 the common part A BCD of the cirtumference be added to 
c. both, the whole FAE C D is equal to the whole DC 1 
| but the angled F E D ſtands upon the part FA BE C D of the 
and circumference; and the angle A F E upon the part EDCBA 
2 Dy of it: Therefore the angle AF E [by 27. 3.] is equal to 
rl: dee angle DEF. After the ſame manner we demonſtrate 
int chat every one of the remaining angles of the hexagon 
the ABCDEF, is equal to either of the angles AFE, or FE D. 
Therefore the hexagon A B C D EF is equlangular: But it 
irc has been alſo proved to be equilateral ; and is in{cribed in 
ain, the circle A BC DE F. 750 
be . Therefore an equilateral and equiangular hexaen 13 
pro- inſcribed in a given circle. Which was to be done. 
I Corollary, From hence it is manifeſt that the fide of an 
1550 hexagon * is equal to the ſemidiameter of the circle. 
qual | And if tangents to the circle be drawn wy: the points 
ho A,B, C, D, E, F, an equilateral and cquiangular hexagon 
oo wil be el ide about the circle, as 13 evident from 
Y | what has been ſaid of the pentagon : : And moreover a Cir - 
qui cle may be inſcribed in a given hexagon, or circum- 
= ſcribed about one after the like manner as we have in- 
;oht icribed or circumſcribed a pentagon | in Or about a a given 


E circle, | 


Inſcribed in a circle, 


PROP. 
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PROP. XVI PROBL. 


os inſcribe an equilateral aud equiangular * quindera- 


gon in a given circle . 


Let A B c n be the given circle. It is required to in. 
ſcribe an equilateral and equiangular nee en in the 
circle AB C b. 

Let a c be the ſide of an equilateral triangle inſcribed 
in the circle A BC D, and AR the fide of an equilateral pen. 
tagon inſcribed in it; then if the circle AB OC D be con. 
ceived to be divided into fifteen equal parts, the part « 
of the circumference (being one third part of the ahh 
circumference) will be five of 
thoſe equal parts. And the part 
AB of the circumference, be- 


will be three of thoſe parts: 
and fo the remaining part 8c 
bo two of thoſe equal parts [by 
30. 3.] Biſect B c in E: Then 
| wil B E, EC be each one ff. 
teenth part of the circumference 
of the circle a B C D. If there- 


fore the right lines 3 E, k E C be drawn, and right lines e. 


qual to them be continually applied in the circle + be D, 


an equilateral and equiangular quindecagon will be inſer 


bed in the circle. Which was to be done. 
In like manner as before for the pentagon, If tan. 
gents be drawn thro' the points of diviſion of the clt- 


cle: an equilateral and equiangular quindecagon will be 
circumſcribed about the given circle: and moreover by 


proceeding after the like manner as we have done wit 


the pentagon, we may circumſcribe or inſcribe a circle 
in a given equilateral or equiangular quindecagon. 


1 A figure of fificen tides. 


4 ft may not 5 amifs here to obſerve, firſt, that every 


_ equilateral figure inſcribed in a circle, will always be equi- 
angular, But every equilateral figure circumſcribing a cir⸗ 
cle will not necellarily be nel, unlols it be when 


the 


ing the fifth part of the whole, | 
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the number of its angles be odd, or if even, when two angles 


next to one another are equal, or two not next to one another, 

hen one of them firſt aſſumed takes up any other even place, 

aj the fourth, ſixth, eighth, &c, | 
Secondly, that every equiangular figure circumſcribed about 


a circle is alſo equilateral. But every equiangular figure in- 


ſcribed within a circle is not neceſlarily equilateral, unleſs 


when the number of its ſides is odd; or if even, when two 


des next to one another are equal, or two not next to one 


another equal, when one of them firſt aſſumed ſtands in any 


even place, as 2 fourth, fixth, eighth, tenth, Cc. 


Se a full account of this in the ſcholium of the fixteenth. 


propoſition of the fourth book of Clavins's Euclid. _ 
Scarborough ſays, in his advertiſement at the end of this 


propoſition, that a quindecagon admits of no other way of 


conſtruction but that of Euclid's. But herein I think he is 
miſtaken: For if a c be the GR NE: 

fide of a regular hexagon inſcri- ns A 
bed in a circle, alſo a B the fide | 
of a regular decagon inſcribed in 
that fame circle. The right line 
» 0 applied to the circumference 
of the circle will be the fide of | 
areguiar quindecagon inſcribed in the circle: becauſe if from 
the one {ixth part of the circumference of the circle be taken 
Way one tenth part, there will remain the one $fteenth part 
of the circumference. . Ne 
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Additions to the Fourth Boul 


PRO FP. I. PROBL. 
To inſcribe a ſquare within à given ſquare, paving 


one of its angles at a given point in one fide of tl 
given ſquare. 


Let the given ſquare be AB D, and the given point h 


one of its ſides be E. It is required to inſcribe a ſquare in 


the given ſquare A BCD, — one of its angles at the 
given point E. 
In the ſides A B, BC, CD of the given u ſquare, take 


AF, BG, CH each equal to E D; and join the point 


E,F, G, H. 
Then becauſe che des of the care are 8 to on 
another, and AF, BG, CH, Dt 
= 2 alſo are each equal to one another 
| = [by conſtruction]. Therefore wil 
AE, BF, G Cy, D be equal to one 
inothes;: And ſince the four ang: 
HEA, FBG, GCH, EDH of tit 
ſqgquare are equal to one another, 


FB G, GC E, ED H, having two 
ſides of the one each equal to two ſides of the other, and 
the angles contained under the equal fides equal tov 


Wherefore [by 4. 1.] the four ſides EF, FG, GH, Ek 
will be equal to one another, and ſo will the four ang 
AF E, BGF, AEF, BFG, Sc. But ſince the angle FA! 
is a right angle, and ſo A E F, AF E by 32 1. are equa 
to one right angle. Therefore à F E, B F G will be equa 
to one right. angle. But the angles ar E, B FG, EEG 
[by 13. I.] are equal to two right angles. "Wherefore d 


angle GFE will be one half two right angles ; that 5 


will be equal to one right angle. After the fame manner | 
We demonſtrate that each of tlie angles F G Hy GHE,EEH 


Wil 


I) there will be four triangles a FE 
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eil be a right angle. Wherefore ſince the figure FOH 
has been proved to be equilateral too. It will be a ſquare; 
inch it is inſcribed in the given ſquare AE Cb. 

| Therefore, c. Which was to be demonſtrated. 
Note, After the ſame manner may any regular figure 
be inſeribed in another of the ſame number of equal les, 
and at 2 given point in one of its 8 . | 


PROP. U. PROBL., 


To inſcribe a ſquare in @ given rhumb us. 


wing 


8 tl 


Let there be a given rhumbus AB C D. It is required 


int l do inſcribe a fquare in the given rhumbus A BCD. 
re in Draw the diagonals a c, BD interſecting one another 
at the 


in the point K. At the diagonal BD, and at the point K 
4 Ein it, make [by 23. I.] the angle h K C equal to one half 
ako 
Pot: the fide Bc. "of the rhumbus 
Ein the point G. In the fide 
A put B F equal to B G; in 
the ſide A D put A I equal to 
ar; and in the fide pc put 
c K on equal to DI; and join 
to ode the points G, H, 1, F. I ſay 
angls | the figure G H LF will be a A. 
of the Wi ſare. = 
ther. WF For let F G meet BK in the point .; and draw G . 
arbWri ik, HK. 


0 Of 
„ DE 
nother 


8 1 Then becauſe the four ſides of the rhumbus a n D are 
r, 2s equal to one another: and the diagonals A c, Bb are. 


il too. common to the iſoſceles triangles ABC, ADC; An p, 


H, EK WW:co; theſe triangles [by 4. 1. ] will have their reſpective 


angles fes equal, and their angles equal to one another. There- 
e FAE 


- c, ol the chumbus 3 and will biſect [by 20. I.] one another 


: £014 Wi a right angles in the point K. Again, ſince by conſtru- 
„Kon! 5 0 is equal to BF, and the angles K h , KBF | 
Ole t Bane been proved to be equal to one another, cach of them 
1 ö beine one half the angle A B G, and BL is common; there- 
maln 


one another, and che angles B I. F, B L. G ; equal to one an- 
| other. 


| of a right angle; and let the ſide K G G of this angle meet | 


fore the diagonals A C, B D will | biſe& the oppoſite angles 


pore [by 8. 1 J the right lines F L, L G, Will be equal to 
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other. Conſequently B L F, B L O will be each of they, | 
right angle. And fo [by 15. I.] will the angles x Lk, 
GLK be each a right angle: Again, becauſe 1, 1; 
have been proved to be equal to one another, as alf th 
angles F L k, GL EK, and the {ide K L is common: There. 5 
fore [by 4. I.] the angles L K G, LEK F will be equal h / 
one another, and the ſides F k, G K equal to one another, AF 7 
= 1 
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But {by conſtruction] the angle L K O is one half a rig 
angle: Therefore the angle LK will be one half a rig 
angle ; ; and fo the angle F K G will be a right angl, W - 
After the fame manner we demonſtrate that 1 H wil 
equal to FG; IK equal to K H, and Ik, EK, V leb 
E H equal to one another, and the angle 1 K H a ih pul 
angle. EY * 
Again, beczuſe AF, AI are [by conſtrution] _ 1 I 
sc, c, and the oppoſite angles BAD, BCD of te '# 
rhumbus are {by 34. I.] equal to one another; the fi; WF © 


- - 4 


5 5 EIS . bo 
— $2 ae on 
b _—_ . 
. 
N 


= tank * 4s : 
2 * 


p, will be [by 26. 1.] equal to G H, and ſince r «, & 
KG, K H have been proved to be equal to one another: i ſer 
Therefore the angles FK1, G K H [by 4. 1.] will be e of t] 
to one another. Wherefore fince {by 13. 1.] all the 7 [by 
gles about the ſame point are equal to four right ang qual 
and it has been proved that the angles F K 6, IKEA 
each right angles: The angles F K I, GK H will alſo de Ine 
cach a right angle: Wherefore FG or 1H will be equal 2B 
to FI or GH. And ſo the figure IF EH will be eq WF 1 
lateral. Laſtly, becauſe F k, K 1 are equal to one anotbe, Wi" 
and r k His a right angle, the angles K F 1, F 1« vil E. 

I by 5. and 32. 1. ] each half a right angle. In like mante if KN 
the angles K F G, FO k will be each one half a right a i 4 
gle; and ſo will K G, HK be each one balf a right * 

y angle, as well as the angles K HI, K1H: Wherefore te + 
angle IF G will be a right angle. So alſo will the ange In 
FG H, GH1, HI be each a right angle. Wherefore ie 1 : 
figure IFG H 1s rectangular, But it has been proved u | 
de equilateral. Therefore it is a e and | is inſcribed! ig b 


a given rhumbus. 
ee D c. | Which v was to be demonſtrated 
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| PROP. III. PROB I. 


| T inſcribe a a trapezium in a given circle equiangular 
a given trapexium, and ene of whoſe ſides ſhall 


* he of a given length. But this length muſt be leſs 

al t au the diameter of the given circle, and two of 

Other S 

bY: the oppoſite angles of the given trapezium must be 

„ 

15 Let the given circle be ABCD, the given right line IKg 

"WF (6 than the diameter of the circle, and the given trape- 

* zum EFG H, havi ing two of its oppolite angles E F O, 
Hl 


E rac equal to two right angles; it is required to inſcribe. 
| 4 trapezium in the circle AB CD equiangular to the given 
E traperium E FG H having one of its ſides __ to the gi- 
yen right line 1 K. 


ual to 
of the 


: le From the given circle ABCD cut if [by 34 = the 
he. | ſexzment A B C containing an angle equal to che; 5 EFG 
ot J | the given trapezium EF G H, Grave the right line a b 
equi 
70 | F . 4] 19185 1 —— — K 
anole; el to the 85 | Fn 

Se E given right 5 

oK line I, and 
; W by 23. 1.] 
equi Wi 


at the r oh [t 


eq. 
I Ine a p, and 
nother, 
wil E the given , 
mann point à in it, AE 
| make the a 7 
ht an. 1 | ail 5 
Jre A 1 al, to the angle F EH of the given trapezium EF 1 ; 
angln and let the fide A B of this angle cut the circumference 
a Jof the oiy | int 3. Join the pol! S 2,0 D. 
bre the given circle in the point 6. D. 


ved u Auch the trapezium ABC D will be that required, 
For becauſe all the anc cles in the tame fegment of a Clt- 
We by 27. 4.) are equal to one ato! her, the angle ABC 
; = 0 equa, © the angle EF . nice by CG nit: uction] rag 
* Wheat, BC of the circle contains an angle equal to the 
angle k F G. And becaute Iby 22. 3.] the angles ABC, 
Vc are equal to two right angles, and the angles E F G, 
Ehe of the given trapezium are alſo by ſuppoſition] e- 
* to two rigut angles. Therefore will the angle ADC, 
| 0 OT 


ribed il 
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be equal to the angle rH G of the given trapezium E Fc, 
But the angle B a D [by conſtruction ] is equal to the 2», Th 
gle HE F of the trapezium. Wherefore the three any], 
ABC, ADC, BAD of the trapezium ABCD will he ue. 
ſpeQtively equal to the three angles EF G, EHG, vr; i ge 
of the given trapezium EK F GH. And fo becauſe all th: Ag. 
angles of any trapezium are [by 3. addit. to lib. 1.7 qu MF to 


toue 
to four right angles, the fourth angle Bc Þ of the trage: riot: 
Zum A BCD will be equal to the fourth angle F G H of te yiut 


given trapezium E FG H. Therefore the trapezium ABCD WW the 
will be equiangular to the given trapezium, having ce 


equ 
Ide A D equal to the given right line 1K; and it it inſc mee 
bed in the en circle ABCD. Zul 
Therefore, Sc. Which was to be done. = Þ 
= be 
PROP. IV. PROBL. . 
To cir cumſe ribe a trapezium about a given crc}, 8 
| ples 

equiangular to a given trapezium. | © 
* 8 8 den IFap . tot 
Let x © LP be the given circle, whoſe centre is u, i ten 
let E G H be a given trapezium. It is required to circun- Wi [by 
ſcribe a trapezium about the given circle NOLP Equiats pez 
gular to the given trapezium EFG H. | are 


Draw [by 17. 3.] from an aſſumed point without e 43 
ces the right line Q p touching the circle in the pot 
At the right line QD, and at the point Qin it, ma WF 7 

hy 23. I.] the angle DR equal to the angle « of i ii 

Ziven trapezium 3 ; and from the centre M of the circle d 

{by 12. I.] the perpendicular MR to Q, the fide of e Wi 
angle meeting the circumference of the circle in te Wo, 
point o; thro? O draw | [DP 31. 1. A O B parallel to Us = 
Then [by 16.3. the chat t line AB will touch the cite 


N. 


GH, 
Al 
Now 
fe- 
F EH 
1 the 
equal 
Tape- 
f the 
BCD 
7 One 
nlcts- 


ir, 


1, 2nd 
rcum- 
Quiait 


ut the 


© pont 


7 
Mmakè 


] | meet D C in the point c. 
um required. 


| are equiangular. 


. 


E th: 
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in o; and becauſe A O, QR [by conſtruction] are parallel: 
UT herefore [by 29. 3.] the angle o A Þ will be equal to the 


angle R Q. But the angle K A [by conſtruction] is 
| equal to the angle E of the trapezium. Therefore the an- 
ge oA N will be equal to the angle E of the trapezium. 
Again, by a like operation, draw the right line DP to 
E touch the circle in p, making an angle QD Cc with the 


; | right line QD equal to the angle H, of the given trape- 


zum. And by a further like operation draw B c to touch 


| | the given circle in L, making the angle ABC with A B 


equal to the angle F of the given trapezium, and let Bc. 
I ſay ABEC D will be the trape- 


For it has been already proved that ths angle BAD of 


| the trapczium ABCD is equal to the angle E of the given 


| trapezium EF G H. So alſo does it appear {by conſtruc- 


tion] and from — has been already proved, that the an- 


bs ABC, ADC of the trapezium AB C D are each equal 
| to the angles F, H of the given trapezium: Therefore the 
remaining angle BC D of "the trapezium ABCD will be 
| [by 3. addit. to book 1. ] equal to the angle G of the tra- 
pezium EF G H. Therefore the trapeziums ABCD, EFGH 
But [by conſtruction] the trapezium 
{ABCD touches the given circle OLPN in the points 5 


, 1, P, N. 


n Oc. Which was to be demonſtrated. 


PROP. V. PROBL. 


n inſcribe a regular heptagon, or figure ba aving ſeven 


os des, in a given circ i partly by trial, 


Let DcB be a given circle, whoſe centre is a. It is 
| tequired to inſcribe a regular heptagon 1 in the given Circle 
ber, partly by trial. | 

Draw the A D p, and aſſume by 15. 4+] the 
arch B C of a regular hexagon. From © draw by 12. 1. 
the right line C E perpend licular to the ſemidiameter a B of 
| the wrcle, and draw another ſemidiameter A F [by trial, 
| br turning a-ruler about the centre a, Sec] ſo cutting 

ic circumference of the circle in the point b, and the 
2 | * | 
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perpendicular c E in 1, that drawing the right line BF, 
the ſame ſhall be equal to 1F. This done, make the 

arch BL equal to the arch 

BF, and draw the richt 
line FL. I fay FL will be 
the ſide of a regular hentz. 
gon inſcribed in the gien 

circle D B. One tide +; 
being thus found, the other; 
will be obtained by carry: 
ing that ſide fix times aboy 
the circumference of th: 
er circle. 


Join B 1. 

Then fince the ſides AB, AT are equal to one another, 
the angles AFB, AB F by 5. 1.) ”—_ be equa] to one aj: 
other. And ſince | by cor. * 4.) the fide of the regula 
hexagon inſcribed in the circle is equal to the ſemidiamcte; 
AC; and hecauſe CE is perpendicular to A B, [by couftr, 
thererore {by 26. I.] AE will be equal to EB; Al cou! 
to 183, and the angle 1AE equal to the angle 1B k. Br 
fince 1, FBI by conſtr.] are equal to one another, the 
angles F I, FB1{[bys. 1.] will be equal to one another 


But (by 32. 1.] the outward angle £13 of the triange | 
A1B, to which F BI is equal, is equal to both the inwarl | 
angles IAB, IHA: Tothe angle F BI add the angle 15a, 


"that is, FAB, Then will the angle ABF, or AFP cqul 


do it, be thrice the angle F AB. Again, becauſe by 20. 3 
an angle at the centre of a circle is double to an : wnele at 


the circumference; the angle D A F will be double to tie 
angle a B F. And ſince the angle A B F is three times the 


angle FAB. Therefore the angle DAF will be fix times 
the angle FAB; and fo the angle F AB will be one ſeventh | 
part of two right angles. Wherefore [by 26. 3.] the ach 


FB will be one ſeventh part of the arch of * ſemicit 
cle h C D. And accordingly [by conſtruction] the ara 
FI. Will be one ſeventh part of the whole circumferen ce. 
. herefore, Oc. Which was to be demonſtrated. 


SCHOLIUM. 


This i is rot to be reſolved. geometrical : that i 


by a 7790 t line and a cirele, Its elutian Tequires a (uu 
; In 


IV. 
BF, 
the 
arch 
right 
ill be 
ent2- 
7IVEn 
eFL 
thets 
arr. 
abow 


| the 


ther, 
Je af. 
egulat 
metel 
ouſt. 


riange 
nward | 


to the 


nes the 


times 
ſeventh | 
he arch 


cmicit- 
e urch 
ence. 


that ts 


a W's 
| [hi 


ference of the circle 
in the point G. Join | 


be one ſide of a re- 


ure having nine 
5 — of 2 12 5 * . 
qual tides, inferi— 
i N 5 

dec un the given cir- 


epd nine times e Tad, 
und the circumference of the given circle will be that 
© icquired, 5 e e 5 
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if the ſemidi | 
feds of the given regular heptagon inſcribed in it be Tied 55 


q pets 
$ tr; > — 


n by 5. 1.) will be equal to the angle 


ef an higher order, as a conic ſecticn, or the conc hoid. 
t ariſing, as the algebriſts call it, to a cubic equation. Fir 


ameter of the given circle be called er, and the 


me of the roots of this cubic equation x*Þ4rxz+1rrx—r*=0, 


will grve the value of the fide of the regular heptagn inſert- 


bed in the circle. 


PROP. VI. PROBL. 


1s inſeribe a regular nonagon, or figure of nine equal 
ſides, in a given circle, partly by irial. 


Let r DAB be a given circle, whoſe diameter is F 3, 
ind centre C. It is required to inſcribe a regular nonagon 
in the given circle F DAB. 8 „ 

Draw the diameter ; F of the circle, which continue out 
tor. Take [by 15. 4 the arch An equal to the ſixth 
part of the whole circumference of the circle. From a 
draw the right line A b E, fo cutting the circumierence of 
the circle in the point p, and the continuation of the dia- 
meter BF in the point r, that the part E D of the right 
ine E A be equal to the ſemidiaméter FC or CB of the 
circle, But this is to be done by an eaſy and expeditioug 
trial, When this is done from the point F, draw by | 
31. 1.] the right line FG parallel to the right line EA 
cutting the circum- . 


BG, | ſay BG wil 


* 3 1 : 
aHar nonagon, Or. 


E 


MFD AB; Which 


* 


For join the ſemidiameters C A, C D. 

t hen ſince ſhy conſtruction k P i. | to pe: the 
n lince [by conſtruction} Ek D is equal to Dc; the 

DE C. 


But 


() 2 
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But [by RE; 3 1 becauſe the angle c p A is equal to DEC, 
E C D: I herefore will the angle CD A be twice the angk 
c FED. By the ſame reaſon, becauſe C p is equal to ca, it 1 
Oc. the angle ac 3 will be thrice the angle Dc E, and 1 
ſince [by conſtruction] r C is parallel to E A, the ang | quad 
Ac [by 29. 1.] will be. thrice the angle G FH. There. Wh mull 
fore [by 20. 3-] the arch a n will be thrice the arch r 0; WY 3d 
That is, the 17285 AB will be thrice the arch A 6, for th Ades 


arch AG is equal to Fp, ſince A p, F G are paralld, MF part 
Therefore the arch G will be two cqual parts of three of WF 012 
the arch AB, or four equal parts of fix of the arch ag; and 
that is, ſince A n {by conſtruction] is one ſixth part of ke ” 1 


cituinfeience of the circle, the arch B 6 will be b ſem 
equal parts of thirty fix, or two equal parts of eighteen, & 9% 


one part of nine, of che whole circumference of the cl. . 
Therefore, &c. Which was to bu demonſtrated. _ 
[by 


Wee, This problem, no more than che laſt, can be te. 


ano 

ſolved by a right line and a circle. | 4 
PROP. VII. PRO BL. 5 

20 deſcribe any regular polygon upon a given right i 
line, admitting the diviſion of a given arch if 1 
circle into any number of equal parts. | 0 
Let there be a given right line A B. It is requited 5 5 
deſcribe a regular polygon | upon the given right line A3. WF to 
Firſt, Let the number of ſides of the polygon be odd, ng 
Continue out the given right line a B to p, fo that a» e lib 
equal to A. About the centre A with the diſtance a0, Wi hi 
deſcribe part of a circle DEC. From A [by 11. 1] Wi ti 
draw Ac perpendicular to Ap, mecting the circumic- WF of 
rence of that circle in the point o. Divide the quarter WF an 
pc of the circumſerence into the ſame number of eq IE tz 
parts as the polygon to be deſcribed has fides. "Then 1 the WW 
polygon has five ſides, let Cc & be one of thoſe parts. [fit u. 
has ſeven hides, let C E be thrce of thoſe parts; if the p. e 
lygon has nine tides, let c E be five of thoſe parts; if u WW © 
| Jas eleven, let it be ſeven of thoſe parts; and ſo on in- . 
creaſing by two, &c. But if the number of ſides of tic n 
| polygon to be deſcribed be 188 the arch C E, if the po- hi * 


b | 


IV. 


DEC, 
angle 
FP a, 
and 0 
ange 
There. 
FD; 
Or the 
rale 
ree of 


1 AB;] 


of the 
2 four 
en, or 
ie Cit- 


be tes 


Uartet 


equal | 


if the 
If it 
le po- 
if it 


. In- 
of the 
poly. 
| Col | 
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it i: divided into. 
cr wult be four of cight equal parts; that is, one half the 


| ot 1. the angle E AR by 
the right line A F, and ha- N 
ung made the angie a HN w- 
| [by 2% 1. equal to the D A. — B | 
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gon he ſix ſides, muſt be two of the ſix equal parts the 


cu ant DC is divided into, or one part of three that 


If the polygon has eight ſides, the arch 


quadrant Þ C. If the polygon has ten ſides, the arch c E 


muſt be ſix of ten equal parts, or ' arce of five that the 
E quadrant DC is divided into, If the polygon has twelve 
Efides, the arch © = mult be nine parts of twelve, or three 
parts of four that the qua- | <> 
E grant Þ © is divided into, 8 
and fo on, Oc. | 
This done, draw the 
ſemidiameter A i of the 


quadrant S. Biſe&t by 


angle E A B, biſect the angle A EH by the right line BF 
meeting the right line A F in the point F, and deſcribe a 
circle A G B about the centre F with either of the diſtances 
ar, FB; and applying a right line cqual to AB or AE 
E from p to E, and from E to G, and from G to k, &c. 
| round the circumference of this circle, I fay there will 
be deſcribed upon the given right line a h the regular po- 
heon required. T | 


For becauſe all the angles of a regular polygon are equal 


to one another; and fince the ſum of all the angles of any 
© Night lined figure whatſoever, is 
lib. I.] equal to twice as many right angles as the figure 
has ſides, abating four; therefore all the angles of a pen- 
E tagon will be equal to fix right angles. Conſequently one 
of its angles will be one right, and one fifth part of one right 
| angle, In like manner one of the angles of a regular hep- 
| f220n will be equal to one right angle, and three parts of 
; leven of one right angle; one of the ang'es of a nonagon 
will be one right angle, and hve equal parts of nine of 
one right angle ; and one of the angles of a regular poly- 
Len having eleven equal fides, will be equal to one riglit 
| angle and ſeven equal parts of eleven of one right angle; 
| 4nd ſo of others. In like manner it is demonſtrated that 
dle angle of a regular hexagon will be equal to one right 


by prop. 2 of addit. to 


| 
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three fourth parts of one right angle, &c. 


angle of the polygon. And fince the ſemidiameter cf: 


HS $5 7 


— 22 

2 „ 
2 = — 
IR. 


angle, and one tlurd part of one right angle; one angle 
a regular oCtagon equal to one right angle and half à rig 
angle; one angle of a regular decagon equal to one rel 
angle and three fifth parts of one right angle; and one 
ole of a regular dodecagon equal to one right angle a 


Therefore [by conſtruction) the angie E A will be gy 
| angle of the required regular polygon, and A B H anette 


circle drawn to any one angle of a regular polygon inſer; 
bed in a circle biſects that 2 angle, therefore the point F wil 
be the centre of a circle, in which the regular polygon re. 


uired is cetcribed, and AF or FB will be a cmd 
ter, Ee. 


T herefore, c. Which was to be done. 


P R OP. VIII. THEOR. 
if s the baj; of an iſeſceles tr iangle ſtands #pon lit 


arch ef a circle, and the vertical angle be in th 
circumference of that circle, and one angle at tl 
ba/e of that triangle be ſome number of times ie 
angle at the vertex, and each of the angles a! th 
baſe be divided into angles each equal to that at th 
vertex by right lines meeting the circumference (| 
the circle. And if the extremities of theſe niit 


lines be Joined, there will be conſtituted a regular] 


 polygen in the circle conf} ting of as many ſides a 
 twere are units in twice toe number of 421 Gits of 


one of he angles at the baſe of the ifojce eles trial 


gle, together With a unite added. 


Let Au be an 8 triangle, ele baſe Ac ban 
upon the circumference of the circle AEB He, and vet Wi 
cal angle Þ 18 alſo in that circumference ; ; and let one of Wi 


the angles BA C at the baſe be four times the angle Age 


at the vertex. Let the angles B Ac, BCA be divided into 
four angies each cqual to the vertical angle ABC, bythe} 
| right lines AG, AH, AT; EF, CE, CD mecting the cClt- 
cumſcrence ot the circle in the 218 G, H, 1; Fes 


Jon | 


10, 
gle d 


gn 
Hole 
ne an. 
e an! 


be One 
nother 
r of; 
inſcr. 
F wil 
on fe. 
dlame. 


te 
in ibi 
21 the 
es the] 
@t the 
at the 
ne | 
. * jolt | 
5 Hat 
des . 
013 of 
tri (ane 


e ſtands 
{ verti- 
one of 
P ABC] 
ed into 
by the | 
the clt- | 
F, F, D. 
Joi | 


: ſay the polygon ADEFBG H1CA 


1 angle ABC at the circumterence, 


Book IV. Euchd's Element. POE 


Join the right lines n G, G u, 


1, 10; BF, F E, E p, DA. I 


will have nine equal ſides. 
For becauſe the four angles, 
SAG; GAH, HAT; IAE Ib 
ſuppoſition] are each equal to the 


and alſo the four angles F By 

EC F, ECD, DCA at the peri- 
phery each equal to the ſame 
angle A BC. Therefore [by 26. and 29. 3.] the nine 
et lines BG, GH, HI, Ic, Ac, AD, DE, EF, FB will 
be equal to one another. And fince theſe are equal to one 
another, the angles DAC, AC 1, D, E, F, FBG, C, H, 1 
will be alſo equal to one another. "Wherefore the polygon 
ADEFBGHICA will be a regular nonagan. The de- 
monſtration is the ſame whatever be the number. of times 
that one of the angles at the baſe of the i ſoſceles triangle 
+ Bc contains the angle ABC at the vertex. 

Therefore, Sc. w hich was to be demonſtrated. 


Sc HOLILU M. 


From this propoſition it is evident, that a reg ular ab ger 


of any number of fides, might be inſcribed in a given circle, 
if an i ſoſceles triangle 40% be made ſuch that one angle at 
the baſe ſhould contain the angle at the vertex any given j in- 
ber of times. But this is not to be done gener ally by a rigut 
line and a circle; it muſt be effected in ſome caſes 75 a bonita 


ſection, and in others by geometrical curves of an higher or- 


der, The order of the geometrical. curve necelſtry to the bu- 
ſineſs, being higher according as the number of - times the au- 


ele at the taſe is greater than that at the vertex. But as 
the conſtruction by. theſe curves is ufele fs, by rea ſon of the 


diffculiy of the ſolution, the eyc/nid or ſpiral of Archime- 
des, by which the aten can be aj ly reſelved, are much 


preferable. OG 
. PROP. Ix. THEOR. 


Any regular poly gon inſcribed in a circle, or circum 
[rived about a circ le, will * nearer to the 
cr cle, according as the number of the [i we of the 


poly on 1 5 greater. 


Let 
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Let ABCDEFGH be a regular octagon inſcribed in; 
circle: whoſe centre is J. 

Biſect [by 10. 1.] the fide A B in the point K, and dran 
the ſemidiameter L I, and join A I, IB. 

Then becauſe K A is equal to K B, the angles ak . 
EK II by 3. 3.] are right angles, and the fide 1 K is com. 
mon; the right lines A 1, 1B [by 26. 1.] will be equa] to 
one another; and ſo [by 28. 3.] the arches A 1, 18 will he 
equal to one neee Now the e will exceed th 


* 54 
. * 2 
2 LEAN | 
* * . « * Pl "4 
N — V A 


4 


octagon AB CDE by eiglit equal ſegments a I s, c, 


CD, DE, ET, G, HG, AH, and the trilineal ſpace a 1x 


contained under AK, IK, and the arch a1 will be one | 
| half the ſegment A 1 of the circle, which is evidently | 


greater than either of the equal ſegments A 1, 1B by the 


right angled triangles AI K, or In K. Wherefore ſixtcen 
of the ſegments AI, whereby the circle differs from an 


inſcribed regular polygon of fixteen equal ſides will be les 


than eight of the ſegments a B, whereby the circle differs | 


from the regular poly gon ABC DEF OGH of eight ſides. 
Conſequently a regular polygon of ſixteen ſides is nearer to 
the circle in which it is inſcribed, than that of eight ſides. 
In like manner a regular colygon of thirty two "ſides il. 
ſcribed in the circle, will differ leſs from the circle than 


one of ſixteen ſides; and one of ſixty four ſides will fil IJ 
| be nearer to the circle in which it is inſcribed, than one t 


thirty two ſides; and ſo on ad infinitum, I. * demonſtra- 


tion is the ſame, whatever be the number of the ſides ot | 


the aſſumed polygon AB C DE FG inſcribed in the circle. 
do likewiſe when a regular polygon circumſcribes the cit- 
- cle, the demonfiration of the theorem is much the ſame 25 
when the polygon is inſcribed in the circle. 
Corollary, Hence when the number of the ſides of 2 
: regular polygon inſcribed in a eircle, or eircumſci ved 


about 


about a circle are exceeding great, the difference between 
dhe circle, and either of thoſe polygons, will be exceedin 
ſmall, that is all three of them ; the circumſcribed poly- 
gon, the circle and the inter d polygon will be ſo nearly 
equal to one another, as to differ only by a ſpace leſs than 
any aſſignable one; the ſame may be ſaid of the circum- 
ſerences or ambits of either of theſe polygons, and that of 
the circle; and hence it is, that ſome have called a circle 
z polygon of an infinite number of tides. 


; SCHOLIUM. 
Aliho' in the propoſition we have only taken a regular po- 
hgon, yet the thing is true of any polygons ſoever cir- 
aum ſcribing or inſcribing a circle, But the demonſtration i is 


joey. 
PROP. X. THEOR. 


be equal to a triangle whoſe baſe is the circumfe- 
rence of the whole polygon, and perpendicular 


tu the middle point of one of the ſides of the poly- 
gon. And ſecondly, Any regular polygon circum- 
: ſcribing a circle will be equal to a triangle whoſe 


and perpendicular the ſemidiameter of the circle. 


the ſemidiameter of the circle. 


to the ſemidiameter IL . of the circle. 
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. Any regular Polygon inſcribed in circle will 


the right line drawn from the centre of the circle 


baſe is the circumference of the whole polygon, 


Third! Y, A circle is equal to a triangle whoſe baſe 
ts the circumſerence of the cine, and perpendicular 


1. For [ſee the figure of the laſt ce J 3 
ABCDEFGH be a regular octagon, inſcribed in or cir- 
ſeribed about the circle. I ſay the poly gon ABC DEFGH 
when inſcribed in the circle, will be equal to a triangle 
whoſe baſe is the ſur of the ſides A B, BC, c D, DE, E. F. 
FG, GH, Ha, and perpendicular the "right line E 
drawn FROM the centre L to the middle point K of one 
lide A B of the polygon. And when it is circumſcribed, 
its ſpace will be equal to a triangle whoſe baſe will be the 
ſum of the ſides of the polygon; and perpendicular equal 


For 
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For drawing the ſeveral ſemidiameters AL, B L, C1, &.. 
theſe will divide the polygon into as many equal tod 


triangles as the figure has ſides, whoſe common perpend. 


cular altitude wilt be the right line LK. W herefore [ th 
1. 2.] a triangle whoſe baſe is the ſum of the fide: 

B ©, CD; . "and perpendicular altitude K L will be _ 
to the inſcribed or circumſcribed polygon. _ 

Again, Becauſe [by cor. of the laſt prop.] a recul; 

polygon of an exceeding great number of ſides circun. 


D 
ſcribing Or inſcribing a 3 differs from the circle uch, 


by an excecding, ſmall m ignitude, viz. Jeſs than any af. 
(enable one, as well as the circumſerence of fuch a polyzu 
from that of the circle: Therefore {by what has been altea 
deu, onltrated] a circle will be equal to a triangle whe 
baſe is the circumference of the circle, and perpendicula 
altitude the ſemidiameter thereof. = 

Corolla ry. Hence a ſector of a circle is equal to à th 
gle, whoſe baſe is the arch of the ſector, and perpendicy- 
lar the ſemidiameter of the circle. 


This is the famous propofition of Auchine les, 1 in his book | 


Ff the Circle, which he has demonſt rated by the method 
Ol ca Xhaultions, as it IS cally, „ 
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DEFINITIONS. 


1. Part is a magnitude of a magnitude, a lefs of a 


greater, when the leſs meatures the greater, 


* multiple 1 is a greater | ma gnitude ] of a leſs, when 


the greater is . by the Teſs . | 
Ratio is a certain mutual relation of two ma wnitude: 


to one another of the lame kind, according to quantity b. 


It might nethaps be Parkes to call that magnitude aty ni 


ber of ius greater thun another a mult: ie, and that magntt; i Uo 


any number of times liſs than another a ſubmnitiple, and not a 


part, as Euclid has called it; becauſe part generally ſignifies 


any magnitude lets than a whole; and the word 7o meaſure, 


F ſeems as much to want defining as part. Some call this an 
i Act part. 


v Ratio, according to the etymology of the word, ſgnilies 


a judgment, account, Or ettimation ot things known, from a 


compariſon of them. | 
In every ratio is uſually confidered how much the 1 


contains of the conſequent, or the conſequent of the antece- 
cent. For let the antecedent be either equal to, greater, or 

| |: chan the conſequent, it is the quantum of the conſequent 
contained in the antecedent; which is generally taken for the 
i of the antecedent to the conlequent ; and as the antece- 


dent 


, IL. J>brition of it; becauſe there are other compariſons 
COD znagntudkes of tue (ame ki 4 ascording to quantity, | 
1 EEC NO! PrODEriy: Ar! 9, 25 tue excets whereby. Cnc a | 


4 a a N 4 : N iT Stu- 


dent contains more or leſs of its con ſequent, ſo it is more or 
bes valued in s reſpect to that conſequent. 
. bere is no ob Nalaing an adequate notion 91 2 a ratio [Peg 
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4. Magnitudes are ſaid to have a ratio to one another, 

which being multiplied can exceed each others. 

F. Magnitudes are ſaid to be in the ſame ratio, the firſt 


| | tore 
to the ſecond, and the third to the fourth : When the we 
, equimultiples of the firſt and third compared with the ne 
tude exceeds another, or the defect whereby one magnitude iz WM dif 
leſs than another, is a certain fort of mutual compariſon of WE nc: 
them, vi. as to exceſs or defect, but this compariſon is nat But 
— ͤ ons | ES, cura 


As ſome take the numerical exponent or meaſure of a ratio 


to be the quotient of the diviſion of the number expreſſing te 
meaſure of the antecedent term of that ratio by the number WW « i; 
expreſſing the conſequent term: As if the magnitude a be the WM ». 
antecedent, and the magnitude B the conſequent, and à be the i 
three unites, and B be one unite of the ſame Find 3 then will ple, 
the numerical exponent or meaſure of the ratio of a to ; bez. WF ple, 
And if B be the antecedent, and a the conſequent, the nume- WF agai 
rical exponent of the ratio of n to a will be 3. mul. 
So there are others who call the logarithms the numerical cond 
exponents or meaſures of ratios, the very meaning of the eithe 
word implying it, «zz. the ratio of numbers. And accord. WF beto 
ingly theſe take the meaſures of ratios to be either the abſciſes Herr 
of the logarithmic curve, or the ſectors of equilateral hyper-. tie \ 
bolas expreſſed in numbers. See Mr. Coates's Harmonia mn let 
 furarum. 5 | 1 „ N 7 mul 
© Magnitudes of different kinds, ſuch as lines and ſuperficies, mag 
angles of contact and right lined angles, ſuperficies and ſolids, 1 
lines and ſolids, cannot have any ratio to one another ; becaule malt 
a line never ſo often multiplied will never exceed, or ever be- mag 
come a ſuperficies; nor a ſuperficies exceed or become a ſold; Wi © i 
nor any number of angles of contact become equal to, muci Wi '9 i 
lets exceed, any the leaſt right lined angle. 85 | ther 
Euclid has not expreſly told us what the quantity of a ratio WP tl 
is, yet from the fifth definition of the fixth book, one would Wi 10} 
think he meant by it the quotient of the diviſion of the ante- tcl 
cedent term of the ratio by the conſequent term. But whetherit WI e 
be taken as this quotient, or whether it be taken as the loga. WM Cle 
rithm of that quotient, there can no error ariſe from either of Wi poſe 
theſe ſuppoſitions when they are rightly underſtood. There Wi the. 
has indeed been a good deal of diſpute amongſt mathematics WF wy 
' Exce 


about this: But it has chiefly aroſe from both parties not con- 
ſidering either of thoſe ſuppoſitions might be taken at pleaſure, 
and becauſe ſome having taken it to be the one, and tome the 
other, they have both reaſoned accordingly ; and ſo diſagret 
in their concluſions, as they certainly muſt, becauſe of ther 
| : | - equl- 


ante- 
her it 
loga- 
er of 
[here 
icians 
con- 


aſure, 


e the 
greed 


their 


equi: 


Þ magnitude Þ, as & is of B. 
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equimultiples of the ſecond and fourth, according to any 
multiplication whatſoever, are either together deficient or 
| together equal, or together exceeding each other, 
b. Magnitudes which are in, or have the ſame ratio, 
| re called proportionals. 5 


different premiſes. I readily own, that the ſuppoſition of the 
| meaſure of a ratio being a quotient is moſt ſimple and eaſy. 
gut it is more apt to miſlead, and perhaps is not quite fo ac- 
E curate as the ſuppoſition of its being the logarithm of that quo- 
tient, which is a more difficult and remote conſideration. 


Let there be four magnitudes a, B, c, o, where the firſt 


a is compared to the ſecond B, and the third c to the fourth 
d. Let e be any multiple whatſoever of the firſt a, and f 
| the ame multiple of the third c, as let E be the double, tri- 
| ple, quadruple, Sc. of a, and er the double, triple, quadru- 
| ple, Sc. of o. And | | 
again let G be any 
multiple of the ſe- 
cond magnitude n, 3 — 56353 
either the ſame as | | „ 


. 1 * * 


4 


before E was of a, 


or p of c, or any 0. C— FUL. — 

E the whatſoever; and _ . | 

| lt en be the fame DF HH. 
multipleof the fourth | „ | 


| Then whenſoever it is demonſtrated that according to any - 
E multiplication whatſoever, the equimultiples E, F of the firſt 
| magnitude a and the third c, compared to the equimultiples 
e, n of the ſecond B and fourth p, each to each, E to G, and x 
to u. Ifay when theſe equimultiples are proved to be toge- 
| ther, leſs, or equal, or greater, E than o, and r than H. Then 
theſe four magnitudes a, B, C, b are ſaid to be in the ſame 
| Proportion à to B, as c to b. And ſo when in any one par- 
| ticular inſtance the contrary ſhall be demonſtrated, that the 
| <quimultiple of either a excceds the equimultiple of k, and the 
| Cher exceeds not, but is either equal or leſs; Then the pro- 
| poled magnitudes A, , c, Þ are not in the ſame proportion, 
| the firſt to the ſecond as the third to the fourth, becauſe the 
| #zreement of the equimaltiples in a joint defect, equality, or 
| Excels ought to hold in any multiplication whatſoever. © 
Many have diſliked this definition of Euclid, and thought ir 
| ſoreign, difficult, and obſcure. But this was for want of a 
| thorough underſtanding thereof. This definition is plainly 
ad clearly deduced from the fourth and fourteenth propoſiti- 
ens of the fifth book. For fince it is demonſtrated in the 


. 7. But 
: — 


\ 
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+, But when amongſt the equimultiples [of four Marnie 
tudes] the multiple of the firſt [magnitude] ſhall exceed 
that of the ſecond, but the multiple of the third ſhall not 
exceed that of the fourth; then the firſt magnitude is (aid 


fourth propoſition that any equimultiples of the firſt and third 
of four proportional magnitudes, are proportional to any equi. 
multiples of the ſecond and fourth, and becauſe it is ſhewn in 
the fourteenth propoſition, if four magnitudes be proportional, 
and the firſt be greater than the third; the ſecond ſhall be 
greater than the fourth; and if equal, equal; if lefs, laß. 
Therefore when four magnitudes are proportional, if any equi- 
multiple of the firſt be greater than that of the third, any other 
equimultiple of the ſecond will be greater than that of thc 
fourth. If equal, equal; if leſs, leſs. Wherefore, on the con- 
trary, when there are four propoſed magnitudes, and any equi. 
multiples of the firſt and third be taken, as alſo any other equi. 
multiples of the ſecond and fourth; and the equimultiple of 
the firſt be always greater than that of the third; and that of 
the ſecond at the jame time always greater than that of the 
fourth; if that of the firſt be equal to that of the third, that 
of the ſecond always equal to that of the fourth; or if that of 
the firſt be leſs than that of the third, that of the ſecond al. 
ways leſs than that of the fourth. Then it neceſſarily follows 
that thoſe four propoſed magnitudes will be proportional; ſo 
that from hence it moſt clearly appears how Euclid obtained 
this definition, and that it is a very ſimple, natural, and ealy 
fien of proportionality, derived from the before mentioned two 
propoſitions. However otherwiſe it may at firſt appear to | 
_ thoſe who will not be at the pains to conſider it. It is true it 
is not ſo ſimple and plain as the definition of numbers, or 
that which might be given of commenſurable maynitudes, 
Nor does it at all agree with the common notion that the ge- 
nerality of mankind conceive of proportionals. Yet in ule and 
practice it is moſt plain and eaſy. Euclid could not have given 
any other ſo elegant and general a definition that would take 
in incommenſurable magnitudes, as well as numbers and com- 
menſurable ones; and therefore he did aright to give this ra- 
ther than a worſe. See Dr. Barrow's full and learned defence 
of this definition of Euclid, in his 21ſt and 22d Mathematical 
Lectures; at the end of the latter whereof the Dr. concludes 
in theſe words: There is nothing extant in the whole work of tht 
ILliments of Euclid more fubtilely invented, more ſolidly efabliſhei, 
er more accurately handlcd, than the d:&rine of propurtionality. 
Some have given other definitions of proportional magni- 
tudes, as Borellus, in his Euclides re/titutus ; 'Taguet, in his Lu- 
10 


1 mtu 
þ 2019 
| 2. 
Til 
: then: 
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VG greater ratio to the ne than the third has 
to the fourth“. 

| 8. Proportion is a ſimilitude of ratios. 


| lids and Malcolm, in his i But, as I have already 
ad, Euclid's is the beſt of them all. 


mY | have ſometimes thought that the doctrine of proportiona- 


n of lty, in all quantities whatſoever, might be eaſily derived from 
a, Wi ie following poſitions, and Euclid's ſeventh book. 

be I. That thoſe quantities that differ from one another by mag 
en. — ks leſs than any afſienable magnitudes, May be taken for 
** ] fault, or repreſent one another. | 
ner | 2, That any four propoſed nagnitudes may either be accurately 
the | expreſſed in numbers, or elſe four maguitudles' that differ from 
on. * by magnitudes leſs than any offignable ones may; and 
1 E therefore 
hes z. Any four e may be taken for þropor tionals, the 
of | itte © ſecond, aud the third to the fourth, <chen the produc? 
of e the mul*iplication of the numbers repr eſcnting or meanſuriis 
the E mY firſt and fourth is equal to the product of the- multiplication | 
that bf the numbers repreſenting or meaſuring the ſecond and thi; d 
t of | nognitudes ; ; and accordingly | | 

al 4 Whatever properties of propor tionolity are diduced and te» 
Ws fate from the definition. of propor tional nanbers, or fre 122 
; LEudid in his ſeventh book, wwill hold gb, of the propor tionalit by”: 
ined bf any magnitudes ſoever which they r preſent or meaſure, | 
caly e Euchid here declares what condition four magnitudes ought 
(WO o have when the ratio of the firſt to the ſecond is greater tha n 
ED (tit of the third to the fourth, ſaying that taking equimultiples 
WA of the firſt and third, and of the ſecond and fourth. If it 
by all be at any time found (altho' not always) that the multi- 
en Pe of the firſt is greater than the multiple of the ſecond ; but 
Þ [kc multiple of the third not gre ater than that of the fourth. 
- and ut leſs. than it, or equal to it. Wen the ratio of the fir!“ 
h Paiude to the ſecond is ſaid to be greater than the ratio d. 
take de third to the fourth, as 15 ANI 85 
COM: 3 the annex'd example ; Kherein the N X 1 
. Papnitudes E, r are taken thrice the 3 1. 
__ * magnitude a, and the third c, and | | „ I 
ac” e magnitudes C, 4 four times the ſe⸗ * 133 
7 bond z, and the fourth p. And be- N I f 
105 t alle E the multiple of the ſirſt magni- Ta \ 13 (7 11755 c 174 x 
foe Pie is greater than G, the multip! S of „ 
lty. Ve lccond; but r th > multiple of the third is not greater 9 than 
8 85 | the multiple of the fourth, but leſs; the ratio of the firit 


10 0 of the third em to the fourth D. 


Fegnitude A to the ſecond 3, 15 110 to be grcater than the 


- p As - 
: | G- 1 Del. 


Of the firſt to the ſecond 8. 


and of no manner of uſe; and therefore I rather take them to 


de amiſs to define them here. Accordingly if three magni— 


the ratio of the firſt to the third. And if four magnitudes be 
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9. There muſt be three terms at leaſt to conſtitute Pro 
portion f. 


10. If three magnitudes are proportional: „the ratio of 
the fir{t to the third is ſaid to be the f cate of the ratio 


11. If four magnitudes be [continual] ofogortionals the 
ratio of the firft to the fourth is ſaid to be triplicate of the 
ratio of the firſt to the ſecond, and ſo forwards always more 
by one, as long as the proportion ſhall be continued, 

12. Magnitudes are homologous, when the antecedents 


are to the antecedents, as the conſequents to the conſe 


Juents 5 
1 
13. Alternate ratio is the aſſumption of the tee 


to the antecedent, and of the conſequent to the Conſe- 
quent i. | 


Both this Jefinition. and the laſt appear to 5 be ſuperfluous, 


be remarks of ſome learner put into the —— than genuine de. 
e of Euclid Himfelf 

As ſubduplicate and ſubtriplicate ratio are not mentionel 
by Euclid, and as theſe are very uſeful, I thought it might not 


tudes be proportional, the ratio of the firit to the ſecond, Or 
that of the ſecond to the third, is ſaid to be ſubduplicate df 


v 


continual proportiorals, the ratio of the firſt to the ſecond, or 


that of the ſecond to the third, or that of the third to the four „ 


10 ſa lid to be FubtriÞlicate of the ratio of the firſt to the fo: und 
I think this definition is not clearly expreſs'd ; nay, I pare 
ot thought it to be ſcarcely ſenſe; and therefore inttcad 


thereof J ſhould rather ſay, Ehen four magnitudes are frijur-} 
tonal, as the firſt is to the ſecond, ſo is the third ts thi an | 
the firſt ma guitudt and thi third, or the antecedents, as al) l 
ſecond and the feurth, or the conſequents, of the two equal 14. 


+ "7205, are called pomologous or co-rutional terms. But this | {ud- | 
mit to the learned. 


As let the magnitude a be to is e B, as the 


„ e is to the magnitude p Then alternately, or by 


permutation {ſee prop. 10.) it will be as a to c, 10158 10D, 


Alternate proportion cannot take place, ated; the four pio- 


poſed magnitudes be all of the fame kind. For if a line de 
% a line h, as a number c is to a number p, it would not be 


I: b t to infer by alternation, that as the line a is to the number 
„lo is the line 8 to the number D, becauſe there is no . 
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14 Inverſe ratio is the aſſumption of the conſequent 


28 he is to the e taken as the conſe- 


vent k. | 
; 15. Compoſition of ratio is an aſſumption of the ante- 


| cedent together with the conſequent as one, 70 the lame 
g confecuent | ; ; 


10. Diviſion of ratio is the aſſumption of the exceſs 


| whereby the antecedent excecds the conſequent, to the 
| {mc conſequent “. 


17. Converſe ratio, is he um tion of the antecedent 


to the exceſs whereby the Hoon exceeds the conſe- 


vent l. 
18, Ratio of equality | is, when th ere are foveral mag- 


nitudes in one rank or order, and as many others in an— 
other rank or order, comparing two to two, being in the 
E fine ratio, it ſhall be in the firſt rank as the fi: & magni- 
E tude is to the latt, ſo in the ſecond rank ſhall the firſt ma- 
: enitude be to the laſt. Ox E158 it is the alumption of 
E the extremes by taking away the inte mediate terms. 


between a line and a number, as is evident from the fifth 


E definition of this fifth book. But in the next following ways 


Jof arguing, iz. by inverſe ratio, compofition, diviſion, and 
E converſion, the two firſt magnitudes may be of one kind, and 
the two laſt of another, as is evident by the demonitiations of 
E this book. 


Let the magnitude a be to the 3 2, as the mag- 


>] 


mtude c is to the magnitude D. Then iuverieiy | by COr. 4. 5 1 


25 I is to A, ſo is p tO C. 

As let the magnitude a be to the magnitude B, as the ma- 
| Enitode c is to the magnitude d. Then by compoſition [18 

: 55 as A and B together 3 is to B, ſo is c and 5 08 ether to b. 


magnitude e is to the magnitude bp. Then by d diviſion | Li #3 
che difference between A and B is to b, ſo is the differ: ence 
between c and D to D. 

As let the magnitude a ha to the magnitude B, as the 
magnitude © is to the magnitude d. Then converſely (by 
ig. 5.) as a is to the difference Lars een A and g, ſo is & 
to the Viference between c and p. 

As let there be three magnitudes A, B, C in one 3 Or 


| e [by 22; 5. will! it be as A 18 to e, io 15 5 to F. 


50 


— 1 4 — ' 
1 * * ft 


As let the magnitude a be to the magnitude B, as the 


_ and three magnitudes b E, F in another order. And 
be to ;, as v is to r, and 5 be to c, as E is to r, Then 


22 ieee 19. Ordi- 


7 4 * 2 — 
1 ba $ _ 
———— — 
Et a> At. > — — 
— 


r rt? 


212 Euclid's Elements. Book y 


19. Ordinate proportion is, when it ſhall be as an ante. 


cedent to a conſequent, ſo is an antecedent to a con. 


quent; and as a conſequent is to ſome other magnitude, f. 


is a conſequent to ſome other magnitude t. 


20. Inordinate or perturbate proportion, is when there 
are three magnitudes, and the ſame number of others, . 


ſhall be in the firſt magnitudes as an antecedent is to a con- 
ſequent ; ſo in the ſecond magnitude is an antecedent to 
conſequent : But as in the firſt magnitudes a conſequent » | 
to ſome other magnitude, ſo in the ſecond magnitudes | ls | 
_ ſome other magnitude to the antecedent 1, 


As let the magnitude a be to the magnitude u, 9; th 

magnitude c is to the magnitude v; and again let one of the | 
conſequents h; be to ſome other magnitude c, as the other | 
_ conſequent t is to ſome other magnitude t. Then! is this or- | 
dinate proportionality; and it ſhall be true {by 22. F.] that x 


is to c, as b is to r. I take this definition to be almoſt uk- 


leſs ; it being in a manner contained in the lat. 


4 As let the magnitude a be to the magnitude u, as the 


magnitude z is to the magnitude Fp. And again, as in the frt 
_ magnitudes, the conſequent B is to , ſome other magnitude c; | 
ſo in the ſecond magnitudes is ſome other magnitude D to the | 

antecedent magnitude E. This fort of proportion is called i. 
ordinate or perturbate, becauſe the ſame order is not kept in 
the proportion of the magnitudes, And it will be [by 23.5 


as A is toc, {0 is v to 3 


PROPOSITION IL THEOREM. | 
If there be bow many ſerver magnitudes gui, ole 


of as many other maguitudes, each of each; the 1 
fame multiple one magnitude 15 of one, hail ail bi | 


e 


Let any ber of magnitudes 4 AB, CD be equimuli 


ples of the fame number of magnitudes Es F. each of each. 


i fay AB and CD is the ſame multiple of E and F, #3 45 


is of E. 


For becauſe AB is the ſame multip! e of E, as C D | 


'F; as many magnitudes as there are in a Þ cqual to EN bo 
* nab ö 


2 


5 the 


F the | 
Other } 
!$ or- 


nat 4 


t uſe⸗ 


s the 
e Krk 


de c; 


I. 


724 
Ile 
1 | 
e 
7 25 ; 


all U. 


multi» 


3 23 
ede. 


| magnitudes equimultiples of as many other 
E magnitudes, each of each: the ſame multiple one magni-⸗ 
| (de is of one, all ſhall be of all. 
} monſtrated, 


back V. 


Therefore G B, HD 


Therefore if there be how many ſoever n 


The fifth ut fixth e ee of the ſeventh beck ot 


E tuchd anſwer to this in numbers. And what is here pro- 
F nounced of multiple ratio only, is afterwards demonſtrated u- 
E nverfally at prop. 12. of any proportion, rational or irratio- 
ral whatſoever. 
: prove others, which were neceſſary towards the demonſtration 
| © the twelfth propoſition. | 


And this propoſition was firſt put down to 


PROP. H. THE OR. 


| if the fire magnitude be the ſame multiple of the ſe- 


cond, as the third is of the fourth, and there be a 


5 the ſame multiple of the ſecond, as a | «th 


magnitude is of the fourth; then the first and 
jifth taken together <vill be the ame multiple of the 
Jecond, as the Pour and ſixth are of /ne fourth, , 


te ſecond C, as the third: DE is of the fourth F, And let 

= m gnitude B G be the ſame multiple of the ad 

E H is of the fourth F: I ay A G the tir 
„ 55 10 
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| many will there be in cp equal to ?: Divide A into 
parts equal to E, viz. AG, GB, and CD into parts equal | 
to r, viz. CH, HD: Then the multitude A 
of the parts CH, HD of the one is equal | 
| to the multitude of the parts A G, GB of  Þ. 115 
E the other. And becauſe A G is equal to E, 5 
and c H to ; A, CH will be equal to 
te, Fp. By the ſame reaſon G B is equal to B 
e, and HD to F: 
ne equal to E, F : Wherefore there are as 
mam parts in A B equal to E, as there are 
E na, CD equal to E, F: Therefore A B, 
ep will be the ſame multiple of k, F, a 
A is of E. Z 


Which "es to be de- 


| For let th c ira magnitude A B be the fame multiple of 


} 
++ 
ö 


if the fir? magnitude be the e ſame multiple of the + 


| the ſecond b, as the th, rd C i of the fourth p; and tak: 
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b 4 and fifth taken together wil 8 r, 

the ſame multiple of the fe. iple 

5 3 cond c, as DH the third au F. 

AT | 2 ſixth taken e is of th 5H: 

OR. fourth F. MW 

T „ For becauſe A B is che fa E Divi 

N ET multiple of c, as D E is of ; EEK, 

wh 2 [c IF there will be as many m. my | to tl 

Iv. e tides in AB equal to Cy a ther Noe 
= I = 

| are in DE equal to F. And . 

T the ſame reaſon as many us te 

: mn 260 equal o E, 10 mam i the 

ed | there are in EH .. to k. 1K 

| Therefore as many as there a e. 

_ il in the whole a G, equal to co, FO 


ſo many there will be in the 
whole D H equal to F : Therefore DH is the ſame multiple 


of k, as A G is fe: Wherefore: A 6 the firſt and fl 5 lt 
taken torcther, is the ſame multiple of the ſecond e, 
p n the third and wen is of the fourth F. ee 
Whereſcre, if the firſt magnitude be the ſame multide Etud; 

of the ſeconud, as the third is of the fourth; and a fe 
mag gnitude be the Tan: TE N of the ſecond, as à xt! Wi Ixt 
is of the foutth: I hen the firſt and fifth taken together Wl | 
win be the ſame multiple of the ſecond, as the third and | e 
fixth is of the fourth. = 1 
5 Thy 

3 This ent ſuppoſes the Gfth pad ſixth magnitedes 6 Wi ple 
be equimultiples of the 2 ſecond and fourth. But the propefitin . fo! 
would hold the ſame, if „the fifth were dul equa! to the e. 
cond, and the ſith to the fourth; ©. - 2 
0 


PROP, III. THEOR. 


cond as the third is of the fourth, and aun «i | 
multiples of the firſt and third be taken, iv 99 1 
equality, each of the aſſumed equimultiples c t | 
en equimultiple of each, the one of the ſecond, 0 js | 


the other of ihe fourth magnitude f, 


= 


— 


For Kt the firſt magnitude A be the ſame multiple © ol BE 
Elec 
I: - | | E x1 I 


KJ. 
il be 


Je ſe. 
J and 
)i the 


ſame 
of x, 


JaſhH» | 


there 


nd by 


ay are 


Maly 


0 F. 


re we | 


to c 
n the 


ultiple | 


bn 
(on « 


ultiple 
a hiith 


 {1xth | 
rether | 
d and! 


des to 
Oſit! $141 


the te. 


ook V. 
Ir r, GH equimultiples of AzC: I fay E F is the ſame mul* 
Etiple of B, as G H is of D. 


c: 1 hen will the multitude of 25 
Ik, Er be equal to the multitude | 1. 
ar, n. And becauſe: A816 4: 


the ſame multiple of B, as e is of 


Ethe ame reaſon K F is the fame 
multiple of ;, as L H is of P. 
Eis the fame multiple of the fecond 3, 


us EF made up of the firſt and fifth will 
the ſame multiple of the fecond 1 
bath is of the fourth D. 


= elt. ples of the 
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'For becauſe E F is the ſame mult! 'ple of A, as GH is of 


e. there will be as many m: ignitudes in G E equal to C, 
Is there are in EF cqual to A, 
Dieide EF into the mas gnitudes 
x, K equal to A 9 
0 the magnitudes GL, E H equal 8 


A; and 611 in- 


þ 

[ 

3 
AB 
Then becauſe the &rft1 E K 
as the third GH 


[by 2. "0 be 


If therefore the firſt n 
then, by . equa- 


and the other of the 
Which was to be demonttratad. 


„This is demonſtrated univerſally at prop. 22 


PROP. IV. THEOR, 


cond, as. the third 7 0 the fourth , then <wi! 
"7s third, hay '@ 85 ja 
Talio 40 any i Bone of the fecond . 164% 


when compared to ou anoiber. 


| For let the firſt magnitude à have the ſame ratio to the 
pond 3, as te third C has to the fourtil D. 4 2 Ae E F 


. 


tn, and E K is equal to A and G. 5 
equal to c; EK will be the ſame E. 1 - 
Emultiple of B, as G J. is of P. By 6 


18 of 
the fourth P; 5 the fiſth K F is the ſame multiple of the 
econd B, as the fixth L H 1s of the fourth b: the magni- 


By as GH Kine wed” and | 


iaonitude be the ſame multiple of 
Etie ſecond, as the third is of the fourth, and any equi- 
multiples of the friſt and third be taken 
l, each of the aſſumed macnitudes will be an equimulti- 
ple o& each, the.one of the ſecond, 
Fourth magnitude, 


it being here > 
only propoſed in multiple ratio; and that for the lake of de- 
nonttrating che fourth | pr 8 


ö f the firſt magnitude bo 25 the ſame ratio #9 we Je- 
; a 


* 


ny 


_ * * —— 
2 ED - 6 by "AS" * 
_ — => — K— E 7 n 
= jon Me nn oY —— ST IE ED SJ" 0 EW a 
* e 2 * 5 5 — 
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1 © 4 „ . and K, L are equimultiples ol 
21 4 9 8 1 ON 2 | 


che ſecond, as the third has to the ſourth; then will any } 


- —- — rr 
= — —— — Rc — 
— ae — 
CRE — — _— 1 


any ow: I hy of A, E, and 8, n, any other equimulti. 
WS of B, D: + fay Þ will be to G, as F is to H. 

| | r POE WE Kg: 1-6 eee 
of E, F, and M, N EE ples] 


Then becauſe E is the ſane 
multiple of A, as F is of c, an 
EX, L are equimultiples of x, P. 
4. [by 2. 5.] K will be: the {ane 
oy multiple of a, as I of C By | 
the ſame reaſon M. will be the 

ſame multiple of B, as N is of p. 
And decauſe as A is to B, ſo i 
8 to D, and K, Ly are taken any| 

equin nutz ples of A5 C Asie on 

any other equinuiltiptes f Þ, D:1 

If K, excceds M; L [by 5. del. 5. 
will exceed N, if K be equal to] 


1 TI M, I. will be equal to N; if K he 
4.5 : 8 5 pe, : 
1 1 1 T 1 Jefs than , L will be lefs than x; 


TY. | . F: Pat M, N any other equi-| 
y. » 2 8 : * [ 52 b 
multiples of G, 1 : Therefore bby. 5. def. 5. ] as E is 00 6, 
10 will x be to 11. e 
Wherefore it the fuſt magnitude bas the 1 ratio to 


cquimukiples of the ſirſt and third, have the ſame ratio o 
any equimuitiples of the ſecond. and JOUrn 1, when con | 
pared to one another, Which was to be demon- 
25 itrated. | | | | | 
Cor llary. Therefo re been it has been demonſtrate! | 
R exceeds 15 I. will o exceed N; if the one be equal | 
f') the one, the other will be eqtial © the other: it hes, 


1757 


„ es 15 18 maniſeſt 11 84 CACCEUS hg N. will excecd Lf 


; . Theres | 
pe.cqual to k, & will be equal twl: f keis, leſs: ele: 
ore a8 G 18 to E, 10-15" H to F. * heretore from hence 


it 18 nianitelt, 155 ial . four Mag nitudes de proportiona's, tlic] | 


VIII be P19P0 I tional 5 111 9 rely, 


% pay? — A — 


5 


5 F 
fame 


3 
1ES CL] 
| E(ul- I 
t9 by 1 


ati0 i0 j 
atio to 
Com- ; 
lemon- | 


trated, | 
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PR OP. v. THEOR. 


N If one magnitude be the ſame multiple of another as 


à part taken away from the one is of a part la- 

| ken away from the other : then ſhall the part re- 
maining of the one be the ſame multiple of the 
part remaining of the other, as one of the whole | 

magnitudes is of the other“. V 


For let the magnitude A B be the ſame multiple of the 

magnitude C D, as the part A E, taken away of the one is 
of the part CF taken away of the other: I ſay the part 
£3 remaining of the one, will be the ſame multiple of the 
part F D remaining of the other, as the whole magnitude 

AB is of the whole magnitude c p. e 

For make E B the ſame multiple of c 6, as A E is of C F. 
Then becauſe [by T. 5. ] A E is the ſame A 


| multiple of C F as AB is of GF, and AE N 

| is the ſame multiple of CF, as A E is of + 18 ; 

ep; AB is the ſame multiple of Gr, | © 

E cp: Wherefore G F is equal to Cp. ET TC 

| Take away c F, which is common, from | 
both: Then the remainder 6c is equal | tr 
to the remainder DF. And becauſe AE — 
is the ſame multiple of CF, as EB is of 1 
GC, and G c is equal to DPF; AE will 53 7 


be the fame multiple of CF, as EB is of 3 
b. But A E is put the ſame multiple of cx, as AB is 
of D: Therefore E B is the ſame multiple of r p, as AB 

b of CD: Wherefore the remainder EH will be the ſame 
multiple of the remainder F Þ, as the whole AB is of the 
whole cd. JV 
Therefore if one magnitude be the ſame multiple of an- 
other as a part taken away ſrom the one, is of a part ta- 
ken away from the other; then ſhall the part remaining 
oi the one be the ſame multiple of the part remaining of 
the other, as one of the whole magnitudes is of the other. 


C _* This propoſition, propoſed here only in multiple propor- 
den, 1s univerſally demonſtrated at prop. 19. and the ſeventh - 
and eighth propoſitions of the ſeventh book anſwer to it in 


numbers. . 
8 * 


TT TN AT 


: portion: 
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PROP. VI. THE OR. 


| if {799 magnitudes be equimultipies cf e other map. 


nitudes, and ſome parts taken away from them, i; | 

 equimultiples of the ſame magnitudes ; then the re. 
mainders ſhall either be eG; wal 10 the Same ma gue 
tudes, or equimultipies of them” 


For let two magnitudes AB, c D be 1 of two 
other magnitudes E, F, and the parts AG, C H taken 


away from them be ſome equimultiples of theſe other mug 


nitudes E, F: I fay the remainders G , HD are either 
equal to EyF, or equimultiples of them. 1 
iQ For firſt let G B he e. 

qual to E: I fay HD 1 


1-16 : +4 equal to F: for put cx | 
E © (qual to . 
E | | UT. Then becauſe 4 0 is 
. —— 14 the ſame multiple of x, 
Gt | + . H 


. | as C H is of F, and Gr 
3 F . is equal to E, and c k to 
1 e rs an (by 2, 5.] will be 
B D E Þ_ 5 5 E F the ſame multiplc of E, as. 


K H is of F, But AB is 
put the ſame multiple of E, à8 C D is of F: Therefore 


K His the ſame multiple of F as C is of F: Wherefore 
becauſe K H, CD are each an equimultiple of F; K H will 


” IM 


a 


be equal to c D. Take away the common part CH; and | 
then the remainder K c is equal to the remainder H b. But 
K C is equal to F: Therefore H D is equal to F. If there- 

fore G B be equal to E; Hb will be equal to p. | 


Im like manner we demonſtrate, whatever multiple 65 


is of E [as in the ſecond figure] the ſame will H p be of f. 


Therefore if two magnitudes be equimu)tipies of two 


other magnitudes, and ſome parts taken away from them 
be equimultiples of the ſame mag nitudes: then the e- 
mainders will be either equal to the lame magnitudes or | 
e Pies of them. Which was to be demonſtrated. 1 


„ This Proposition bein aby in multiple proportion, i 
univerfally demonſtrated at prop. 24. of all Kinds of by 


_ R 0 5 
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Equal magnitudes have the fame ratio lo the ſame 
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1 hgh and the ſame megnitude has 55 Jame 
ratio to equal magnitudes &. 


Let a, B be equal magnitudes, and © any magnitude 
whatſoever: I ſay each of theſe magnitudes a, ; have 


the ſame ratio to C: and allo c has the ſame ratio to K 


OT B. 


For take p, E equimultiples of a and n, and take any 


other multiple F of d. 


Then becauſe p is the fame ny — 
tip: of A, as k is of B, and A is e- 
qual to B 5 13 will be equal to + 


F 18 any . Ws mu! tiple of C: 


ſore if P excecds F, k will exceed 
F too; and if it be equal tor, E. D 

will de equal to F. II leis, leſs. E + 
du Ds E are equimultiples of a, k, 
and F is any multiple whatſoever of 


: Therctore [by 5. def, 5. ] A Wil 1 


be to e, as B is to C. 


[ ſay morcover that C > has the ſame 85 Tp 


ratio o A Or B. 


Dt 


T here: 


3 


For the conſtruction remaining the ſame, we demon- 


trate in like manner that Þ is equal to E. 
other magnitude. There ore if F exceeds b, it will alſo 
exceed E; if F be equal to D, it will be equal to E; if 
less, leſs. But r is a multiple of c, and p, E are any equi- 
ruliples of A, B: Theref fore [by 5. def, 5. J as is to A, 


ſo Wil! C be 5 B. 


Therefore equal magnitudes have the ane ratio to the 
ſame magnitude, and the ſame magnitude has the { 


O 


But F is any 


ame ra- 


tio to c wal magnitudes. Which Was to be demonſtrated. 


This enth. with the eighth, ninth, euch, eler enth, and : 


7 95 elfth propoſitions following, are taken by ſome to be mere 


ioms requiring no demonſtration at All. 
very evident in numbers, But ſince they are applicable to all 
planes, ſolids, commenſurable, 

2d incommendurable, E aclid could not but demonſtrate them. 


magnitudes in general, lines, 


They are indeed 


PROP. 
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PROP Y or THE OR. 

The oreater of | two] unequal magnitudes has g 97 Cot. 

ef ratio to the ſame magnitude, than the Wer. . 

aud the ſame magnitude to the leſſer of [1209] te. 

qual magnitides has u greater ratio than it has to 
the greater [of theſe 7700 magnitudes. 


Let a B, c, be two u nequa! magnitudes, and let à n he 
greater than e. Alſo let b be any other magnitude what- 


toever, 1 fay An has a greater ratio to p, than c has to 


D: and D has a greater ratio to 


. 
= Cc, than it has to AB. 


E 
SNL For becauſe a 8 is greater than 
; a4, C 413 A7. 1} 53 : 5, » 
+41] 7 c, mak e by 3. 1.) BE cquai to c 
| 1 5 then the leſſer of theſe two maonj- 
„„ tudes A E, EE being multiplied, . 
RP! * Þ 
E 8 F at. length excerd by 4. det: F. 
1 . Pirſt let A E be less than E B, 10 
4 1 2 8 
3 | [ | muitiply A E {9 Ozten in e 
* 3 4 os He | 1 y 1. 4 
ond EEE ASH Ceeds D: LetF G: be this-mwult- Al 
e N 1 N 
E | „ ple of A E, which is greater than 
| { ; © ö wy 3 MP : 39 | 
| p. Alſo make G H the fame ma 
WEE a Sn tiplo of E B, and K of C, as F.C: 
| SY e And take L double to 
, * 


D, M lip it, and fo forwards greater by one, untl! 


the mag ales Tn be a multiple of p, and | in the Art 


place greater than K. Let N be this mag Itade, being 


four times the magnitude Dy and in the brit place? greater 


than Ek. 6 - 
Ihen becauſe « in "the - Be place? iS If. than Nx; K 
will not be lefier tha an AM, And fince F 0 is the Kue 


multiple of a 1 as H G is of EB; [by 1. F. 26 will be 
the ſame multiple of A E as F H is of AB. But r 9 15 th 
fame multiple of A E as 1s of e: Ikerefore t is the 
ſame multiple of A u as E | 
: multip! IS Ot A , and. Ct. Again, becauſe c il is the. lame 


1 © 8 oy EY Ar 


— * 5 


5 an tiple Of z Bas R is of E, and E H is qual o C3 GH 
| be e n But 18 Ot 128 than M. 1 ICICI 

= H is tigt les that at: Put-by:confe:]” F 6 is Freatel 
„Han 0 + ti-retore $32 toe 7 11 Will be Sicatct than 


7 


8 | 1 — ie 88 Dy 50 
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b, M together. But D, M to- FT I A 
gether are equal to N; whete- | 
ore FH excceds d; but K 5 £3 
' does not exceed N; and x H, K 4 . | 
5 are equimultiples of A B, = a ä 3 * 
62. ” x is any other multiple of Os | 1 1 
i- : Therefore by 7 7. def. 5. 5 — 
10 | 1 has a greater katie 10D, 45 r 1 
| than C has to D. | | | 4 | 
5 [ fay moreover that the ratio þ | T | TN 1 
m. 5 C 18 greater th an the * . | | 
i ratio of D to AB. N 
I For the fame conſtruction re- 11 C D L MN 
maning, we demonſtrate in the like manner, that N ex- 
han cceds K, but does not exceed FH. But & is a multiple 
17 of b, and FH, K any other cquin e of AB E. 
2 Therefore [by 7. def. 5.] the ratio of D to C is greater 
0 than the ratio of D to A B. . 555 
44 Now let a E be greater than E H: Then [by 4. def. 5. ] 
1 dhe leſſer magnitude E B being multiplied, Will at length 
become greater than p. Let it be mult lied, and let GH 
oe the multiple of E be greater than P: And make FG the 
55 ame multiple of a E, and K of c, ads GH is of EB. 
5 | then by the like reaſon as before, we demonſtrate that 
5 rk, k are equimultiples of AB, C. And likewiſe take N 
85 | Lai iple of Dy (in the firſt ace] greater than r G 
Un Therefo ore again k F G is not leſs s NM. But G II is great- 
at than p. Therefore the whole FH exceeds D and At to- 
r | gether, that is MN. But K does not exceed N, becauſe FG, 
8 which is greater than k G, that is, than K does not ace | 
BY And after the like manner as before we nil the d 
5 monſtration. | 
5 Be | Therefore the gre: ter of rows] met magnitudes has 
5b. | agreater ratio to the ſame magnitude than the leffer ; 
50 1 10 the ſame magnitude to the eller of {two} unequal | 
. maynitudes, has 2 Z#Cater ratio than it has to the great- 
ts ; er o thoſe -! Wo | Ning nitudes. 5 ** hich vas to be demon- | 
{ame f trated, | 
GH 
relole 
eatti 
th tit 
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PROP. IX. THE OR. 


Magnitudes that have the ſame ratio to the ſome m ma. 
anitude, are equal to ene another : and thoſe no 


nitudes to which the ſame magnitude has the ſome | 


ratio, are alſo equal to one another. 


For let each of the magn TY A and B he the ſame | 


ratio to the ſame magnitude C: 1 ſay a is 2 to B. 
For if it were not Run, A, and g woul 


3 not by 8. 5. ] have the fame ratio tö C. 
B = Bur it has. Therefore A is cqual to h 
Again, let c have the ſame ratio both to-] 
— | C Ag B. 1 ſay A 15 equal to B. 


For if it were not equal, © would not her 
the ſame ratio both to A and B. But it ha 
"7+: Therefore a ts equal to B. | 


Wherefore magnitudes that have ihe ſam; 


I: | - ratio to the fame magnitude, are equa, to 
one another: and thoſe magnitudes to Which the fame | 
magnitude has the ſame ratio, are alſo ! to one anc | 


ther. Which was to be demonſtrated. 


PROP. X. THEOR. 


7 hat magnitude of theſe magimiudes which haves | 

ratio to the ſame e Hp le, 1s the greater, <wni | 
has the greater ratio: and that magnituce it | 
_«vohich the fame magnitude pas the greater rtin, | 


1s the leer. 


For let A have's greater ratio 0 , than 1 has to C: 
FED > lay A 18 aber than 8. 
EE For if it be not greater, it is s eith er equa 


not the ſame. ratio. | Therefore A is hot e- 


by 1 $3 A would have a leſs ratio 0 0 
than B has 0 Ce. But it Nay not: A FRI 


5 ic re ere. ter. 


1 
to it, or leſs than it; AK A is not equal to 


"By for then by 7. 5.]-A and B would each 
have the ſame ratio to c. But they have 


I qual to B. Nor is a leſs than 3, for thi | 


-Whz erefore is not leſs than B : it is Wee | 


Aa, 
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Again let c have a greater ratio to B, than it has to A: 

| 1 ſay 3 is leſs than A. 

| For if it be not leſs, it is either equal to 1t, or greater. 
put B is not equal to a, for then c [by 7. F.] would have 
the fame ratio to A, as to B, But it has not: Therefore 

| x is not equal to B, nor is B greater than A; for then 
| [by 8. 5.] c would have a leſs ratio to B than to A. But 
it has not: Therefore B is not greater than A: But it 

| his been proved not to be equal to it: Conſcquently B 
pill be leſs than A. | _ 4 
Therefore that magnitude of thoſe magnitudes which 1 
have a ratio to the ſame magnitude, is the greater, which | | 
bas the greater ratio: and that magnitude to which the 
ume magnitude has the greater ratio, is the leſter, 


bo PROP. XI. THEOR. 
| | Theſe ratios that are the ſame to the ſame ratio, are 
ee | Le ſame between themſerues. 
12; 10 
ſame Wl Fo let a be to B, a8 C is to P; and as C is to Dy. ſo is 
an- tor: 1 ſay as A is to B, ſo is E to F. | 
Por take , g, K. equimultiples of A, C, 5 and any o- 0 
E ther equimultiples L, M, N of B, D, F. | 4 
| Then becauſe it is as A to B, lo is C to p, and G, H, 1 
eg ee equimulti— 5 5 = 
fy ues of A d | | : : | 3 
DIED 1 hd. ©, al 3 | | | I OT ; i 
3 L,M any other . oo | 
7 ecquimultiples of 7 3 = | [ 
£01 0 5 >: He en- — N ? 
ö cecds ., by 5 . | $ | * | 3 ; | | "1 6” 
ee: 5] n will . „„ i 
= txceed 3j) TE OG "1 
„te or — T—'. | CET ns Oo oy 8 : 
wa 1 el, che other | | 1 3 1 0 
deck VF F. hit. 
* 1-16 WM | leſs, leſs. A. %%% F-4-4-1 * 
not Vx l A 0 decauſe | 1. 4 1. 1 . 1 7 | 1 = | | 4 
9 10 g to , and N „ „ 14 
u b LIE are taken pls. of c, E; allo M,N any 4 
(ice WR her cquimultiples of Db, F: If H exceeds M; K will ex- Mt 
. Ceed N. If 3 equal ; but if leſs, leſs. But if H ex- 5 1 
ſors deere * cceds 5 ab 


leſs, leſß And 6, and C, H, K are cquimultiples of A and 


multiple that one of the magnitudes is of one of the Es 
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ceeds M, G will exceed L: If it be equal, equal; if leg, 
leſs, Wherefore if 6 exceeds L, K Will exceed N: it e. 
qual, equal: if leſs, leſs. And 6, K are equimultiples d 
A, E, and I, N any others of B, F Therefore Loy 5 
def. 5.] as A is to B, 0 
Wherefore thoſe ratios that are the ſame to the ſame . 
tio, are the ſame between themſelves, Which was to be 
N demonſtrated. 


PRO P. xIl. THE OR. 
If ph magnitudes ſocver be proportional; as one of the | 


ntecedents is to one of the conſequents, ſo <i!l dll 
the antecedents be to all the conſequents?. 7. 


Let any magnitudes ſoever a, ., c, D, E, F be propor | 
tional; and let A be to B, as C is to p, and as E is to k 
1 ſay as A is to B, ſo is A, CE, to B, b, . 

Tor take the equimultiples G, H, K of A, c, E, and ay 

*ther equimultiples L, M,N of B, D, F. | 
"+... Then becauſe as A 

= F \ 3 18 to By ſo is C to D; 
r and -E to F:--And 

5 e there are taken the 
BY 3 5 -T_ ]- equimultiples G, R, X 

„ of A, c, E, and any 
other equimultiples 
1 1 : - L. „ M, N of B, Dy F. 

Es exceeds 1 (by. 

| | 1 55 def. 5 520 H will ex- 
| ccd 11, and K Will 


G H KAC E 3 5 FI. BI N exceed x: If che ue 
MID be equal, the other 
will be equal: if leſs, leſs. W kerefore alſo if G exceeds 


, L; G, H, K will exceed 1, M,N if cqual, equal; and if 


BY 


i | 
* 


6 n [| 


4, c, E: Becauſe [by 1. 5.] if there be any number of 
- magnitudes ſocver equimultiples of an equal Us of 
_ magnitudes, each the ſame multiple of each, the | 


will all the magnitudes be of all the others. By the 
lame rea aſon 1 and 1, ., & are <£quimultiples of B, ane 
55 vf 
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$ / 3, D, F: Therefore [by 5. def. 5.] as A is to B, ſo is a, 
le, | C, E; to By D, F. 


e. Wherefore if any magnitudes ſoever be proportional: 
s of WE :; one of the antecedents is to one of the conſequents, ſo 
5, ill all the antecedents be to all the conſequents. Which 
| | was to be demonſtrated. 
a. 
% be 7 The twelfth vrogettion of the feventh book of Euclid. 
en to this in numbers. 
PROP. XIII. THEO R. 
le Vibe fr magnitude has the ſame ratio to the ſe- 


the fourth has a greater ratio than the fifth to the 
fixth;, then will the fir have a greater ratio to 
the ſecond, than the fifth has to the f. xth. 


| cond B, that the third c, has to the fourth B; and let 
| the third c have a greater ratio to the fourth p, than the 
| ith E has to the fixth F: I ſay the firſt a will have a 


 "Treater ratio to the ſecond , than the fifth E has to the 
And ſixth F. . 0 

i the For becauſe the T 

HK nt of c to Dp is 8 „ 
4") WW eccater than the ra- Ne 4+ 
tiples tio of E to v, there | | V 4 
„: re [by 7. def. 5.] * ; 

. [by | | fome equimultiples | | EY. | | 
len oc, x, and others f V + 
wil of pi F; where the 3 N 
sone multiple of c ex- N LE 
other | ceeds the multiple } [+ + | jj [xx 
cer e , but the mul. r 
my  tple of E does not i] 3 1 ol 14 | 4 
er 7 RE -M ABN G CDK HFI. 
0: | theſe pdt And let o, l be equimultiples of 
_— e r, and K, I. other equimultiples of p, F, ſuch that G 
5 | eicceds Kk, but H does not exceed L: and the ſame multi- 
YL ; lle that G is of c, the ſame let u be of A A; ago the fame 
; tat K f is of p, let V be of 5. 


" cond, as the third to the fourth; but the third to 


For let the firſt magnitude A have the ſame ratio to the 


Q_ 5 Then 
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Then becauſe A is to By as c is 7, 7 nd there are t. 
ken the equirmultiples M. G Ol. .-: other equimult. T 
ples N, K of B, D: [by 5 m excecds N, G vil | the 1 
exceed K; if M be equal to 6 will be equal to k; MIS 
if lefs, leſs: But G excccs K ; © refore M will exceed y: he 
But H does not exceed I.; and M, H are equimultiples Gi | will 
A, E, and N, L fome othe, quimultiples of , F : Ther- third 

fore [by 7. def S.] A wil have a greater ratio to 2 than Wiſp © 0 
E has to F. ö 
If therefore the firſt magnitude has the fame ratio b 
the ſecond, as the third to the fourth; and the thi:d w 7}; 
the fourth has a greater ratio than the fifth to the fut: WW | 
then the firſt to the ſecond will have a greater Tony than , 
the fifth has to the fixth, * hich was to be demon- 
ſtrated. | 


PD © P. XIV. THE OR. 


l 
Fo the f firſe magnitude has the ſame ratio to the . 
cond, as the third has to the fourth ; and the fra i > 
be greater than the third: then will the ſecond l: 
ereeter thay the fourth, If the firſt be equal uh a 
the third, the ſecond will be equal to the fourth i 
if the firſs be ſs than the Hrs the ſeconds wh 
ve leſs than tne fourth, * 
For let the fil magnitude A have the fs ratio to the i © 
ſecond B, as the third c has to the fourth D, and let abe in 
greater than C: I ſay B is alſo greater than D, | . 
For Wera A_ is greater than c, and B is any other k 
| magnitude; ; {by 8. 5.] A Will have a greater ratio to B, | : 
Te than C has £0 B. But as a is to 2, 0 0 
7 | 8 zs c to p: Therefore [by 13. 5.] the . e 
to of c to p, will be greater than the WW - 
7 -"...: Tatio of C. to B. But {by 10. 5. tha It 
„„ magnitude to wh! ch the fame mi agnitude [- 

4 { { 7 has the greater ratio, is the lefler maz- WW 
I } nitude: wherefore Dis leſs than h: and # 
11 accordingly B will be oreater than D. 1 | 
| wr: is 5 Alter the like manner we demon!''rate Bll | 

1 3 if A be equal to c, that B is equa! top: 

2 3 0 if A be leſs chan Cy B 15 ict than! 


Therefore 
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© its | 

Wulti. 
; wil 
K. 
dN: 
Es of 
here- 
than 


Therefore if the firſt magnitude has the ſame ratio to 
ide ſecond, as the third has to the fourth, and the firſt be 
| greater than the third: then will the ſecond be 1 8 than 
| the fourth; if the firſt be equal to the third, the ſecond 
will be equal to the fourth: and if the firſt be leſs than thy 
third, the ſecond will be leſs than the fourth, Which was 
0 be demonſtrated, 


_ PROP. XV. THEOR. 


0 parts of magnitudes compared 4% Ou anbtber, 
ix. WW have the ſame ratio as their like cqtii, a ples have 


as to one another when anfmerably taken ® 
Men- 


For let A Þ be the ſame multiple of c, that DE is of F: 
Ify ce is to EF, as AB is to DE. | 
For becauſe a ; is the fame multiple ot Coane DT Þ 


I there are in DE, equal to F, Di- AF 
nde AB into magnitudes equal to , 
which let be aG, GH, HB; and divide 
o k into the magnitudes DE, KL, LE | D. 


| each equal to r. Then the multi ude © | 15 
| of A, GH, H B will be equal to ine | | 
nultitude of DK, KL, LE. And be- + 


| cauſe AG, G EH, HB are equal to one 5 
| another, as alſo DK, KL, LE equal to I 
| one another: [by 7. 5.] AG will be to 73% 1 
DE, as G H is to K L, and as HB is to 
r: But [by 12. 5. ] as one of the an- 
tecedents is to one of the conſequents, 

| fo will all the antecedents be to all the 5 | 
conſequents. Therefore a G is to DR, FF C * 
s AB is to DE, But AG is equal 


to the 
A be 


1— 


other. 


nitude Rp 
ma- 9 E 


gs Wherefore the parts of magnitudes 3 to one 
D. 

| bc 
. demonſtrated. 


e 

. (040, 208 - The ſeventeenth propoliio of the {et renth book anſwers 
. te this » propoſition, | 

1-017 


E of F: there will be as many magnitudes in 4 E equal to 0 


4 

: 

| 

{ 

| 
+ 


to C, and p K equal to F. Therefore as C © is to F, ſo will 


| another have the fame ratio as their like equimultiples . 2 
dete b one another when anſwerab! * taken. W Vhich was to | 


Q > = prop. 
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PROP. XVI. THEOR. 
four * magnitudes be proportional, they i!) i, 
"alter nately pee 


Let the four magnitudes A, B, C, Þ be proportions]; 
vi. let a be to B, as c is to D: I ſay they are allo alter. 
nately proportional; that is, as A is to c, ſo is B to b. 
For take any equimultiples E, F of A, B, and 57 other 
equimultiples G, H of c, b. 
Then becauſe k is the ſame Maple of 8 that F is of 
25 and the parts of magnitudes compared to one another 
[by 15. f.] have the ſame ratio, 
that their equimultiples have to 
| one another; A will be to B, a; 
| E is to F. But as A is to B, ſo 
is C to D: Wherefore | by 11. 5. 
F Jas cis to p, ſo is E to F. A. 
tf FF FF JT gain, becauſe 6, H are equimul- 
| 
| 


— 
F. _ 


* 
—_— 


41 - } TFT. tplesof c and p; c will be to 
d, sgi to n. But as © to] 
I p, ſo is E to y: Wherefore by 
11. 5. ] as E is to P, ſo is 0 00 
In. But if four magnitudes be 
55 proportional, and the firſt be 
LI L1-L 4 greater than the third; [by 1 
E A B F. EC DH 5-] the ſecond will be greater 
than the fourth: If the firſt be 
1 equal to the third, the ſecond will be equal to the fourth: 
_ and if the firſt de leſs than the third, the ſecond will be 
leſs than the fourth: If therefore E exceeds G; F will allo 
exceed H; if E be equal to G, F will be equal to H, and 
if E be leſs than G, F will be leſs than H. But E, F ale 
any equimultip! cs of A, B, and G, H any other equimulti 
ples of c, p: Therefore 1 5. det, 5 JIA is to c, 0 
will p be to . 
If therefore four magnitudes he 1 ; they will 
be alſo alternately proportional, Which was to be demon- 
ſtrated. 


* Of the fans kind; either tines; 8 or ſolids, The 
thirteenth Propolitic on of the ſeventh oeh anſwers to this in 


numbers. — P K of. 


BF 
K 
K 
| | 
# 
K 
£1 
F 
| ( 
| 
| | 
k 
5 


Jap 22 


* 


p . 
J 05 


IN al : 
alter 
9 
Other 


is 0f 
Other 
ratio, 
ve to 
B, as 
B, ſo 
1.55 
he 
imul- 
be to 


| the compounded magnitude H Xx = 
will be the ſame multiple of F B, K 
| that mp is of FD. But ſince as 
Ag is to BE, ſo is CD to DF, 
and there are taken any equimul- 4 1. 3 : 
| tiples GK, LN of A B, CD, and {| * 
any other equimultiples H x, MP | hs 
| Of EB, FD: Therefore [by 5. | | | 
| df, 5. J if GK exceeds HX; L NN | Þ 
will exceed MP: if GK be equal {+ Jo. 
% Rx, LN will be equal tome; | | | 
and if G K be leſs than H x; LN 
| will be leſs than MP. Therefore 
kt GK exceed H x; and taking — 5 
1 DOORS 3 away 
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PROP. XVIL THE OR. 


f magnitudes when compounded, be proportional ; 


they will be alſo proportional when divided. 


Let the compounded magnitudes AB, BE, CD, DF be 


| proportional, and let AB be to BE, 25 CD is to DF: 15 
y they will be alſo proportional when they are divided; 


that is, as A E is to EB, ſo is C F to FD. 


For take any equimultiples G H, HK, L M, MN of A E, 


kz, cr, FD, and any other equimultiples K x, NP of 
V 


Then becauſe & E is the ſame multiple of A E, that 


L ak is of EB; [by 1. f.] GH will be the ſame multiple 
of AE, that GK is of A B. But GH is the ſame multiple 
of AE, that LM is of CF: Therefore Gk will be the 
fame multiple of a B that LM is of CF. Again, becauſe 
| 1M is the ſame multiple of c F, that u N is of FD; LM 
vill be the ſame multiple of c F, that L N is of CD. But 
u was the ſame multiple of CF, that Gx is of AB: 
Therefore G Kk is the ſame multiple of 2 2, that L N is of 
cp: Wherefore G k, 1. N will be „„ 
equimultiples of A B, C D. Again, 7 
| becauſe H K is the ſame multiple 
of E B, that MN is of FD; but 
kx is the ſame multiple of EE, N 
that x P is of FD: Alſo [by 2. 5. 
| 


G 


4 i . , ; f 
$4 3"6603- - ac: - - a n —_ 1 
_ = ba _— - — 2 A 
: > —.— — ; << 
— 4 : : - A 6 
- 2 X 2 * e — - al 
& 2 " — ORR Rs ——_ 


_— PA 31 
— A 8 5 — 8 RITES 2 wr : 
20 - ve. 2 —— 


* 
1 
TH 
— 
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away H K which is common, 6H will excced KE X. Bat 


GK exortds HX; LN will exceed MP: fo that IL N ey. 


eds MP; and MN com 
L NI Will reer NP: 
will exceed NP. In like marner we demonſtrate that i 
G be equal to K X, I. M is equal to NP; and if < jt þe 
leſs than K Xx; L M will allo be leis than NP. But 6 H, 
1. Mare any equimultiples of a k, CF, and K x, NP any 
other equimultiplos of EB, FD: Therefore 
as A E is to EB, ſo will c F be to FD. 

If therefore magnitudes when compounded. s 
tional; they 


mon to both being taken away, 


=; 


ac Al brate . 


* 
os 


7; | 5 Den dib ! 4} 
If meenitudes ben divided be proper tone), thay 
„ 58 „ „ 
will cijo be proportional when they ure con 


Let the divide ed magnitudes A E, E B, CF, F D be pro- 
portion. als, 91%. as AE is to En, 0 is C F to FD: I far 
they at o proport tonal - when compounded; that 5 ls 
VVV 

For if it be not as A B is to Bx, ſo is c 
170 to FD; it will be as A B is to BE, ſo is CD, 
T to ſoime magnitude either Ietier than FD, or 

| Sie 9 tan it. | - | 
3 Firſt let it be to ſome magnitude p g Which 
5 4 is leſs than rp. Then becauſe it is as A B. 
1 7 | to n E, lo is. C D to D853 theſe compounded 
magritudes are W a gl  "T.herelore - 197 
| oh 27: I! = will be alſe 1 hen 
they are divided: \\ herefore it is as A E 0 
F , ſo is 06: to-&D; But [by 4 poſition] 
Fes WS A E 15 10 F B, ſo is cr th F D': Wherefore 
„ Es by 1. 5. 145 8 is 10 5. B, 10 is CF. t 
58 A 0. But the ruſt mag itte CG is gere 2ter 
| than the third e "Therefore 5 14. _ the 
fcond G D will be greater fs 111 the [th FB. But it 5 
Jess too; which is abſurd... Therefore it is not as AB 500; 
I. EN 1015 CD to a magaitude that! 5 than F D. Aftel 


1942 ; \ - . nn E — 0 
Un lande wanne SY be - Cmonſtrate Nat t Cannot OC: > 


whe: ciore if GH excebds KX LAH 


[by 5. def. 5) 


eee | 
F wil! be allo proport: ona When chey Arc diy | 


V. 
| But 


NEX. 


Way, 


"LMI 


Hat if 
H be 
GH, 


F any | 


1 
* 7 
oe! 


'Onor-- | 
Ulyis | 


TC fore 
CF 0 


renate! 


; 
tC 


E HK. 


After 


- 
v3 
+ 
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; to 5 E, ſo is CD to a magnitude greater than r v. 
Therefore it is as AB is to BE, 4 is CD to F b. 


Wherefore if magnitudes when divided be proportional, 
they will alto be p- portional when they are compounded, 


| den was tc de den, onſtrated. 


FRO FP. XIX. THEOR: 


v i magn”: ud be to another, as 0 part taken away 


| of the one is to . a taken away of the other; 
then ſpa!! the remotrang part of the one magnitude 
be to the remain! part of the other, as one of the 


agnitud it the other. 
For let: one magnitude Ah; is to another C D, ſo 
; 6 the part de one to the part CF of tne other: 
ben ay ren inder En of the one is to the remain- 
cer FD of - Ather, as the magnitude A B is to the mag- 


nitude © | 5 
F. VVV 17 le 1 the whole cp 
Fa zule it 15:35 the Whole A B is to the Mnole ep, 


1 „b; and alternately [by 16. 5. 48 B A is to 
Ae. „ bg © -:£Q- Cx; A! 1d becauſe it 


Ine n Lonipounded are propor- B 

T then ul, tier wil! Tie 155 5] proportio- 10 2 
En wicn divided: That: eas BE is to 1 
I, % Will d Fe to cr; and again, al- | | 

N ternately «a5 B E 18 40 DF, fo 1 8 EA OFC. | ' 
r as 4 is to C wu ſo [by ee i3 | : 
9 AB" to E. Theretore {by 11. 5.) the | 1E 
Imuning part E B will be to the in. . | 

J re F D, as the whole An wt the: 

: Whole 8 D. | | CEE Fig | I 


Where! fore if one Magaltude be to an- A. 


cher, as a part of the one is to a part F 
. ; then ſhall the remaining part of one of the 


dnitu des" be to the remaining part of the other, as one 


Ik tude is to the other. Which Was to be demon- 


* This coro! llary is very corrupt; nor can it bs corrected 
Om any. Ot the ancient N 1 have therefore altered the 


Gere Vary. * And becauſe it 15 nn {by 165 . 1 
sag is to c D, lo! SEB to FD: if it be | altern itcly as 


.*. 

r <5 Das 
* — —— 2 — 
2 


1 


5 
* 
| 
4 
© 


Do ů 


| 
7 
1 
; 
i 
{ 
| 
6 2 
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AB is to B E, fois cp to p, that is, compounded mas- 
nitudes proportional. But it has been demonſtrated fþ 
16. and 19. 5 5.0 that AB is to AE, AS CD is to CF, 

which [by 17. def. 5.] is converſe ratio. Therefore it j; 
manifeſt from hence if compound magnitudes be Proportio- 
nal, Wat they will alſo be proportional ee 


PR OP. XX. THE OR. 


F there be three magnitudes and others — tt 
them in number, which taken Iwo and to gi; 


in the ſame ratio. And by equality the fjir# i 


greater than the third: then will the fourth |; | 


greater than the ſixth : If the firſt be equal 10 tl 


third, the fourth will be equal to the ſixth; ond | 


if the firſt be leſs than the bird, the fourtl ail 
be leſs than the ſixth. 


Let there be three magnitudes A, B, c, and p, E, F an; | 
others equal to them in number, which taken two and | 
two are in the ſame ratio, and let A be to B, as D is to b, 
and as P is to c, ſo is E to P, and by equality A is greater | 
than c: I ſay alſo that D is greater than F: If A de equal 


to c, b will be equal to F: and if A be leſs than c,.D wi 
be leſs than F. | 


For vals, A is greater than 
. 5 T and [by 8. 5. ] the greater of twa 


„ | | | | the ſame magnitude than the lel 
HEEL. ſer ; the ratio of A to B, will be 

2 +44: greater than the ratio of c to B. 
- 1 | LY 5 | But as A is to B, ſo is D to E, 
SR 1 and [by inverſion} as c is to 3, 


greater ratio to E, than Z F has to F. 


| cation to e the foals... | But ths PI I Whey 15 the of 
| legitimate demonſtration of converſe ratio. If a 8 be to pk, 


as c p is to pr, it will be [by dividing} as A E is to BE, lo 
is CE 40 p FE, and: [by inverſion] as BE is to AE, ſo is DF 


C F; and [by compounding] it will be as A B is to a k, {01 s.1 


cd to c , Which 15 | converſe ratio. 


c, and B is any other magnitude, 


. 37 magnitudes has a greater ratio to 


A B [oy 5 E F ſo is F to E: Therefore D has. 


. Ba: 
f — 


F 10 
) and 


tot, 


reater | 


equal 
D wil 


than 


tude, | 
of two 
atio to | 


he let- 
ill be 
to B. 
to Ey 
t0B, 


) has 2 
5tOE. | 


16 moſt 


to B T, 


B E, ſo 
D F t0 
E, 0 15 


a Ba: 
— 


b nd if A be leſs than . D will Þ N I 
| leſs than FT; | 


and B is another magnitude 3 
8. 5. the ratio f * tO B 32 be | i „ 
| Seater than the ratio of c to p. „ 


q „ 
im lerſely as Eis to n, ſo is E too RN 
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| But of two maęnitudes which have a ratio to the ſame 


magnitude, that which has the greateſt ratio is the greater 
mgnitude [by 10. 5.) : Therefore D is greater than E: 


After the like manner we e ate, that if A be equal 
to c, D will be equal to F: and if A be leſs than c, b will 
he leſs than F. | 3 


If therefore there be three magnit ades, and others equal 
| © them in number, which taken two and two are in che 


fame rat Og . oF SP 585 the Eik 1 
1 


5 greater than the 
3 
the 10 be et ts the hi, the fotirt] 


Will be equal to 


dhe ficth: and if the firſt be les tan the third, tlie 
fourth will be leſs than the Rack Which waz. to be de- 


monſtrated. 
PROP. XXI. THE OUR. 
* there be three magnitudes, pool others equal 10 
them in number, which aten two and two are in 
the ſame ratio; and let their pro Sort be per- 


turbate, and if, Ly equality, the fir be greater 
tan the third : then will the fourth be greater 


a the fourth wil] be el 470 the fixth: ana if 


e than the fixth, 


let there hs three magnitudes A, B, e, and others 


„ E, F equal to them in number, witch taken two and 
two are in the ſame ratio; and let their proportion be per- 
| ul bate, Di. as A is to P, {0 is E ˖O F 5 and as B is to Cy 
os to p to E. And, by equaſite, A 13 
| | fay 1 is greater than F-3 if A be 


| "22 


equal to C, D Will be eq nal to F 


85 5 | | T 
For becauſe A is greater than c, 


Fut as A is to B, ſo u 1 t f, n 


F 


therefore x E WII! Nays (4 Seagate! Ta" 


. v3 


An the ſixth: it 


than the fixth: if the fi i be equal 10 the 


toe firſe be leſs than the thi ird, the fourth will be 


er net 
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tio to F than it has to Dp. But when the ſame magnitude 
has ratios to two others, that which has the greater dato 
(by 10. 5.] is the leſſer magnitude: Therefore r 15 less 
than D : and fo p will be greate r than F. In like manner 
we demonſtrate if a be equ al to C; D will be equal to b; 
and if A be lefs than C; Þ will be leſs than F. 

If therefore there be three magnitudes, and others equal 


4 


to them in number, which taken tvo and two are in the 


ſame ratio; and their proportion be perturbate, and if by 
equality, the firſt be greater than the third ; then will the 
fourth be greater than the fixth : If the ff it be equal 
the third, tho : fourth will be equal to the ſixth: and if t 
firſt be less than the third, the fourth will be leſs than th 
fxth. Vici was to be demonſtrated. 1 


: P 1 © P. XXII. 1 f 1 OR. 
F there be any number foe ver of 1 zagnitudes di 


others CJ tal to them 111 HUM vers wh ich taken kus 


7 7 ” AA 7 4 4 Ch 1 o 7 , 2 7 J. A 1 gi 
and two are in tne ſame ratio; EVE vill be. 0:10 
FS N 47 i Ry d 7 ; : 
by equality in the ſain? radio. 
© 2 17 " 5 5 | | | . : . : 
Let there be any number over of magnitudes A, By ei 

- 3 5 = a 10 os 
and vihers B, E) F Edu LO them in number, Which taken 
1 
5 „ two and two are in de 
1 ſame ratio, as & is to , 
* — . } 5 25 
fo is D to E, and as B55 
3 1 10 C, ſo is K to K. 
| R + 1\ vv 
: ol lay 3 by equa] ity, 0 
＋ 7 | 1 1 
| | {1 alt De 13 tne fame Ta- 
e | > | | ＋ i : 
1 | | on ON tio, as: A is to C, 10 5 
| e 28 4 0 2 
| U | | ; 1 . tO F ; 
| : | | © For Es Gs 14, ( ine 
| 85 1 
T.[ > nultiples of A, D, al 
8 
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| And ſince there are three magnitudes 6, K, M, and others 
U, Ly N equal to them in number, which taken two and 


20. 5.] if G exceeds ; H will exceed N; if G be equal 
| to M, H will be equal to N: If o be leſs than M, H will 
de leſ than N. And C, H are equimultiples of 4, p, and 


[by 5. def. 5. ] D be to F. 


| the lame ratio. Which was to be demonſtrated. 


- PROP. XXIII. THEOR, 
If there be three magnitudes, and others equal. 40% 
them in number, which taken two and two are in 
ard the ſame ratio; and their proportion be pertur- 
7450 bale; then they © will be in the Je proportion by 
20 equality“. | | | = 
Let there be three magnitudes A, BC; and others: B, K, „ 
A , equal to them in number, which. taken two and two are in 15 
TAE E the ſame r tio; and let their proportion. bbe perturbate 
ok uz. as A is to By ſo is E to F; and as b is to - ſo is D 
to r. IS lay as A is to C, ſo is D to F. | 
— For take G, H, K equimultiples of a, B, P, and Lz M. N 
= ny other ke . | 
na en becauſe 6, H 0 equirultiples of a, B, and by 
je ka- N 15. bY | 1 i rts of nag nitudes ! BDadve the lame ratio, 48 
ſo is dere equimultip! es It — = EC 
will be as A to B, Fn SE | 
equi- Wi © © to. n. And by 
„ and le lame reaſon as E Is 7 
ima: f, ſo is Mito N: 
x 3 But as. A is to B, ſo is 
- f WH Or. Thereiore 43% „ V 
bobs n, ſo [by 11.5.1! I „ 
.:: 0 will zi be to N. „„ T- [ . 
nd 6, becauſe it is as * 88 A . 
cheers | *% 0 i D to E, and | SY 4 15 
10 5 | U, K a are taken cqui- 5 IJ 14 t ; 140 
to | i be of By Dy and © HIL. A B. BY £1 


two are in the ſame ratio: Therefore by equality, [by 


u, N any others of c, F: Therefore as A is to C, fo wil 


Wherctors if there be any number ſoever of . 
and others equal to them in number which taken two and 
two are in the ſame ratio; they will be allo by equality in 


* 
5 
[ 
= 
i 1 
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6, H, L, and others K, M, N equal to them in numbet, 
which taken two and two are in the fame ratio; and their | 
proportion is Feber then by equality, [by 21. 6.] 


equal to them in number, which taken two and two ar 


book anſwer to theſe . in wumbers. 


F the 75 magnitude has the ſame ratio to the þ 


the ſecond c, that the i third p E has to the fourth F. and 
let the fifth B G have the ſame ratio to the ſecond c, 3 
the fixth E H, has to the fourth F: 1 ſay the magnitude | 
AG compounded of the firſt and fifth, will have the ſame 
ratio to the ſecond c, as DH the magnitude compourls ' 
of the third and ſixth, has to the fourth F. 1 5 


inverſely [by cor, 4. 800 as C is to BG, ſo is F to EH. 


L, M any others of c, E; [by 15. 5. ] it ſhall be as H i; to 
L, ſo is K to N. But it has been proved that & is to k, 
as M is to N. Wherefore becauſe there are three magnitude 


if G exceeds I.; K will exceed N : if G be equal to L; x | 
will be equal to N: and if G be leſs than L; K will alſo be 
leſs than x. But o, K are equimultiples of A, D, and L, | 
equimultiples of c, : Therefore as A is to c, ſo will "by 
5: def. 5.] o be to F. 
Wherefore if there be three magnitudes, and others 


im the ſame ratio, and their proportion be perturbate: 
they will be, by Aach proportional. Which was to be 
demonſtrated. TE 


2 Euclid propoſes only three magnitudes here; but they | 
may be any number whatſoever, as well as they may in prop, 


22. 4 geometrician ſeldom having occaſion for any more, 


The fourteenth and twenty ſecond propoſitions of the ſeventh | 


PRO P. XXIV. THEOR, 


cond, as the third has to the fourth, and the fifth | 
Has the ſame ratio to the ſecond as the fixth has ts | 
the fourth : then ſhall the magnitude compounded 
of the firſt and fifth have the ſame ratio to the | 
ſecond, as the magnitude e of the ird 
and ſixth has to the fourth. 


For let ths firſt magnitude AB have the 1 ratio to 


For becauſe as B G is to c, {o 1 Is EH to F; it will be 


And e as AB is to c, ſo | is DE to 0 and as £ 13 
0 


” Yo 
K V. 
18 to 
to k, 


itudes 


L; K 
alſo be 


dL, x 
ill (by 


Others 


WO are 
rbate ! 
S to be 


it they | 


| Prop, 


more, 


event! 


be fe 
ib 
has to | 


nde 


0 the 


third | 


tio to | 


. and 


rad | 


e ſame 


hunde 


vill be 


O E H- 
IS CB. 
e 


| ied are proportional, [by 18. 5.] they 
vill be alſo proportional when they are 
| compounded : it will be therefore as 
ae is to GB, fois DH to HE. But B | 
z GB is toc, fois EH tor: There- | . 
| fore by equality [by 22. 5.] it will be > 
Is AC is to c, ſo is DH to fr. x 5 1 1 
4 


| the fame ratio to the ſecond, as the j 
| third has to the fourth, and the fifth has —< D 
che ſame ratio to the ſecond as the ſixth A U 18 1 
has to the fourth: then ſhall the magni- 

E tude compounded of the firſt and fifth have the fume ra- 
| tio to the fecond, as the magnitude compounded of the 
| third and fixth has to the fourth, Which was to be de- 
maſrated. 


% to H. And becauſe one magnt- 
ude AB is to another c D, às the part [ 
| 4G of the one is to the part c H of the | 
aber; [by 19. 5.] the remaining Part = 
oh of the one will be to the remaining „ 
bert HD of the other, as one magnitude 5 1 1 
| 131 is to . the other 0 D. But [oy lup- A” & 4 7 | 
jon] 
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| 22. 5.] AB will be to B G, 25 DE is to 

pn. But ſince when magnitudes divi- Fi 
| 
| 
1 


If therefore the firſt magnitude has 


a. 


PROP. XXV. THE OR. 


; if four magnitudes be proportional, the greateſt ond 
laſt of them taken together will be greater than 


te gel] other's baden rogether *. b. 


| Int the for b A B. C D, E, F be proportional, | 
1 nd let 1 it be as AB 18 to C D, ſo is E to F. and let AB be 
| ute greateſt of them, and u the leaſt; 1 ſay A B and f are 
| eater than CD and E. 1 5 


| For make A G __ to k, and CH B 
Squat tor. 1 
| Then becauſe A B is to C p, as F i to 
and AG is equal to E, and g 11 equal 5 7 
or; it ſhall be as A h to (p, ſo is 8 


IS” 
WES 


* RED So 
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poſition] a B is greater than c p; therefore G3 is fret 
than HD. But fince a 0 is equal to E, 1 CH to x 
AG and F will be equal to CH and k. But if equal nz. 
nitudes be added to unequal ones, the wholes will be un. 
equal: Wherefore ſince G B, H D are unequal, and G1 
is the greater, if A and F be added to GB, and ch 
and E to HD; AB and F will be greater an CD 
and E. 

If therefore four magnitudes be vroportional: the great. 


eſt and lcaſt of them taken together will be greater thi | 


the other two taken together. 


Which was to be demon. 
ſtrated. 


b If the antecedent of one of the ratios be a maximum, th 


conſequent of the other will be a minimum. And contrariyif, 


if the antecedent of one of the ratios be a minimum, the con- 
ſequent of the other will be a maximum. But all the four ma- 
gnitudes muſt be of the ſame kind, 7x, lines, ſuperficies or 


_ ſolids, otherwiſe the propoſition will not hold god For the 
greateſt and leaſt put together cannot make one e 10 


more than the other two can. 
It is eaſy to demonſtrate this theorem in right lines by 
Means of prop. 7. and 35. lib. iii. and Prop. 16. lib, v1 
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Imilar riglit lined ſigures are thoſe which have theis 
ſeveral angles equal each to cach, and the ſides 
about the equal angles pr roportional, 

2. Figures are reciprocal, when in cach figure, the an- 
rcelents and conſequents are the terms of ratios “. 


In the trian- e 
q 1 12 8 , D. — 
Jor the parallelo- _ „ { 


E cf tan ns A B; D > | Rs ” 833 | | 
3 #3 f 77 


7 
e one oy to the = „ ö 
10 lee £7 of the 1 18 DE (_ es i / 
tler as back again N ; . 5 
I Is t the ſide C-D of FAS | 4 
this other, to the . 3 
5 7 2 7 
ide ac of the & | LAs. 
1 former. T Where 4 8 ” 
e fir rf anteceden t nx c and the laſt conſequent à c of the e- 


dd ratios Ee to e 5 as C D to A C, are both 
tourcs and 410 the ſecohd antecedent Le: £2 and the ir ir conſe- 


hf - 


CUTE ' 


— 3 KOs 
— 


Er. lelograms arc {aid to be re 75 OCal 


Ihoportional, that there is one aucecdent of ond of rwo equal 
WS 2h 

gare. 
; & 2 — 


And a : the ſides abon Te wo equa! 3 


in ohe of the 
: quent or are alſo both in the lame ngure, thoſe (angles and 
f. 


Iwo figures are therefore ſaid to be FCC: procal, or their des 
ue faid to be Tecuprocally pre oportions al When their ſides are ſo 


—— — — 


eos, and the conſequent of the © ner a ratio, in each 
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E A right line is ſaid to be cut or divided into mem 

and extreme ratio, when that line ſhall be to the oreater 

fegment, as the greater ſegment 1s to the le{ler. | 


4. The altitude of any fioure i is the perpendicular drain 
from the vertex ſor top] to the baſe b. 


Book 
| nor WI 
the rat 
as gen 
cular, 
1 


A ratio 1s ſaid to be compounded of ratios PR hut 
quantities of the ratios multiplied between . pro WG 
duce that ratio ©, © | 3 ale 

3! 
b mentic 
are > always reciprocally proportional, ſo will the fides about ge E fry, t 
equal angles of equiangular triangles, be always directhy Pro. do the 
portional. Theſe diſtinctions of reciprocal and direct proportion their 2 
are very uſeful, aud ought therefore to be particularly re. bone 
garded. Vill {t 
> The altitude or height of a fgure is the diſtance or ſhort. Ma bett 
eſt length from the bottom of it to the top; and the perpen- ke f 
dicular rather meaſures that diſtance, than is the aiſtance itſef; be ga) 
and when figures have the ſame altitude, the perpendiculen E tellige 
drawn from their vertexes or tops upon their bates are equal, = Sca 
© As let there be any number of quantities generally repre- WIRE this fi 
ſented by the letters a, n, c, b, x, the ratio of the extrene WAR other 
& and E is compounded of the ratios of a to 3 2, of 2 to e, of WW ffici 
c top, and of v to E that i is, if a divided by B be the mea. WNW this f 
{ſure or guantity of t! iC ratio of A to B:3 then will — 1 in form of 4 Ian 
a fraction, be the qua antity of the ratio of a to B 1 25 tte a Fo 
quantity of the ratio of n to ©; = the quantity of the n. good, 
tio of c to p, and - the quantity of the ratio of D to r. And ] 25 

the product of the multiplication of all theſe quant ities, acco: ding | L, 27 

to the rules of multiplication of fractions, that is , multiplyingall 3 the 

the numerators A, B, c, Þ together, and div ing them by el defni 
the denominators 8, c, », t multiplied together (or a 1nt0 8 imo nest 

_ into Þ divided by E into c, into D into E will be the com- | dook 

pound ratio of A into E. For the product B into © into 2 be. And! 
ing both i in the numerator, and the eee of that fraction | . 


B 1 D 454 
— into into 2 into may be ta] ken away from bock. Ard | 
33 . | — 


ö fifth, « 


: - 5 8 | 5 
then will = bes into — into — into — ? become. eq aal to — Ora 
| F E „F 


. divided by £; that i is, the ratio of a to b. | b 
| Es TIT 
Many have complained of this definition, and taxed Bu: 


clid with not only explaining one unknown thing by af. 


— for he has not told u 5 W hat the: « quanti- of 2. ratio 18, 
Lol 


Lan. 
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nor what is to be underſtood by multiplying the quantities of 
© the ratios into one another. But alſo for putting the definition 
as general to all quantities, when nevertheleſs it is only parti- 
cular, i relates to the ratios of numbers and commenſurable 
Seuantities, 7" 35 pas CD CO ROING 
gut altho' Euclid cannot perhaps be intirely freed from blame 
in this matter, yet the difficulty of the ſubject, I mean the na- 
re of ratios, requiring more to be ſaid to be quite right in the 
matter, than he thought neceſſary to mention, and what he has 
E mentioned, imperfect as it is, is ſo far intelligible and necef- 


ea, that his reader underſtands him to mean by compound ra 
0. tio the multiplication of the quantities of ſimple ratios, and not 


their addition; and that he has ſaid enough to make the fol- 
| lowing part of his work intelligible. I ſay, all this conficered, 
vill ſufficiently excuſe him. He knew it was difficult to give 
a better definition, and ſome one. or other was to be given. 


Tae fixth book could not be underſtood without it; therefore 
; WT ic gave the beſt he could, conſiſtent with brevity, and the in- 
ir; WE iflligence of the following part of his wotk. 


Scarborough, in ſeveral pailages of his obſervations upon 
E this fifth definition, miſrepreſents the affair. He ſays, amongſt 
E other things, 1. that the tench definition of the fifth book 1s a 
E ſufficient definition of compound ratio. And ſecondly, that 
this fifth definition is never vied in theſe 3/:ments of Euclid, 
Þ or in the Conics of Apollonius, or cilewhere in Archimedes. 
© But in all theſe and other geometrical writers, compoſition ©? 
ho 1 1 is ever taken in the ſenſe and notion of def. 10. 
| | lib. v. and to make this falſe aſſertion appear in ſome meature 
good, Scarborough, in his demonſtration of the twenty third 
| propoſition of this ſixth book, makes Euclid to fay (fee the a- 


gare) But the ratio of K to u ig comporrrded of the ratio of E t3 
ng , and of L to My according to def. 10. of the fifth book; when 
ain the ſame time Euclid himſelf really ſays i is fo by the fiſth 


definition of the ſixth book. Wherefore Euclid himſelf plainly 
| uſes this definition in the twenty third propoſition of the fixth 
| book. So does Apollonius, and other geometrical writers. 


n- on 
e And as to the tenth definition of the fifth book, it is only a par- 
on | ticular caſe of compound ratio, viz. where 1.12 ratios are equal, 


| and fo is uſeleſs where the ratios are unequal 5 whereas this 
fick definition extends to any unequal ratio whatſoever, | 


8  PROPO- 
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o 0POSITION I. THEOREM, 
7 Lieder and parallelograms which have the ſq 


altitude, have the ſame ratio to one another, g; 
their baſes*, 


Let the triangles AP c, Ac D, and the para elooram 
EC, CF have the ſame altitude, vz. the perpendicut 
drawn en the point A to BD: I fay as the baſe 8c i v 
the baſe C p, ſo is the triangle ABC to the triangle Ac 
and the parallelogram E c to the parallelogram C F. 


For continue out ; D both ways to the points My L, and 


take any number of right lines 5, G H each equal to the 
baſe BC, and any number DK, K L each cqual to the bl 
CD. And join AG, AH, AK, AI,. 

Then becauſe c B, BG, GH, are equal to one another; 


| by 38. 1.] the triangles à G H, AGB, ABC will be equa! | 


to one another: Therefore the baſe H C is the ſame mult. 


Pe of the baſe B c. that the triangle AH c is of the trian- | 


ole ABC: By the ſame 


1 8 B * 5 
equal to the triangle ALC: 


If the baſe R c exceeds the baſe CL, the triangle AKC | 
will alſo exceed the triangle A L Cc; and if the baſe xc be 
| leſs than the baſe CL; the triangle AH C will likewiſe be 
leſs than the triangle A Lc. There are therefore four mag 
nitudes, vz. the two baſes BC, CD, and the two triangle | 

ABC, ACD, and there are equimultiples taken of the baſe | 

Bc, and the triangle ABC, vz. Hc of the baſe, and the 
triangle AHC: as ; alſo other equimultiples of the baſe c ., 
and triangle AC.D, viz. CL of the baſe and the triangle 
ALC. And it has been proved if the baſe H c exceeds the | 
baſe CL, the triangle AH c excceds the triangle aL C3 | 
and if the baſe H C be equal to the baſe c1, the triangle | 


AH c is equal to the triangle A 1. C: If the one be leſs, the 
cther will be leſs too. 


to tl 
to t 
ame 
1 he t. 
, para 
the 
the 
Ac 
E The 
0 


- reaſon the baſe 1 C is the | 
ſame multiple of the baſe 
cp, that the triangle ac | 
is of the triangle ac; 
and [by 38. 1. if the baſe 
| He be equal to the baſe 
4 L © Ln the triangle AHC | 


T ierefore 199 5: def. 5. as 1 


| Boc 
[ baſe 


tian 


A 


1 


ame 
J theil 
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| bale BC is to the baſe c p, ſo is the triangle ABC to the 
| wang! e AC D. 1 | | 

And becauſe [by 41. r.] the parallelogram Ec is double 


to the triangle Ac b. But [by 15. 5.] parts have the 
ame ratio as their equimultiples ; the triangle AB c will 


8 rarallelogram FC. Therefore becauſe it has been proved, as 
b the baſe BC is to the baſe c p, fo is the triangle AB C to 
0 


E the triangle A C D, but as the triangle A B C is to the triangle 


„cs, fo is the parallelogram = c to the parallelogram Fc: 
i | E Therefore [by 11. 5.] as the baſe BC is to the baſe c p, 
| E © will the parallelogram £& C be to the parallelogram Fc. 
: | Therefore triangles and parallelograms, which have the 
* me altitude, will have the ſame ratio to one another as 
; E their baſes. Which was to be demonſtrated. 

0 F The demonſtration of this propoſition is one very natural 
* ud eaſy conſequence or caſe of Euclid's fifth definition of his 
n- WWF fith book in triangles and parallelograms of the fame altt- 
ne ue; hewing the exceeding eaſy application and uſefulneſs of 
he | q that definition. | 93 e 5 

co FROM 1TH 4 0K 0 
0 5 i = | 5 5 5 Gr £5 : . IE 8 
% Fe 7ight line be drawn parallel lo one ſide of a tri. 
e nge, bis will cut the ſides of the triangle pro- 
is portionally : and if the ſides of a triangle be cut 
c: WH 7?ropor tionally, the right line which joins the points 
i | of ſeftion will be parallel to the uncut fide of the 


triangle. 5 


be 1 

20- Por let the right line DE be draun 
ges e Parallel to one fide B c of a triangle 
ak ac: I ſay as B D is to DA, ſo is CE |\ 
V 55 
D, For join B E, c. „„ 
ele e [hen (by 37. 1.5 the triangle Boe 


equal to the triangle c E; for they . 


e find upon the ſame baſe DE, and are 
ge. between the ſame parallels D E, Bc. 
the | 


vit ADE is another triangle; and [by G 
7 5·] equal magnitudes have the ſame 


K 2 


do the triangle A BC, and the parallelogram CF is double 


be to the triangle a c b, as the parallelogram k C is to the 
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ratio to the ſame magnitude: Therefore as the triangle 
B D E is to the triangle ADE, ſo is the triangle CDE, to 
the triangle ADE. But as the triangle ; D E is to the tf. 


angle ADE, ſo is BD to DA: For fince they have the 
fame altitude, viz. the perpendicular drawn from the point 


'E to AP, they are [by 1. 6.] to one another, as their | 
| baſes. And for the fame reaſon the triangle ch is U 
the triangle ADE, as C E is to EA: Therefore as Bois | 


to DA, ſo is [by 11. 5. J cCEfoEA. 


Again, let the ſides AB, A C of the triangle ABC be 


cut proportionally in the points p, E, ſo that B; D be to pa, 
as C E is to EA: and join DE : 
'BC. 


For the fame conftruQtion remaining, becauſe as BDPIU, 


to p A, ſo is c E to EA: But as BD is to D A, fo [by 


I. 6.] is the triangle BDE to the triangle A D; and & | 


CE is to EA, ſo 18 the triangle CDE to the triangle 4 ps: 


it will be by 1 I. 5. ] as the triangle BDE 1s to the triange 


ADE, ſo is the triangle c p E to the triangle A PDE. Ther 


fore the triangles BD E, C DE have each the ſame ratio to 
the triangle ADE! 


upon the ſame baſe DE. 


_ parallels. Wherefore DE is parallel to B. 


If therefore a right line be drawn parallel to one fide ol | 
A triangle, cutting 58 other two ſides; this line will cu 
the ſides proportionally : and if the fides of a triangle be | 


cut proportionally, a right line joining the points of ſec 


tion, will be parallel to the uncut ſide of the triange | 


WW high was to be demonſtrated. 


PROP. 1. THE OR. 


ir one angle of a triangle Be biſefted, and the biſets- | 
ling right line cuts the baſe, the ſegments of the | 
| baſe will have the ſame ratio to one another ibu. 

| the other two ſides of the triangle have to one a. 
other: and if the jeginents of the baſe have tu 
fame ratio to one another, as the other two ſides if 

the triangle have to one another: then will tht 
right line draton from the paint of ſection to lit 


$$, . þ# 4 
et 


| Book 


| let B 


I fay DE is parallel to | 


Wherefore {by 9. F.] the triange 
BDE is equal to the triangle CHE. But they ftand bot | 
And equal triangles that ſtand 
upon the ſame baſe [by 39. I. ] are alſo between the lame | 


ver 


del 


Let 


be cut 
5 BD 


For 


Th 


ab.! 
| angie 
to the 
the ar 
| line ! 
nes! 
| [by 2 
Pate. 
the at 
345 
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E3D 1: 


Let there be a triangle A c, and let the angle B AC 


+ WT i: cut into two equal parts by the right line AD: I fay, 
 W £30 15 to DC, ſo is B A to AC. 

For [by 31. 1.] draw ck thro? c parallel to Da, and 
- WF ( 3 4 continued out meet the ſame in k. 

Then becauſe the right line a c falls upon the two -araliels 
be , aD, Ec; the angle AC E by 29. I.] will be equal to the 
„ ae c Ap. But the angle C A b is ſuppoſed to be equal 
e o the angle BAD: Therefore B A D will alſo be equal to 


E the angle ACE. Again, becauſe the right 
ine BAE falls upon the parallel right : 
ines à D, EC, the outward angle BAD 
3 29. 1. is equal to the inward angle 
az c. And it has been alſo proved that 
the angle ACE is equal to the angle 
ap: Therefore ACE will alſo be 


E 


er; [by 2. 6. J it will be as BD is to Dc, fo is B A to 
ar. But AE is equal to A c: Therefore {by 7. 5. as 
Id is to Dc, ſo is B A to AC. 

| But now let B D be to DC, as B A is to A C: and join 


0 | 

!: | fay the angle B a C is biſected uy the right line AD. 
te For the fame conſtruction remaining „ becauſe it is as 
ſec: id to pc, ſo is B A to Ac; and [by 2 6.] as B D is to 
oe dc, ſo is B A to A E {for AD is drawn parallel to one {ide 


eto AE: Therefore [by 9. 5.] A C is equal to AE, and 
0 [by 5. I.] the angle A E C is equal to the angle A C E. 
| But the angle AEC [by 29. 1. ] is equal to the outward an- 
se B A p, "and the angle ACE equal to the alternate an- 


| gl CAD: Wherefore the angle BAC is biſected by the 


Ro „„ game 
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0 F oertex of the triangle Li ſect the angle ar the” 
o | q vertex. 
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E cquzl to the angle A EC: and fo [by B D ©C_ 
b. 1.] the fide A E is equal to the fide + c. And becauſe 
Ad is drawn parallel to one ſide, vis. E C of the triangle 


EEC of the triangle BCE) it wil be as ; A to Ac, ſo is 


i ge CAD: Therefore the angle BA D will be equal to the 


of: dt line ap. 

ta Therefore if one angle of a POP: be biſe ged. and 
5 of | | the biſecting line alſo cuts the baſe ; the ſegments of the 
% ble will hive the ſame ratio, as the other two fides of the 
my | langle, And if che legments of the baſe have the tame. 
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ratio as the other ſides of the triangle, the right line 
drawn from the vertex to the point of ſection, will iſe 


| bie angle at the vertex of the triangle. Which was to be 
| demonſtrated. 


PROP. IV. THEOR. 


The fides about the equal angles of equiangular 'rias 
gles, are proportional: and the ſides oppeſitie h 
the equal angles are homologous or co-rationals, 


Let AB C, Ber be equiangular triangles, having the | 
angle ABC equal to the angle DCE, and the angle ac 
equal to the angle DE bs and moreover the angle BAC 
equal to the angle © : 1 fay the ſides about the equal | 
angle of the a ABC, DCE are proportional; and | 
the ſides oppoſite to the cqual angles are homologous at 
co-ratlonals. 
For let B c, c E be boch put in the ſame right line: and | 

_ becauſe [by 17. 1.] the angles ABC, ACB are leſs than 
two right angles. But the angle ACB1s equal to pc, 
the angles ABC, DEC will be - leſs than two right angles: | 
| Wherefore [by 11. ax.] B a, ED being produced will meet 
one another. Let them be produced and meet in . 
* 85 Then becauſe the angle pcs u | 
equal to the angle A B c; {by 28. 1.] 
B F will be paral: lel to CD. Again, | 
becauſe the angle acB is equal to | 
the angle DE C3 Ac will be paralel | 
to FE: Therefore FAcD is a par- 
allelogram: And fo [by 34- 1.1 FA 
| E is equal to CD, and AC to FD. And | 
E 5 becauſe ac is drawn parallel to one 
BF fide FE of the triangle F B E.; [by 2. 6.] it will be as 34 
I . is to AF, ſo is BO tö ck. But AF is equal to cb. 
I] ᷓ)berefore as B A is to p, ſo is [by 7. 5] BC to CE: 
and alternately [by 16. 5. J as AB is to Be, ſo 18 0 
c E. Again, becauſe C is parallel to BF, it will bes] 
Bc is to ck, ſo is FD to DE, But D F is equal to AC: 
Therefore as Bc is to c 5 ſo is Ac to ED. And alter. 
vately as B c is to ca, ſo is E to E D. And fo becauls | 
It t has deen proved that as ABI to 5 c. {01 15 D to c E, n. 


45 * 1 
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s gc is to c A, fo is E to E D; it ſhall be by equality 
by 22. F.] 28 BA is to Ac, ſo is c to DE. 

| "Therefore the ſides about the equal angles of equiangu- 
br triangles, are proportional; and the lides oppolite to 


| the equal angles are homologous or co- rationale. Which 


was to be demonſtrated. 


PROP. v. THE OR. 


two 0 triangles have their fides proportional , thoſe 


triangles wwill be equiangular ; thoſe angles being 


equal which are oÞpofi /e to the homologous or co- 


rational fi des. 


Loet there be two triangles A BC, DEF, having propor- 
tonal ſides: and let AB be to Bc, as DE is to EF: alſo 
se eis to C A, ſo is EF to Fp, and moreover as BA is 


boo ac, ſo is E D to DF: I ſay the triangles A B c, DEF are 


| equiangular, thoſe angles being equal which are oppolite to | 


the homologous ſides, vz. the angle A Bc equal to the angle 
E DEF, the angle BCA equal to the angle k 5 and the 
| angle BA C equal to the angle EDF. 


For [by 23. I. ] at the right line E F, and at the points 
b in it, make the angle F E & equal to the angle ANC 
| and the angle E FG, equal to the angle C A; then {by 


32. 1.] the remaining angle BA C is ow to the remain- 
ung angle E GF. 
| Therefore the triangles ABC, EGF are equiangular ; 


N and ſo the ſides about the equal angles of the triangles 
ae, EGF are [by 4. 6.] proportional : and the tides op- 


| polite to the equal angles are e homologous: W herefore as 
Ag is to Bc, ſo is GE to 

br. But as A B is to Bc, 
bois DE to EF: There- 
bre as DE is to EF, ſo p 
I) 11. 5. ] is G E to EF: 

| Wherefore DE, GE have 
each the ſame ratio to EF: 


And ſo [by 9. 5.] DE will be equal tc to GE. By tha ſame | 


| iealon D will alfo be equal to G E. Then becauſe PE is 
equal to E G, and E F is common, the two ſides b Er E F, 


ae equal to the ſides O E, E, and the baſe DF is equ: al- 


Ig the baſe G F: 1 heretore [by 8. 1.) the angle DEF 19 


R 4. Equal 1 


- 
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equal to the angle GE F, and the triangle D E equal tg 
the triangle GE F, and the remaining angles of the ons 


triangle equal to the remaining angles ; of the other, which 
are oppoſite to the equal ſides. Therefore the angle nx x 


is equal to the angle GFE, and the angle EDF equal o 1.) 
to the angle EGF. And becauſe the angle DEF is equi t t 
to the angle Gk F, and by conſtruction] the angle rf the 
15 equal to the angle 4 ABC; the angle A BC will be Cl be 
to the angle DEF, By the fame reaſon the angle Ach ®E 
is equal to the angle py E, and alſo the angle A "equal o WT ut 
the angle D: Therefore the triangles ABC, DEF ade gie 
cquiang lar. | | ole 

If therefore two triangles have their ſides proportion, ED 
the triangles will be equiangular : and thoſe angles will be } £qu 
equal v kick are oppoſite to the homologous tides. Which ane 
was to be demonſtrated. | 

| 1 equ 

PRO-P: VI. THEOR. = * 

f 9 
K. two triangles have one angle of the one equal t1 88 
one angle of the other, and the fades about th | 
equal angles proportional: theſe triangles will l. 
equiangular, having thoſe angles equa! which a, Tt 
oppeſite to the homologous fides, | / 
Let two triangles A BC. DE F have. one FINS 8 A c 0 N 
the one, equal to one angle E Dy of the other, and the | 
ſides about theſe equal angles proportional, viz. as BA is | 
to Ac, ſo is ED to DF: I fay the triangles A Bc, DE? I 
ale equiangular, the angle A BC being equal to the ange 
DEF, and the angle A © B cqual to the angle BF &. | 
Por [by 23. 1. ] at the right line p F, and at the points | 
P, F in it, make the angle FDG equal ta BAC or EDF, | J 
and the angle pF equal to the angle A C B. | of 
I hen will the remaining angle at B [by 32. 1. ] be equl | b 
<0 the remaining angle at G. Therefore ihe triangles Ahe, WF | 
TI 2 equiangular: MM 
DV and ſo [by 4. 6.] 324 WF ; 
=, is to A c, ſo is GD to DF. | 1 
But [by ſuppoſition) ® | 4 

B A is to AC, ſo SED | 
DF: Therefore as £2 3 


is to P F, ſois[by 11-5} | 
—— tS 
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gb to Dr: Wherefore [by 9. 5. Eis equal to HG, 


I Ind DF is common: Therefore the two ſides E D, DF are 
ch cqual to the two ſides G D, Dy, and the angle EDF is 
:: WW cqualto the angle DF: Wherefore the baſe Er {by 4. 

9 1.] is equal to the baſe F G, and the triangle DEF equal 
ul | to the triangle GD F, and the remaining angles equal to 


in WE the equal ſides: Therefore the angle DF G is equal to the 
ez ale D E; and the angle at G equal to the angle at E. 
% But the angle DF G [by conſtruction] is equal to the an- 
1 ge Ac B: Therefore the angle Ac B is equal to the an- 


ge pF E. But B AC is ſuppoied to be equal to the angle 


al, | BOP. Therefore [by 32. 1.] the remaining angle at 3 is 
— equal to the remaining angle at E: Wherefore the tri- 
AT angles ABC, DEF are equiangular. | a 
; Therefore it two triangles have one angle of the one 
| equal to one angle of che other, and the tides about the 
0. equal angles proportional; ; theſe triangles will be equian- 
ö gular, having thoſe angles equal which are oppoſite to the 
0 | lumologous des, Which was to be demonſtrated. 
1148 | 


PROP. VII. THE OR. 


F two triangles have one angle of the one enual tn 
one angle of the other, and the ſides about other 


angles proportional, and have alſo each of the re- 
the | maining angles either leſs or not leſs than ai ight 
1 ongle : thoſe triangles will be equiangular, aud 
op | have thoſe angles equal about which are the pic 
80 | portiona! / dee. | 
my Let the two t angie be ABC, DEF, having ge an. 
85 de BAC of the one, equal to one angle E D of the. 
11 ocher, and the ſides about other angles A B („ DEF pro- 
a portional, ſo that D E be to E F, as AB is to BC. And 
205 | having alſo each of the remaining angles at c, F frlt leſs th mey 
af a right angle: 1 fay the triangles A BC, D EF will be equi 
„ angular, the angie ABC equal to the angle DEF, anc 
x the remaining angle at c Sq to the remaining angle 

1 NF. 

bs For if the 3 APC be ca) to the angle Þ & +, 


Af 


Ep | | the remaining angles, each to each, which are oppoſite to 


ane of them will be the. greater, which let be ABC: And 
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at the right line A B and at the point B in it make 57 


24. 1. J the angle AB G equal to the angle DEF, 
"Now becauſe the angle A 1s equal to the angle p, and 


the angle A n G equal to the angle DEF; [by 32. I.] the 


remaining angle AGB will be 

A | equal to the remaining angle 
D F E: Therefore the trianzl 
AB G is equiangular to the 
triangle DEF: Wherefore 
[by 4.6.]JasAB1s to BG, { 
is DE 1 But as DE i; 


| 12 | + Þ | 1* to E F, ſo 18 by ſuppoſition] | 


AB to BC: Therefore as A 
1 to Bc, ſo [by 11. F.] is AB to BG; and ſo A B has the 
Fane ratio to BC or BG: Whercfore Bc is equal to u; 
and accoramply [by 5. 1.] the angle B GC 1s equal to the 
angle BCG. But the angle at c 1s ſuppoſed to be le; 
than a right angle: T herefore BGC will alſo be leſs than 
2 richt angle, wherefore [by 13. 1.] the adjacent ange 
AGB will be greater than a right angle. But it has been 


; pro! red that the angle AGB is equal to the angle at x: 


Therefore the angle at F is greater than a right angle. But 
it 18 . e to be leſs than 3 right angle; which is abſurd: 
berefore the angle ABC is not unequal to the ange 
by; they are therefore equal, But the angle at a i: 
equal to the angle at p; wherefore the remaining angle at 
4 £quzi to the remaining angle at F : Therefore the trian- 
les ABC, DEF are equiangular. 
en let us ſuppoſe each of the angles c, F to be not 
> than a right angle: I ſay morcover that the triangle: 
c DEF will be equiangular. 
For the ſame conſtruction remaining, we Jemen 


4 


— 


after the like manner that Bc is equal to BG, and the an- 


pit c equal to the angle BG c. But the angle at c is not 
leſs than a right angle ; N herefore u G c is not leſs than! 


right angle: Wherefore the two angles of the triangde 


e are not leſs than two right angles, which [by 17. 1 

e Whcrefore again the angle A BC is not ins 
ecqual to the angle DEF: it is therefore equal to it. But 
the angle at A is equal to the angle at p: I herefore the 


remaining angle at c [by 32. 1 .] is equal to the remain. 1 
ing angle at F : and accordingly the triangles A U c, DF* 


Are Cquiangular, 
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t therefore two triangles have one angle of the one 
equal to one angle of the "other. and the fides: about other 
angles proportional, and have alſo each of the remaining 
angles either leſs or greater than à right angie; theſe 
triangles will be equiangular, and ſhall have thoſe angles 
equal, about which the ſides are proportional. V. tich 
vas to be demonſtrated. 


e  Bactia has added that each of the remaining angles B, E 
muſt be either both leſs or both not leſs than a right angle, for 


otherwiſe, the whole hypotheſis remainin 55 it would not follow 


that the triangles would be equiangular. For if in the ſame tri- 
angle 4 B C, B G were equal to B c, which would happen when 
the angle B is acute, and greater than a: In this caſe the two 
triangles A BG, DE F would have one angle of the one cqual 
to one angle of the other, v/z, the angle a and the angle b, 

and the ſides about the other angles A BG, DEF proportional, 
that is, as A B is to B , fois p E to E F, and yet the triangles 


A3 G, DE F would not be equiangular; ; and that becauſe one 


gle AGB is ane than a Tight angle, and the other ED 


lets. 


Taquet 455 this propoſition is ſcarcely of any uſe. But 


herein he 1 is more prompred. by diſlike than certa inty. 


P R O P. VIII. 83 HE O R. 


If perpendicular be draton from the right angle to 
the baſe of a right angled triangle : this perpe: li- 


cular will divide that right angled triangle into 


two other triangies ; each of ©: Hie © will be v7 nilar 


10 one ebene aud to Ihe 0.0 e Tight angled r1- 
anglef. 


| Let there WI 1 rieht angled triangle AB C, having the 
fight angle B A 483 and let AD be the perpendicu! ar drawn 


' from the point A to the baſe B : 1 ſay the triangies A BD, 


ADC are ſimilar to one another, and allo to the whole tri- 
angle ABC... | 
For becauſe the angle BAC is equal 1 to the _ ADR 
Fach of them being a right angle, and the angle which ts 
is common to both "the triang! es ABC, AB D; the re- 
maining angle A c {by 32. l. will be equal to the re- 


N. bannt angle BAD: T berefoie the triangle A B is cqui- 


neu. ar d the triangle A B D.. 5 be! refore | by 4 * 6. ] _ 
the 
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A the ſide Bc oppoſite to 
N the right angle of the til. 
angle ABC, 1s to the {ide 
B a, oppoſite to the riglt 
N angle of the triangle A n p, 
! 101 is the ſide A B oppoſite 
5 5 d to the angle at c of the 
triangle a BC to the ſide BD oppoſite to an angle equal to 
the angle at c, Pig. BAD of the triangle ABD. And {5 
alſo is AC to the fide A Þ oppoſite to the angle at p, which 
is common to both the triangles: Therefore the triang!: 
AB c is equiangular to the triangle ABD, and has the 
ſides about the equal angles proportional: therefore [by 1, 
def. 6.1 the triangle A B c 1s ſimilar to the triangle AB p. 
By the ſame reaſon we demonſtrate that the triangle ADC 
is alſo ſimilar to the triangle a Bc ; wherefore the triangles 

ABD, ADC are each fimilar to the whole triangle AB c. 

I ſay moreover that the triangles ABD, ADC are all 

fimilar to one another. 

For becauſe the right angle BD A is equal to the right 

angle ADC; but B AD has been proved to be equal to the 
angle at c; [by 32. 1.] the remaining angle at B will be 
equal to the remaining angle BAC: Therefore the trian- 
gle ABD is equiangular to the triangle A DC. Wheretore 

[by 4. 6.] as the fide B D of the triangle A B D which 5 
op poſite to the angle B A p, is to the fide D a of the ti. 
angle ADC, which is oppoſite to the angle at c, equal to | 
the angle B A p, ſo is the {ide A D of the triangle ABD, | 
which is oppoſite to the angle at B, to the fide Dc of the | 
#riangle A Dc, which is oppoſite to the angle PA c, being 
equal to the angle at B, And ſo alſo is the fide B A oppo- 
ſite to the right angle A p B, to the fide ac which is cp: 
poſite to the right angle a y c : Therefore [by 1. det. b. 
the triangle ABD is ſimilar to the triangle A D C. 
| Wherefore if a perpendicular be drawn from the right | 

angle to the baſe of a right angled triangle; this perpen- 
dicular will divide that right angled triangle into two other 
triangles, each of which will be fimilar to one another, | 
and to the whole right angled triangle, Which was to be 
demonſtrated. 
Corollary. From hence. it is 3 that the W 
cular r en from the right angle 0 the baſe of a right an- | 


ole 4 


1 Fuclid Does not conſider the fol- 
| lowing caſe, wiz. in any triangle 


| apc, if the right lines BD,BE be 5 . 
| o drawn from the angle n to the baſe | * 88 


ac, that the angles a DB, B E be 
esch equal to the angle a n C of the 
niangle 4 B C. The triangles AB D, BE o will be ſimilar to 
| one another, and to the whole triangle ABC. And the ſquare 
ol the fide A B will be equal to the rectangle under the baſe 
dc of the whole triangle and the ſegment a p of it, and the 


D in Ac, and [by 3. 1.] make DE, EC 
eich equal to A D. Jain B C, and draw [by 
31. 1.] DF thro” D parallel to Bc. 
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| Zed triangle, is a mean proportional between the ſagments 
of the baſe : and moreover either ſide of the triangle is a 


mean proportional between the baſe, and that ſegment of 5 
dhe baſe, e is next to it. | 


T) "FE > (? 


rare of the fide B © equal to the rectangle under the whole 
baſe a © and the legment E Cc of it, andthe ſum of the ſquares 


| ofthe ſides a B, B c will be equal to the rectangle under the baſe 
ac, and the fam of the ſegments A b, EC of the baſe. The 
2 iemonſtration i is very eaſy, from what Euclid has laid i in this 
: propoktion, and prop. 17. of this book. 


PRO P. IX. PR O B L. 
To wut off a part required fr om 4 given right line. 


Let the part required be one ind; draw 
any right line A c from the point a, mak- A. 
ing any angle with A B; aſſume any point 


Then becauſe the right line p is drawn 


darallel to one ſide B C "of a trianvle ABC; 3 
| [by 2. 6.) it will bz as CD is to D A, ſo is | 
bf to FA. But c p is double to DA: therefore B; F is alſa 
double to ya : Conſequently E 4 is thrice a Pc” 

| Wherefore a third pare. AF required is cut off from the | 
| den right line AB, Which was to be done, : 


PROP, 


Let the given right line be a B: to cut off from it apart 
| 1:quired. 


rr * — — 
K an: ES 


TT Tx a> 


- — 
* y : 
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PROP. x. PROBL. 
To cut a given [undivided] right line into parts that 


155 be JONI, to thoſe uy a given arvided rigl 
nes, 


Let an be a given undivided right line, and aca gi 


ven divided richt line. It is required to cut the rioht 
line AB into parts ſimilar to thofe that AC is dil 


into. 
Let ac be di vided i in ihe points D, . 
and fo join AC, AB as to contain any 
angle. Join B, c; and [by 31. I.] thro | 
the points p, E, draw D F, E G paralle 
to B C, and thro? D draw D HE 1 
tO AB. | | 
Then F, EB are cach of them | 
parallelograms: and accordingly [br 
rr! . 1s cqualto F 6; and HE to: 
P K Cb. And becauſe HF is drawn para!s 
lel to one fide K C of the triangle DK C 3 it will be * br. 
2. 6.] as CE is to E D, ſo is K H to HD. But Ku 


equal to ß G; and HD to FG : Therefore as Cit is | 


ED, ſo is BG to G F. Again, becauſe F D is drawn pat. 
allel to one fide EG of the triangle AGE: 28 E B ig to | 
Da, ſo will G F be to FA. But it has been Prov ed that 
CE is to ED, as BG iS to GF: Therefore as c E is to £0, 


ſo is ; O to Gr, and as E P is to DA, ſo is G b to r. 


Therefore the given undivided right! line AB is cut int 


parts ſimilar to the parts that the given right line Acts 1 


divided into. Which Was to be done. 


2 From this problem it is R's to find out and 5 nftrate | 


the way of dividing a given right line, as a f into any pro. 


poſed npmber of equal parts. For let the propoled number of | 


equal parts be five. From the ends a and B of the gie 
right line, draw the right lines A b, R c parallel to one aud, 
ther; that is, make the angles a, e equal to one another: aw | 
upon AD, Bc each take at pleaſure from a towards D, tour 
equal parts, a1, 1 k, k L, L u, and from E towards c take four 

more of them B k, EF, FG, GH, the number of parts on each 


being leſs by one than he propoſed number of equal | part 
This done, Join the points 1,H; Kk, 0; „r; Mt, by Tight 


llt: 
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ne a B in the points x, o, v, N 

hen will the propoſed right 3 10 

| fine a B be divided into five 5 NY 

equal pure 1 5 err N r 

: or unce G H, IK are KX OC Þ I 
b Sal and parallel; the right ANTE P 
„ esu ner will [by 33. 1.] VE | 
nao be equal and parallel. By . | 
it thefame reaſon GK, F L, E N KN | 
led Fill be parallel. Wherefore | wt 1 

| | fnce a M4 is divided into four 1 

, cual parts, 4 Q will alſo be MN pq 
in; WF vided into four equal parts, | 
ng WT + is manifeſt from the demonſtration of this tenth propoſition. 
11.1 WF 5 the fame reaſon x will be divided into four equal parts, 
1.1 becauſe B H is divided into the like number of equal parts. 
155 E Wherefore ſince both a N, B Care each equal to N o, OP, yQ 3 
all the five parts A N, N o, o p, PQ, QB will be equal to one 
em . another. Which was to be done. 
(br UF There are ſeveral ways to perform this problem. But none 
x to WW Go clegant, as this way. 5 | 
a- | 5 
re XL PROBE. 
7 ' nl . g , | 5 
„d a third right line proportional to two given 
du 5 right lines. 
fo Let the two given right lines be a 5, a C, ſo placed as 
= | to make any angle. It is required to find a third right. 
nne proportional to A B, Kc. | | 
Wh Produce as, ac to the points b, E, ſo A 
bog | that By be equal to ac. Join Bc, and 


by 31. 1.] draw DE thro' p parallel to 
| Then becauſe Bc is drawn parallel to 
one fide DE of the triangle AE; [by 


A «nba 
4141 av 


; pro- . . . . . 
ber of . b.] it will be as av is to B D, fois ac 
gien WE 2 CE. But Bo is equal to ac: There- 
and. Wh fore as A B is to Ac, ſo is Ac to ck. 


1 and 
, four | 
ce four 
n each 
. parts 
' 8 b 
„ 
lines 


o given right lines AB, 4 C. Which was 


3 
wr 
ES) 


| cs cutting the given right 3 - 


Qs. | 
. 
= 8 


Wherefore there is found a third proportional c E to the 


— 
— 
— 


— — 2 
— * 

. 
— 3 — 


he 4 3 


- 
. 


— — 


8 = "x =— 
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PROP. XII. THE OR. 


pee right lines being given: to find a fourth right 


line proportional to them. 


Let the 8 given right lines be A, Bs c. It is required | 
to find a fourth right line proportional to A, B, C. | 


Draw two right lines 


| 


05 equal to A; O E equal to b, 


parallel to it. 


5 Then becauſe cu i; | 
drawn parallel to one ſide E K of the triangle DEF; [by | 
2. 6.] it will be as DG is to GE, fois DMH to HF, But | 


D G is equal to A, GE equal to B, and DH equal toc: 
Therefore as A is to B, fois c to HF. 


Wherefore there is found a right line Hr which is: | 
fourth proportional to three given night. lines A, BG 
Which was to be done. | 


PROP. XIII. THEOR 


Te 0 right lines being given: to find a mean pr. 050 | 


tonal between them. 


Let che tio given right lines be a B, B C. It is require | 


ed to find a mean proportional line between them. 


Place them bot a0 in the fame direction, and deſcribe the | 
ſemicircle A Dc upon tle | 
right line a c, and [by 11.1 | 

from the point B draw 3D | 

at right angles to AC, and 


Jon A PD, DC. 


A D is in a ſemicircle, f of 


BC of the baſe. 


Therefore there is found a mean 1 pn betw een 


two given right unes 4 B, E C. Which was to be done. 
; — 83 R 


A — DE, pr containing any an. | 
B gle E Dy, and make po 


5 E equal to c: Join 
. 5 * 5 G H, and thro' E draw Et | 


Then. becauſe the angle 


31. 3.] it is a right ang 
And becauſe DB Is drawn from the right angle of a riot] 
angled triangle ADC perpendicular to the baſe ! by cor. $ 6. 
D B will be a mean propor tional between th c ſeoment 5 AH] 


J 


be as D is to h E, fois G B | | B\ \ 
| \ 


nF: I ſay the parallele 


nn will be as AB is to FE, 10.15 8 C 
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PROP. XIV. THEOR. 


F equal parallelograms have one angle of the one 
equa! to one angle of the other: the ſides about the 
equal angles will be reciprocally proportional: and 
if parallelograms have one angle of the one equa! 
to one angle of the other, and the ſides avout the 
equal angles reciprocally proportioual: thoſe pure 
allelograms are equa! to one another. 


Let the equal parallelograms be A B, Bc having the an- 
oles at B equal. And let DB, EE be both placed in the 
ame right line: Then [by 14. I.] FB, BG will be both 
in the fame right line: I ſay the ſides of the parallelograms 
AB, BC, which are about the equal angles are reciprocally 
proportional: that is, as DB is to BF, ſo is G B to BF. 

For compleat the parallelogtam E E. 

Then becauſe the parallelogram A B is equal to the pat: 
alelogram B c, and E E is ſome other parallelogram: by 
7.5.] it will be as A B is to FE, fo is h C to FF. But 
by 1. 6. Jas AB is to FE, 0 
o pe de b K and a S i. Þ 
s to F E; ſo is G B to R * = * : 
Therefore {by. 1 1. F.] it will — — 


to BF. Therefore the ſides \ 
ot the parallelograms A B, \ \ 
2c which are avout the e- 


& qual angles, are reciprocally e 5 


proportional. 
＋ * 2 1 ; 1 8 — Ke 8 'A . r 1 326 
But now let the ſides, ahnt the COUaL angles, 
. ; » * 3 ä — 3 — — i 8 ä 
procally | Proportional, e As DB ee -B Es 10 Is 88 
— N ft 


— — 
— 
- 

} 

pw 

5 

Fre 

Þ ad 

. 

( 

7 

pr 

7 

— 


lelogtam EC | | 
For becauſe it 18-35 DB. is to 8 E, 10 18 G B TO EF 


JT . „ ee te JH CEN, 
as DB is to B E, 10 Nen, 0. 18 the Parallelogram 

\ „ h A 73 --4 | 5; : = 2 * : + je : 
Ah [0 the parallelostam F E, aBG-2S G B I to EF, 10 8 
the . allelo gran og EL ES ens n 
e parallelogram Be to the parallelogram FE: [0% IT, 
. EY oy — 


38 I 


fore [by 9. oY the paralleiogram A BIS EQUAL to the par- 
3 4 13 / _ | IO as | 
ner 37, * 5 X | : 
f OETAl BC, 
, -—. . ” a 
* 555791972 
4 a 24 23 


n : 0 4 4 whe 
ü ͤ 2 - ——x—«—«ꝰõC⅛ hen get nn ß er 
Sn — — = - =» 3 7 l — * = 4 ; 


2 * 


— 
— — ” = — — 


„ 


; a | NP: = 


—_ 
— 


—— 


, 4 
119 
7 
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Therefore if equal parallelograms have one angle of the 
one equal to ons: angle of the other; the ſides about the 
cqual angles will be reciprocally proportional. And it bur. 
al elogtams have one angle of the one equal to one ange 
of the other, and the ſides 5 about theſe equal angles recipro- 
. cally proportional; theſe e parallclogr. ams are cqual to one 
another. Which was to be demonſtrated. 


PROP. XV. THE OR. 


if equal friangles have one 7755 of the one. equal to 


one angle of the other ; the fides about the eq 


angles 7914 be ase proportional : and i 
tri at gle s have one angle of the one equal 10 one 
angle of the other, and the fides about the equa! 
angle rectprocally proportional, 88 triangle. 
are equa! lo ene anoihen. 


Let the equal triangles be ABC, DE, having one an- 
gle Þ AC of the one equal to one angie DA E of the other. 


1 ſay the ſides of the triangles ABC, A DE which are about 


the equa) angles are Teclproca . proportional, that is, a: 
CA is to A D, ſo is E A to A B. 

For ſo place them hat © A, AD both lie in the me 
right line: Therefore {by 14. I.] E a5 will be allo 
both i in one right line. Join B D. 


Then becauſe the triangle ABC is <qual to the triangle 


ADE, and ABD is ſome other triangle; it will be [by 
7. 5. ] as the triangle © 4.3 is to the triangle BAD, foi 
the triangle ADE to the triangle B AD. But [by 1. 6. 


F - 
3 


ED 


the triangle B A D, ſo is C4 


8 . 


> | 


tional. 


| Now 


das the triangle CAB is to 


7 N to AD. And as the trian- 
gle E A b is to the triangle 

B A b, ſo is E A to 4B: 

Therefore [by 11. f.] 
CA is to AD, ſo is E A to 
i "RX AB: Wherefore the hides 
NETS | I * of tne triangles ABC, Au, 
which arc : about the equ ul ang les, are ' reciprocally proper 


Domain Att 


. 1 
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Now let the ſides of the triangles A BC, ADE be reci- 
procally proportional; and let it be as C A is is to A Dy 

0 is EA to AB: 1 lay the triangle ABC is equal to the 

| triangle A D E. 

For again join B p. Tben becauſe as CA is to A P, fo 
EA AB; and as C A is to AD, fo [by 1. 6. is the 
niangle APC to the triangle B A p, and as EA is to AB, 

ſo is the triangle E A D to "the triapgle BAD: [by 11. 521 

t will be as the triangle AB is to the triangle B A P, 
ſo is the triangle EAD to the triangle B AD: Therefore 


1 3 bs triangles ABC, ADE have each tlie fame ratio to the 
gg tile BAD: and accordingly [by 9. 5.] the triangle 
eis equal to the triangle E a p. 

= Therefore if equal triangles have one angle of the one equal 
„bone: uigle of the other ; ; the hides about the equal angles 
m_ be reciprocally proportional: and if triangles have one 


de of the one equal to one angle of the other, and the ſides 
out the equal angles reciprocally proportional; thefe 
trangles are equal to one another, Which was to be de- 
monſtrated. 


ROF. XVI. IHE OR. 


con tained under the extremes is equal to the redk- 
ongle contained ag the means : ar id if the rectan- 
ge contained under the extrem be equal to the 
retangle com tained uuder 5 means, the four 
right lines Will be pr gel lien tal. 


U 1K 

6 ter the four right lines A n, e D, Ez F be proportion: al, 

S % WWE =. as A B is to C, fo is E to L . the rectangle 

CA conta ined under the right nes AE, E 8 18 equal to the ract- 

140- ane ale contained under ED E, 

nk WE For [dy 11. 1.] from the points A, © draw AG;C Hat 

\ B53 | | | 
] 8 = would be added, 15 e 0 ? t fecer a end the third ta 
a to Wa fit; otherwiſe the Propout! on may not be true. For 

des e tour numbers 2,0, 4, 3 | : proporticnals, altho* they 

Ab E, beanilplaced, and-the. product of rhe 7 1 and 3 is not 

WE chaal tothe product 0 "the means 5 aud +. The ſeme caution 

Opol 94 be obſerved. in the twelfth Þ Proportion, Wiich : perhaps 


[ + 4 TEEN * bo — 
"oat UC UC 194055 expreſs'c 4 LU Bye) . hz 'SE right [7 lincs Hein 2 £2 SIC» 


{ct Four th 2 Cl), far: the ratto of Any 1700 of OY 2 


. 75 8 
f;, 5 * "Ra. — * A 
the-rotio gf the tern uni ui 


As > 
0 5 
* | i . 


6 4 $1.2 


If four right lines be prope rtional * the refongle 


ies 92 3 5 SOD right 


ſo ! is C H to A: Pherefote the ſides about the equa, 
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B | rich t angles to A;, e p, 
P—— x. and make A © equal to 
F, and CH equal to x; 
and compleat the Par 
Gr — | al elogram B G, DH, 

5 i 4-7 Ihen becauſe i: 
— 3 „ to c b, 0 
4 ES D 1 and k n ec 
wen, and E to AG; it wil beſby7.5.Jas & nin ec 


1 


gles of the parallelogre ams BG, D H, are. FECIprOGAl y p 

tions . But if para! llelograms have the {ides about Ys A 
angles reciprocally pi oportiona! I. by 14. 6.] theſe pe 
lograms are equal to one another: Therefore the paral! 


jogram B is equal to the parallelozram DH. But t the 


parallelogram BG. is the rectangle contained under the 
right lines 8B, F, for A G. is equal to F; and the parail 


logram D H is the rectangle contained under the rig he | line: 


, E, ſince c H is equal to E. Therefore the rectan i 


144 J 


cont eng under the right lines A B, F js equal to tlie Wh 


angle contained under the right Fes C D, E. 

But now let the rectangle contained under the 1 aht ng 
AF, F be equal to the reclang] e contained under the 11g 
lines C p, E: I ſay the four right lines are pProport.ona'; 
that is, as A B is to c p, ſo is E to F. 

For the fame conſtruction remaini ng; becauſe the WE 


angle contained under the right lines A B, F is equal to tte 
rectangle contained under the light lines CD, E, and 1 the 


jectangle B G is that contained under the right lines A B, F. 
for A G is equal. to F: but the rectangle contained u nds 
the right. lines c p, E, is the rectangle p u, fince - H e 


cqual to E: the parallelogram B G al be equal to the par 

allelogram DH; they are alſo equiangular. But the [7 
Of equal parallelograms that are about the equal angles, © 
[by 14.6 ] reciprecally proportional : Wheretorc as 45 i 


to C , ſo is CH to AG. But c H is equal „ and AG 


to i: Therefore as A B is to C P, ſo is E to F. 


Therefore if ſour right lines be proportions; I the 53 
angle contained under the extremes, is equal to thc 
angle contained under the means: and if the ref 


*©Y 3 under the extremes be equal to the rectang 


2 — 2 — - 3 l 1 * 
Ct G72 way und iT 4 the 981 Cobalt I 3 the 0 ad. rant lines W 14 i — 
1 oPortional, 


8 2 2 
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FAROE AVE FREOR: 
f three right lines be proportional : the rectangle 
contained under the extremes is equal to the ſquare 
of the mean line : and if the refanvle contained 
under the extremes be equal to the ſquare of. the 
mean line, the thr ce right lines Will be propor- 
tional. 


— 


Let the three Tight lines A, B, C be proportional; fo 
that A be to B, as B is to c: I ſay the rectangle contained 
under the right lines A, C 15 equal to the ſquare of The niean 
line B. | 
For let p be put equal to ;. 

Then becauſe as A is to B, ſo is ; to c, and B is equal 


to D; it will be as A is to B, ſo is D to G. But if tour 
right lines be proportional, A | 
the rectangle contained un- e 
— — 

der the-extremes oi d LO DE 
is equal to the rectangle CE, | 
contained under the mean: 8 6 
Therefore the rectangle . ö 

contained under the right FCCTTCCTCTVTVVV 


lines A, C is equal to the 
rectangle contained under the rivht ne k. D. But the 
rectanzle contained under the right lines B, D is equal to 
the ſquare of B; for B is equal to D: Therefore the-rect- 


angle contained under the right lines A, C is equal to the 


ſqquare of B. 
But now let the reftanole contained under the right] 


a,C be equal to the ſquare of B: 1 ſay-it- will be as A 945 | 
e B0 Co | 


For the ſame conſtruction remaining, becauſe the rect- 
angle contained under the right lines 15 c, is equal to 


the ſquare of B ; but the (qua re of 15 the rectangle con- 


tained under B, D; for B is equal to p, the rectangle con- 
tained under the right lines A, C is equal to the reftano le 

contained under the right rer B, B. But if the Cs tanggzle 
contained under the extremes be equal tot the rectangle 
Akad under the means; {oy 10. 6.] the four right 


mes ar e Proj >07tional : Therefore as A i to B, lo i D 
1 8 3 „„ 0 


—_— 


_— — 
A 


OT ———— 
wn x — 


* * 
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to c: But r B1S equal to D: Wherefore a8 A is to B, (oi; 
5 T-- 
If therefore three right lines 55 proportional, the rcQ. 
angle contained under the extremes will be equal ty the 


ſquare of the mean line: and if the rectangle contain oo 
under the extremes be equal to the ſquare of the me n une. 


the three right lines will be ee Which was 6 
be demonſtrated. 


pP RO P. XVII. THE OR. 
Upon a 97% en righ. lite, to de ſcribe a right- lined þ- 


gu % nilar aud aiixe fituate ta a given rigbt-lined 
foure® 5 N 


Let A B be the given right line, and c E the given right. 


ned figure: it is required to deſcribe a right-lined figute 
bon AB ſimilar and alike ſituate to the given een ed 


ane e . 
Join DF; and [by 23. I: J at the richt line AB, and 
he paints A, B in it, make the angle G A B equal to 
2 angle c, and the angle A BG equal to the angle c pr: 
1 hen” by 32. 1. the SUE remaining CFD. 15 equal to 


the angie remaining AB: IL. Thereſore the triangle FCE 
and accordingly Ib 


:5 equiangu'ar tot the dls: G-AD..;: 
4:0} K 0:15:t0:61 By ois FC to GA and CD to AB. 


48 rain, 2 it the ri; ight line B cid, and at the points E E, & In It, 


make the angle B. 1 wal to the angle DFE, ane the 
angle G b H equal t to the angle FOE: Then the reman- | 
ing angle at E is equal to the remaining angle at n. 
Therefore the triangle FD E is equiangular to the triangle 
6H: and ſo by 4. 0. ] as F D is to GB, ſo is F k to 


6 and ꝶ D to HE. But it has been allo proved, that 3: 


— 


{ 
1 
1 
\ 
, 
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p is to GB, fois Fc to G A and C D to AB: and there- 


fore [by 11. 5. ] as Fe is to GA, fois CD to AB and F E 
to G H, and moreover ED to HB Wherefore becauſe 
the angle CFD {by conſtruction] is equal to the angle 
AGB, and the angle DFE to the angle BG H: the Whole 
angle c F E is equal to the whole angle AG H. By the ſame 
reaſon the angle c p E is alſo equal to the angle AB H, 
and beſides the angle at C Is equal to the angle at A; bur 
the angle at E is equal to the angle at H; therefore A H is 


cquia angular to C E, and it has "the ſides about the equal 


angles proportional Wherefore [by 1. def. 6.] the right 
lined hgure AH will be ſimilar to the right lined figure 
CE; 


Therefore upon he; given right line AB the right lined 
igure A H is deſcribed Litas to the given right Yned fi- 


cure © E, and alike ſituate. Which was to be done. 


Similar right-lined figures are ſaid to be alike : deſer ibed, or 
ſet upon right lines, W hen thoſe right lines are the homologous 
ſides of the ſimilar right lined figures ; or when the equal angles 
are conſtituted upon thoſe right lines, and the remaining equal 
angles, and proportional fides of the figures always tollow one 
another in order. As the triangles A B C DE F are not only 1:- 
milar but are alike ſituate upon the | : 
right lines B C, E F, when the an- 
gles B, c are equal to the angles A 


E, F. N VVV 
bbb to , c. But they would E 


not have been ſimilarly ſitoate, EB EW. F 
che angle x had been equal to r, 2 SR 
And e equal to E, In like man Ahn W 
rer the rectangles x © T6 are | N | | | 
imilar and alike ſituace r 11 
the right lines pc, us, When E 
AD is to D ©-85-E H is t0 H E e 
Sc. But the rectangles , 10 WS (a 


are {aid not to be ſimilar fituate 
upon the right lines v ©, N G Ny th ey are 1; imilar, as is ma- 
mfeſt. But notwithſtanding t je fame figures willbe alive fitu 
ate or deſcribed upon the right lines DC, 1 it, or upon à b, 
HG, | | | 
That the figures be alike: Krone, A neceſſi v ondit 

or if they be not, this propoſitio! nd all the others blen n 


_—_ to that 3 will not be always s rue; becaute tho 
lar figures may be acleribed ! upon the fime Tight lid not 


% * 1 = 
a} —_— 14 — — 
4 
: . 


TY 
— 


2— 
— 


7 — 
— — . — — Y e 1 
2 - 4 — 3 


LT 


me triangle ABS to the triangle ABG I hcrefore allo 
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I. alike ſituate, that will be un. 
equal, as the triangles a po 


* and the angles a, H; u 


K b Fe reſpectively equal to one 


| another) will be unequal. 
Note alſo that all equilateral and equiangular hgures s Ars 
alike deſcribed upon any right lines. 


” PROP, XIX. THEOR. 


Similar tt angles are 19 one another in the aupi; cate | 


ratio of Heir homologous fides. 


Let the triangles ABC, DEF be fimilar, having the 


angle B equal to the angle E; and let A be to Bc, 5 
DEBtOEF: fo that by 13. def. 5.] the ſide B C is ho- 
mologous to the fide EF: I fay” the triangle A BC is ty 
the triangle h E F in the duplicate ratio of that of the lite 
BE t. the ſide E F. | | 
For [by 11. 6.] find a third proportional 1 v O to CE 
10 that BC be to E ö as E F is to BG; and join G A, 


5 ben becaule-1t.: 

19 7 | K to B C X ſo 18 D k 10 

5 \ So OE RW 4 will be aiterpatcly 
ft \ 1 Wi 16. bY 4 AS A 3 18 (0 
„ \ o is BC to E F. But 

Z / | \ as B C is to FE 5 0 Is ET 

"= j 0 BG z and therefor E [07 
4 \ 11. 5. J a8 A B 18 to p E ſö 

f 1 J is E F to BA The retore 
. the fides about the equal 


. angles of the triangbes 
4 BO, DEF, are reciprocally proportional. But t wie 
triangles baving one angle of the one equal to one angle of 
the. other, And the ſides about the equal angles reciproc: all 
proportional, are [by 15. 6.] equa] to one another: there- 


fore the triangle A3 6 18 OL qu ual tO the tr jangle D E F. And 


becauſe B C is to EF, às E F is to BG; and if three right. 


| lines be proportional, the ratio of the firſt to the third-is 
00 10. def. 5. ] duplicate to the ratio that the firſt bas to 
i} 


e ſecond : the ratioof BC to BG will be duplicate of the 
ratio of BC to EV. But as Bc is to BG, ſo {by 1. 6. - 


E 


the 


DEF, (Where A c is equalto 


| Book 


the 17 
plicat 
eq 


the r 


dupli 
; * £ 
dupli 
dew! 

U 
lines 
trial 
alike 
beer 
the 


N 
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in. de ratio of the triangle a Þ © to the triangle A n is du- 


plate ok the ratio of BC to FF Þut the triangle A B G 15 
105 equal to the triangle DEF: wg thercfore by; 7. 6.1] 0 
6 


,r WF the ratio of the triangle ABC to the triangle DEF is the 
e (uplicate of the ratio of c to EF. 

Therefore fimilar triangles are to ne another in the 
duplicate ratio of their homologous hides, WW hich was to be | | 
demonſtrated. > 5 15 

Corollary. Prot hence it is mani! elt. if three rigbt | 25 
lines be proportional, as the firſt is to the third, 10 is a 4 
triangle deſcribed upon the firſt, to a triangle ſuniler and 1 
alike ituated, deſcribed upon the ſecond : becauſe it has : 
been proved as C B is to BG, fo. is the triangle ABC to | 
the triangle A , that Is, to the triangle DEF. 


PROF. XX. THEO R. 1 
Ymilar polygons are dis vided into equal numbers of 
ſimilar triangles homologous to ihe wholes; and 
one polygon has to another polygon a d. plicate „„ . 
tio to that which one bomolegous fide of the one 


S . 
ad | 
” WY 
= = 
a 427 : 
6 


bas to ail Doiolegous 7 Ge oj tie olber. | 

Let the polyo gons ABC DE, FGHKL be ſimi! ar, and . 14 
kt AB, FG be homo! ogous Tides : I ſay the poly gops 6 
ABCDE,FGH K L are divided into an equal number of i | = | 
milar miangles, homologous to the wholes : and the polygot: 13 
45 C D E to the polyg on F GK IL. has a duplicate ra N 


to that which one homologous lide AB has to anoth; 


F G. 

Join BE, EC, GL, 18. 
ges Then becauſe the An 
vic WF poiyzon ABCDE NS 
: 01 oF 5: fimilar to the 8 
ally , polygon FGHKL ; „ TY 
e. | . the angle B A E is 
e cual to the angle 25 
oht err: But it is EK 
| is | SBA to à E, o 
0% * GF -o F L 
the Therefore becauſe... 
1 | ö A B E, E G are | ney Sat Og 9 eee 5 
ao e ee kriangles haz) ( n, EH 
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ing one: Ile of the one 80 to one angle of the ot ler 
and the ſides about the equal angles proportional: "by 
6. 6. 1 1 triangle A B E will be eq uiangular to the trian. 


ole Fo Therefore | Dy 4 4. 6. it will "be allo ſimilar tg | 
it; and 10 the angle a BE, is equal to the angle x ay 
But alſo the whole angle A B C is equel to the whole ans me 


F.6 H, becauſe the polyg gons are ſimiluar: A derlei the 


zemaining angle EB C 1s equal to the remaining an . GH, 
And becaule the triangles AB E, F GL are 1! milar, it is 
EBistoBA, fois LG to G; and becauſe of the e Wa 


lar ara gons A B is to BC, as F G is to G H; It will be hz 
equality, OY 22. 5 Jas xk B is to Bic; fo is 1 to. n. 


27%. the ſides proportional about the equ: al angles : There | 


855 e 6. G.] the triangle E B C 18 equiangular to the tri. 


: . 
L. # 


angle IL. G H; and alſo by 4. 6. ſimilar to it. By the 
ame reaſon the triangle ECD is ſimilar to the triange 
1. HK. Therefore the polygons ABCDF, FGHKL art | 


vided into equal numbers of Amer tri. angles. 
1 fay alſo the triangles are homologous to the w hole po- 
lygons: that is, the triangles are proportional, and-the 


177 Ce "> r Ec 


antecedents: are A BE; ECE, E 5, and the conſeq; Jents 
; and one pelvzon- ABCDE hi 
to the other FH H J. a ratio being the duplicate of the 
ratio that one homologous fi ide has to the other, that 15 of 


2 £0. FO. 


AB 
For join F 2 Ls. 8 | CE 
Then becauſe the polyzons ; 6 ſimilar, the angle 4 30 

18 ect! to the 1 1 0 H, an it is as AB to B., {0 13 

| by 0; 6. the tria 81 ABC will be equlan- 

ular to die. tri 21 iC K G H; and ſo the angle B AC 
equal to the angle GF H, and: the angle B C A equal to the 
angle GH b Moreover, becauſe the angle B A M is equal 


to tie ang] © 6 F. N, arid it nas been proved that the angle 


BM is equal to the angle FON; (by 32. 1.] the femaln. 
7 


2 ang 7 MB will be equal to the remaining angie 
F N Ihe refore t he triangle A B M- is equiangula ir to the 
f 1 r CN. In like manner we prove that 550 triang/c 
B 1 C 18 equiang ular to the triangle NH: Therefore [iy 
4. 9. | as A M is to M B, 10 is f N to NG, . as B NI! |» to 


MC 10.15 GN to N H: WI icrefore by equality by 22. 5˙ 


2 


a8 A A is to NM 5 ſo is FN to N HI. But a8 AM s to M3 
10 is the £1 ianzle A E N to the triangle M Bc, and the tr. 


+* > 


1 Ne Wl 2 a * e "4 2 y TT 
angle. : LE t the trank mate; For {Dy 1. 64 they al. 
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to one another as their baſes: and [by 12. 5.7 as one of 
E the antecedents is to one of the confequents, o. are all th 
antecedents to all the conſe quents : Therefore as the tri- 
angle AMB is to the triangle B Me, fo is the triangle 
| A B E tO the triangle CB Es But as A M. B of oO B MC, 1.3 
| 5 AM tO MC ; and therefore by 11.5. 5 AM is to 
uc, fo is the triangle ABE to the triangle E E. By 
me reaſon, as FN is to NH, ſo is the Kdt 5 
Et the triancle G 1 H. But Amis to M C, as F N is te 
un: Therefore by 11. 5. ] as the triangle A B E is to the 
| triangle BE Cy ſo is the triangle FO . to the triave} 
en; and [by 16. F.] as the triangle A B E is to the 


E triangle E B C is to the triangle L & EH, aud fois the triangle 
eb to the triangle LH K; it will be by 12. 5. as Olle 
ot the antecedents is to one of th ie conſeqi EF ſo are all 


in the duplicate ratio of their homologous ſides. 


triangle F G L, ſo is the triangle 3 E C to the triangle 
erk. After the like manner we demonttrate, by join- 
ö ing B D, G EK, that the triangle B F.C 18 8 the triane le 
eln, as the triangle E c p is to che triangle L HE. And 
| becauſe. the triangle AB E is to the triangle FG, as the 


* 


the antecedents to all the conſequents: Therefore as the 
triangle A ; E is to the triangle FL, fo. is the polygon 


3CDE, to the polygon. FG HK L. But the trlangle A B E 


I's. 


oo the. wiangle FG L, has a ratio d. FPRCa ate to that WI 

the homologous fide A h has to the homologous fide F G. 

| for [by 19. 6. ſimilar triangles are in the duplicate ratio 

of their homologous ſides : therefore alſo the polygon 
4 5 


Þ* 


F ABCDE to the poly yeon FGHEL' has a ratio dujlicat:: 
to that which the homologous ide AB of the One, has to 
| tne homologous fide F 6 of the other. 55 


Therefore ſimilar polyg Sons are (Or III ay be} gry! 1 bf 41 Uto 


equal numbers of fim! Ur tri angles, homolocous to the 
| whole polygons; and One po! On tO tlie othe ast fatto 
; which is the duplicate of the ratio. thit one homotoooys 


lde of the one has to an homologous ſide of the: other, 


| 2555 was to be demonſtrated. 


Cirol! ry I. We demonttrate after the fame miuiner 3/1 
emilar quadrilateral figures, that they are to ond möther 
his: ka 
been alſo proved of trlangles, thereio!e univerſally. miar 


— 


| PRI lined figures are to one another in the duplicate ratio 


of t their h 108 rologous lives, 
5 (Coe). 


ook 
langle « 
| and th 
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conſeq 
Whic 
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C rollary 2. And if a third proportional x be found t. 
AB, FG: {by 10. def. 5.] AB will be to x, in the dupl. 

cate ratio of that of an to FG: But the ratio of one po. 
lygon to the other, and of one quadrilateral figure to de 
other, is the duplicate of the ratio that one om Logos 
ſide has to another; that is, of A n to FG: This is af, | 
demonſtrated of triangles : therefore univerſally it is may; | 
feſt, that if three right lines be proportional, as the $;{ i | 
to the third, ſo is any right lined figure deſcribed upon the | 


Righ 


7 

firſt, to a ſimilar right lined figure alike deſcribed uy | 
the ſecond, = 1 Le 
Otherwiſe. to the 
We ſhall demonſtrate otherwiſe more expeditiouſſj the WP alc 
the triangles are homologous, — 
For again let ABCDE, FO HE L be the ſimilar polr- | rignt 
gons; and join BE, EC, GL, LH: I fay as the tri nz e 
AB E is to the triangle F GL, ſo 1s the triangle E B C t9 1 | | a90u! 
triangle L G Hy and the Wage c D E to the tria I 
HK I. "1 be 
For becauſe le in 
triangle ABE h e 
ſimilar to the tri- WM == 
angle F G L, the i 10es 
JI. triangle a B to FS: 
the triangle ro 


[by 19. 6.) vil be. 


E be in the dupli- WF = 

7 IK cate ratio of 3x WW = 

10 GL. By the ſame reaſon "hs triangle p EC to the ul. WM © 
angle G L H is in the duplicate ratio af BE to GCL: tha f 10 b 


(by II. 5. ] as the triangle AB E is to the triangle FO, 
ſo is the triangle E BC to the triangle LG H. Again, be- 
_ cauſe the triangle EEC is ſimilar to the triangle 1 GH; 
[by 19. 6.) the triangle EBC has a ratio to the triangle | 
IL GH, the duplicate of the ratio of the right line C E to | 
the right line H L. By the ſame reaſon alſo the triangle 
E C D has a ratio to the triangle L H k the duplicate of that ö 
of CE to HL: Therefore (by 11. 5.) as the triangle rpc | 
1s to the triangle I. C , fo is the triangle ECD to the tri. 
angle L H K: But it has been proved chat as th e triange 
EB is to the triangle L GH, fo is the triangle A E E to 
the triangle FGL: Therefore as the triangle A B E is 0 
the triat "gi FO, to ; 18 the triangle BEC to the ti 
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) the 
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if lt | 
n the. 
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2 


: imilar to the right lined fi- / . 
Jure c, it will be equian ?- x NG 4 

E mular to it, and have the, | / 1 
des about the equal angle ome 
proportional; therefore each of the figures A, B is equian- 
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unge G L N, and the triangle E C Þ to the triangle L H K; 
and therefore [by 12. 5. . as one of the antecedents is to 
one of the conſequents, ſo are all the antecedents to all the 


Econſequents, and the reſt, as in the former demonſtration. 
Which was to be demonſtrated, 


PROP. XXI. THE OR. 


N 'oht lined figures which are ſimilar to the ſame 


right lined Hure, are ſimilar to one another. 


Let the right lined 33 A, B be each of then ſimilar 


to the right lined figure Ez lay the right lined figure a 
ö allo pmilar to the right lined figure B. 


For becauſe the richt lined figure A is fimilar t the 


| right lined figure C by def. 1. 6. ] it will be equiangular 
to it, and 880 ies 
about the equal a angles pro- | /N 


ortional. Again, becauſe "IK fa \ 
the right lined Ape B 18 . 5 Fe. © 


) 


1} 
* | gh 8 1 =o a re-C p of 
DAT 0 the 42 It line gur ; and Das the 11 des A uh UE: 


he equal angles proporti onal: VWheretore the righit lined 


1 


ure A [by 1. ax. ] is cquiangular to B, and [by 11. 5. 
ius the ſides about the equal angles proportional; and ac- 
| cordingly [by 1. def. 6.] A is miar to B.  Vy hich Was 
| 0 be demonſtrated, = 


"PROP. XXII. T HE OR. 


. { four right line es be propurtionot, the right lined 


gures that are d*("ribed upon hem 75 1 'r aud 
alike filuate will be alſo propertional': and if 
right led 1 Hg ur 25 4 eſeribed upon four Vi g lines, 

ſnilar aud alice fiinate be proportion al ; thoſe 


a<#., 


hl line 8 7574 2 ii '0D Flt 16141 : 


= the four right lines A By C D, EF, GH be propor- 


43 'Y % . N 
ona. 7. 44 . F 8 An- 
tonal, 9721 as A B is to C D, ſo is E F to GH; and upon 
JJV ˙²˙—»i . 6 A | 
* 0 * 192 the LILLY lined 11 Zure PS KN its LCL > fimilar | 


and. 
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and alike ſituate be deſcribed ; but upon g F, G H let the 
right lined figures MF, NH fimilar and alike ſituate, he 


deſcribed: 14 ſay as the right lined figure K A B is to the 


right Jined figure LC D, ſo is the right lined figure 31 f to 
| 


the: richt lined figure N N 
For by 11. 6. find a third proportional x A BCD; 
and a third proportional o to ET, G H. I =. 5 

TN | * . | 0 ON oy 48 EP 
| a I | to G H. And asc 


a | ; 18 to X, 10 ls Gf 
/ | ; | | 3 
F of OO: Ik Will be. 
/ by equality by 9.1 
5 — . - 5 / : 
3 50 888 N Gs } as A B -1$10X,1 
* . af 
: | | {0 18 E F 10 0; Bat } 
by 2. Cor. 20.6 
as A B is to X, ſo gs 
1 the right lined fl. 
| gure Eh to the WF 
Sure K * j (0 Ie 1 IN 
right lined houre WM 
. Nit „e. 
f 1. C D, But ad E F 1 = 
25 2s 15 to O, 10 13 he 
1 — 1 47 23 : 
. rigut 8 Heure 
. JJCCCCC00CC0000 8 LS 9-2 ; 11.84 
MF, T0 the right lined Rgure N H 23 NCTE 4s fore | 1+ \s! i 
4s K A k is to J. C p, 10 is MF to N H. „ 
I> : i, s pork 7 
But now let the right lined figure — A 3 be to the rin 
lined figure Lp, as the richt lined © Hgure zi i to the 


— 


| and | 


911 


rig vt lined 1 Sure N H ] ſay 45 A BE 18 40 & D, 10 Will EA 
be to GH; 5 | 

For V 12. 6. make 28 TY . ſo jr to 

p (55 b 0 Jo: l ij: 4 4 Ee ne AF B 18 4 0 : + 4 3 0 4 3 Lal 
N | 4 aff "? * *? 350 . 1 p 1 2 3 
FP. I. Ann by 18. 0.9 Eon P R, e the richt HIST: | 
houre 8 4 ſimilar and altke {11 ate o Elt the O! the rent 
'Jined figures MF Or N H. 


} 


Then becauſe * E 3 15-t0 C D, as E F is to P Ry” and ug 

en A B, CD are de rib the right lined figures K 
I. CD fimilar and ile Iituate. "Dos upon Er, PK thu 
right lined figures u F, S R, fimilar-2nd alike ſituate. [0 


: ; : : - 1 E 3 — 3 5 8 75 2 5 f : : | 1 
the Hrit part of Ong {13-1838 the ric ob K Und 10d He ure FE. A 
10 \ $ Hex "5 Is s 4 : b 33 3D 

„ 18 KG TE Tight Inne. Türe -C D, fo 13 (he 1 8 He 


a. 


— 


gure MF, to the 1180 0 1 line fro CUTE $ N But by Me 
tion] as the right lined figure K A B, is to the right line 
Hgure Lc D, o is che kit at lined figure Mr to the teh 

lined agure N 11 There; ore hy 11. 5. N has 8 tlie te 


ratio to cach of the right ned figurss N H s R Come 
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gut [by 9. 5+} the right lined figures & , sR are 


ä equal: T hey are alſo fimilar and alike fituate : Therefore 

„ the following lemma] And be 

mw 1b the following lemma} G H is equal toyR. And be— 

: ] ak A B is to C D, as K F is to P R, and P R is equal to 
1 


a: {by 7. 5. 4B will be to C p, as E F is to G H. 
"i therefore four right lines be proportional, the rich 


| proportional; theſe right! lines will be proportional. Which 
vas to be ee wee 


Y 22 ö 1. E. M M A. 
5 hut we ſhall thus ee , that the , 
1 


5 


of ſimilar and equal right lined figures, are cqua 

| Let the right lined figures N H, s R be N and equa! 

End let HG be to GN, as RP is to PS: I ſay R P is 

E equal to HG. 

* they be unequal, 0 one of them will be the creat- 
Let this be RSB. lien becauſe RP is to Ps, as 10 


8 E F 2 | 8 | 
a: # GN: and alternately {by 16. 5. as R PiS to HG, fo 


ned figure R s is greater than the richt lined figure EN; 
End alſo equal; which cannot be: Therefore R is not 
equal to G H: Wherefore it is equal to it. Which 


vill be greater than G N: Wherefore [by 20. C.] the right 


: vas to be demonſtrated, 

„This propoſition is always true; if all the four fizares be 

| £ g mular and alike ſituate; - But when only two and two. are f 

ey will not always be true, unleſs the tw o ſimilar and alike 5 

1:2. ure figures be "both deſcribed 1 upon thofe two right lines tiiat 
the antecedents and conſequents of the equal 7230s 3 as 11 

1 te rih line à be to R, as c is to b, and the figures G, u de 


| 5 : | ſribed upon the rlt anc. four th right Ines 4 and B be 1 IIIa! 
„ ud alike fi- | | 


—— — 


5653 ; ; £7 : "+ 
-; ane, and N = 
bo the fi- 1 2 
A conte fa —— — | B i 
| Lures 5 K 5 A 1 1 B 
a ua 1up- 7X | 
= he 1 | A IX ö | 
1,41} e Ra: 6 wi 25 a 4 
4 2 : 1 5 . . : 2 r 

11006 ond and A YE 5 LY 


E third Tight lincs B, 0 be both Gmail ar and «ike rune: t 


c | our Agures G, 1, Kk, L Will not be PIOporeignal. a: is caſilj appre- 
ended, from the bare contemplaci tion of the ff Suren. 
| Shou! 


CD; | 
. 7 bea figures that are deſcribed upon them ſimilar and like 
"= tate, will be alſo proportional: and if right lined figure: 


E \cribed upon four right lines hmilar and alike ſituate, be 


bs to GN. But p R is oreater than GH > therefore PS 


3 


2 


FC 


2222 :1]j oo rere 
1 a = % , 
* 


— — - 
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Should not the lemma to this propoſition have been made: 
propoſition, and {et down before this propoſition ? 


PROP. XXIII. THE OR. 
Equiangular parallelograms are to one another in q 
ratio compounaea of the ratios of their ſides 


Let Ac, er be equiangular parallclograms, han ing the | 


angle h Cb equal to the angle EH OG: I fay the parallels 
gram AC is to the paralic lozram c F in the ratio compound 


| 80 of the ratios of the ſides: that is, of the ratio of bc 


to C, and of the ratio of pc to CE. 
For put Bc, CG in the fame right line. Then "by Th 


1.] DC will = in the ſame right line with c E: and com- 
pleat the paraliciogram D, alſo let K be any right line, 
and by 22. 6.] make as BC to C Gy ſo is K to L, and i } 


De is to CE, fo is 1 to M. 


Then the ratios of K to L, and 1 to M are the ſame az 
the ratios of the ſides, vz. that of BC to cd, and of ye | 
to C E: But by 5 def. 6.] the ratio of K to M1 is com. 


| pounded of { the ratio of K to L, and of the ratio of L to . 


_ Wherefore the ratio of E to Mis | 
the ratio compounded of the ratios 
of the ſides. And becauſe [by 1. 4 


AH 


as B C is to C o, ſo is the parallel clo 


But as BC to CG, ſO is K to l. 


parallelogram C H. 180 becaule 


parallelogram CH, to the HT 


N gram CF; and as DC is to CE, ſo is 


I. tO M: Therefore as L Is to 15 10 


= by II. 6.] will the paralletogram C H be to the para. ielo- 
gram CF. And lo lince it has been proved th at as K b 


o L, ſo is the paraliclog ram A C to the parall elogt. an CH: 
But 28 L. tO M. o is the Dara lelo: ram C1 to tiie p. 


"IE 


logram © F: it will be, by equi lit by 22. 5˙] a8. K 18 0 


NI, ſo is the paralelog ram Ac to the varallclogr: iN, CT 


But the ratio of & to 1 1s that compounded Oi the Tatios 


of the ſides: Therciore the ratio of the paralle Jozram. A 58 
. to 


gram AC to the parallelog ram Cc. 


Therefore [by 11. $1.45 K is 10 f, 
ſo is the . ram A c to the | 


{by 1. 6.] as DC is to c E, ſo is the 
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| their ſides. | 

Therefore e parallelograms are to one ac 
in a ratio compounded of the ratios of their lides, Which 
vas to be demonſtrated, 


Some may perhaps like the following demonſtration. of 
this propoſition better than Euclid's. 

It will be [by 1.6.] as Be to c 6, ſo is the parallelogram 
| 4c to the parallelogram on. And as B cis to © 6, ſo is the 
| rectancle under BC and p to the rectangle under c and co. 
Whereſore (by equality] as the rectangle under ꝝ C and CD is 
| to the rectangle under C and Cc D, {o is the parallelogram A-C 
to the parallelogram Ea: 


TY 


11. 
OM» I 
line, | 


10-18 ] 


ep, is to the parallelogram a c, ſo is the rectangle under c 

and © p, to the parallelogram en. For the ſame reaſon, the 
| eflangle under c k and C is to the parallelocram o, as the 
rectangle under cp and © is to the paralleJogram © R. Where- 
| fore [by equality] as the rectangle under B c and c p, is to the 
| rarallelogram a c, ſo is the rectangle under c and c to the 
| :arallelogram or. Therefore by alternation] as the rectangle 
under x c and co is to the rectangle under c x and c 6, fo is 
the parallelogram a c, to the parallelogram c F. W. W. D. 

Ik there be two triangles having one angle of the one 


ne 28 
be 
com- 
0 M. 
N 5 | 


- 1 

we cual to one angle of the o:her : thoſe triangles will be to one 
© | WF ther in the ratio compounded of the ratios of the ſides con- 
leb. naaing the equal angles. 

cn This will appear evident by ſuppoſing the angles B, 5; E, & 
0 1: cor the equiangular parallelograws A B C b, EC Ox to be joined 
to l, by 1ight lines. For then becauſe {by 34. 1.] the triangles B Do, 

) th res are cach the one half of the ſaid parallelograms ; fince 
cave WF if! es are as the wholes, and ſince the vertical angles 
is the Wl © | thele triangles at © arc equal to one. another. Therefore 
1:70. (by this prop. | tne two triangles Be, ECD will be to one 
„ WF iiother in a ratio compounded of the ratios of their ſides: and 
0.04 | {by def. 5. C.] one triangle will be to another, as the rect- 
vl, Wh 2ngle under the {ides containing an angle of the one, is to the 
allel0- eclangle under the haes conraining an Ju angle of the 
K is Kher, 
10 | This theorem is alſo. eaſily dem onſtrated. If the diagonals : 
.r:3ke- of two 5 irapezinm: ns interſed one another in a given angle, thoſe 
„ i t feziams will be to one another in a ratio compounded of the 

I 


: 2718 14 * 57 * Wy ? . 
ot Ne diagonal 
— . ' »* 


T5 FRO; 


o the parallelogram c r is compounded of the ratios of 


Therefore {by alternation] as the reQanole under pc and: 


wurm N . 


-, 


— — 
IE 
= — 4 


— 
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PR OP XXIV. THEOR. 
The pal -allelograms that ſtand avout the diameter if 
every 175 ale logram, are ſimilar to one ano! 'her, 
aud to toi wbol? parailelogram®. 


Let AD be a para! lelogram, whoſe diameter is xc, 
and let E wh H K. be para lclograms ſtanding about the dia. 
4; meter AC: J ſay the parallelo- 


| A — | / grams E G, HE are ſimilar to one 
IT. | V. another, and to the whole para- 


For becauſe E F is drawn par- | 
„ allel to one ſide BC of the trian- 
iN: gleanc; by 2. 6]: it will be 
Je: 0 as B E to E A, ſo is C to FA. 


F Iclogram ABC b. 
ö 


Again, becauſe FG is drawn parallel to the ſide c Þ of the | 


triangle ACD, às C F is to FA; ſo will DG. be to GA. 
But it has been proved that as C F is to FA, ſo is BE to 

% Theretore (by 11. 5.] as h E is to E A, ſo is DG to 
G A: and by compounding [by 18. 5.] as BA is to AE, 
fois DA to A ; and inverſely | by 16. 5.] as B A is to 
A D, ſo is A E to AG: Therefore the ſides of the paralle- 
lograms A EC D, E O about the common angle BAD ar 
proportional. And becauſe G F is parallel to Þ c, the an- 
gle AGF [by 29. 1. ] is equal to the angle A DC. But 


the angle G F A is equal to the angle p C a, and the angle | 


DAC is common to each of the triangles A » c, AGF: | 
Therefore 5 triangle a DC will be equiangular to the tri- | 


Angle A GF. By the ſame reaſon the triangle apc wil. 


be e to the triangle A r E: Therefore the whok 
Parallelogram 4B CD is equiangular to the parallelogram 1 
EG: Wherefore by 4. 6.] as AD is to Dc, ſo is à 00 
GF. But as Dc is to CA, ſo is G F to F A, an id as Ach 
to C B, ſo is A F to FE; and alſo as CB is to BA, ſo 5 
F E to Ea: Wherefore becauſe it has been proved that | 


p is to CA, as G F is to FA, and as A C is to C , fois] 


AF to FEZ; it will be, by equality, [by 22. 5.] as > is | 


to c P, ſo is G F tors: Therefore the hides of th e paral- | 
lelograms ABC p, E G which are about the equal aiigic | 
are proportional; and accordingly {by 1. def. C.] the pit- | 
allclogram / ABCD is  fimilar to the A m F C. by} 


1 


el0- 
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lan- 


be 


F A, 
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E tO 
6 {0-1 
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the ſame reaſon the parallelogram a rc D is alſo ſimilar to 
the parallelogram K H: T herefore the parallelograms EG, 
Uk are each of them ſimilar to the parallelogram a nc», 
But [by 21. 6.] thoſe right lined figures which are fimilar 
to the fame right lined figure, are fimilar to one another: 
Therefore the parallelogram E G 18 ſimilar to the paralle- 
logram HK. 

"Wherefore the parallelograms that ſtand about the dia- 
meter of every parallelogram are ſimilar to one another, 
and to the whole parallelogram. WW hich was to be de- 
monſtrated. N 


| Some have obſerved here that the parallelograms : about the 


diameter are ſimilar figures, having their ſides directly propor- 
tional, and the complements are equal parallelograms, having; 
their ſides reciprocally proportional to one another: Alſo either 
of the complements is a mean proportional between the paralle- 
lograms about the diameter. And theſe are to one another in 
the CUPHCRtE ratio of their homologous ſides, 


PROP. XXV. PR OBI. 


To de re a right t lined figure /, frei ilar to. one giver 
: right lined fo: ure, an eg, to analen. 


17 ABC be the given right lined 3 to Which the 


igure is to be made  fimilar, and b tne right lined figure 


| to which it is to be made equal: it is required to make a 


licht lined "RT ſimilar to ABC, and equal to o. 

For by 44. and 45. 1.} to the right line BC apply the 

parallelogram ; k equal to the triangle AB e, and to the 
ola line c u apply the parallelogram c M equal to D, and 
laving the angie FC EF, equal 0 the an angle CRE: + hen 
Us a 1. BC, F | | Ne 

are both in one right 
ne, as alſo L E, E Ms 
Now by 13 6:7]. 


K 


und 2 a Mme 41} DrOPOL Or- 
tonal G ix betw een 5 


IC, ex, and ſb | 
Lu, 3 upon 0 5 7 5 | PL | 
erb 2 = | 
cierlde the right x, 3 E 


med: 4 15 ure R G H | 


T4 ſimilar | 
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 imilar to the right lined figure aBc, and alike ſiu. 
ate. | 


Then becauſe it is as Be to G H, ſo is G E to CF, and 
if three right lines be proportional, as the firſt is to the 
third, ſo [by 2, cor. 20. C.] is the right lined figure ge. 


ſcribed upon the firſt to a ſimilar right lined figure alike 
fituated deſcribed upon the ſecond: Therefore it will be 


as BC is to Cr, fo is the triangle An c, to the trians 


is ſimilar to the triangle ABC. 


Therefore the right lined figure x © H is deſcribed fimi- ö 
lar to the given right lined figure A u, and equal to th: 
given right lined figure p. Which was to be done. 


Tf a parallelogram be taken away from a parallel. 
gram ſimilar to the whole, alike ſituate, and be 
having one common angle: I ſay they will a" | 


| bath have the ſame common diameter. 


For from the parallelogram a B C p let the parallelogram 1 
AEF be taken, ſimilar to AB C p, alike ſituate, and 
both having the ſame common angle DAB: I ſay boch F 
the parallelograms ABCD, AF FO will have the ſame | 
common diameter. p 


Por if not, let if po 


them, and thro' H draw H K parallel to ab or BG. 
Then becauſe the parallelograms AB CH, K 0 hate 
both the ſame diameter: {by 24. 6.] the parallelogram | 

)) 8 ABCD] 


KGH. But by 1. 6.] as B e is to cr, fo is the aralle | 
gram BE to the parallelogram E F : And therefore as the | 
triangle A ; c is to the triangle K C H, ſo is the parallel. | 
gram BE to the parallelogram EFH. Wherefore alternately | 
(by 16. 5] as the triangle ABC is to the parallelogram | 
BE, ſo is the triangle K G H to the parallelogram tx, | 
But {by conſtr. ] the triangle a Bc is equal to the paralle- | 
logram B E: Therefore the triangle k G H alſo is equal to | 
the parallelogram EFT. But the parallelogram E F is equal } 
to the right lined figure p. Therefore the triangle KE 
is equal to the right lined figure p. But [by conſtr.] K 


ible, a H c be the diameter ef 


Vl, 


ſitu. 


and 
the 
de- 


alike | 


1 be 


tJelo- 
the 


ſuni · 
) the } 


els 
beth 
94% 


EY | 043 let the parallelogram a D be applied leſs than the 
| parallelogram a E by the parallelogram E ſimilar and 
| alike ſituate to the parallelogram deſcribed aper the line 

| CB, v:z, the one half of the right line A B: 
| the greateſt of all the parallelograms applied to the right 
ine AB, and deficient by parallelograms, ſimilar and alike 

| ſituate to c E. 
igt line a B, deficient | in its figure by the parallclogram 
| KH, ſimilar to c E, and alike ſituate. 
| bran AD 1s greater than the parallelogram AF. 


ſame | 


er of 


bare 
ram 
BCD 


| Book VI. 


| Wherefore [by 1. def. 6. 1 
b A is to AB, ſo is G A 
to AK. 
the ſimilar parallelograms 

aB, E G, as DA is to 

aB, ſo is GA to AE: and 
| therefore [by II. 5. ] as 

A is to AE, ſo is G A to AK: and ſo G a has the BY 
| tio to A K, or AE: 
% A K, a leſs equal to a greater; which is abſurd. There- 
| fore the parallelograms ABCD, K G have not both the 
ame common diameter, 
ABC D, AE F G have both the ſame common dia- 

meter. 


inge 


lelo. 
ately 
pram | 
EF, 1 
ralle- | 
al to 
equa! | 
GE | 
GH | 
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| cb will be ſimilar to 
the parallelogram K G: . 3 D 


— 


But becauſe of EN 


Wherefore [by 9. 5.] AE is equal 
Wherefore the parallelograms 


If therefore a a e be taken away een a par- 


| alelogram, ſimilar to the whole, alike fituate, and both 
Wing one common angle 
| common GAMENE: 


: they will alſo both have one 
Which was to be demonſtrated, 


PROP, XXVII. THEOR. 


7 le greateſt of all parallelograms applied to the 


ſame right line deficient by parallelograms, ſimilar 
and alike fituate to that applied to half the line, 
in that applied to the half line, being ſimilar to 
the deficient che: Hears —_ to the other 


| Jalf le”. 


Let the right line b be AB, which is dilected inc; = 


Ifay A D is 


For apply the parallelogram a E to the 
J ſay the paralle- 
1 3 For 


to the | lame e line deficient by Fee ms ti ial 


leſs than a c, ſince the firſt is that when a Þ is greater than a 
and there is no other demonſtration of the propoßtio n, given 
by Euclid himſelf; this is therefore ſupplied to male the con. 
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For . becauſe the parallel. n 
gram C E 18 ſimilar to the par- ; tha 
allclogram K H E 26. 6. Sp 
they both ſtand about tig fu 0 
diameter: Draw the Gi: meter 
DB, and deſcribe the f faule. 5 

5 Then becauſe [by 43. 1. f ne 
is equal to F E, add K H wich ! 
is common: „„ the whole c H is equal to e he 
the whole EK E. But [by 36.1.] CH is equal to C, le. | | ev 
cCauſe the right line AC is equal to g: Therefore ic Wb © 
will be equal to EK. Add CF which is common, and (* 
the whole A F, is equal to the gnomon LM N; wheretore WM - 
CE, that is [by 36. 1.] the parallelogram AD is rear Wi 4 
than the parallelogram AF. | | he 
* Let again the right line AB be biſected | in c; and t 5; 
AL be applied deficient by the parallelogram cm. And 
again let the parallelogram a E be applied to the nt line WW » 
AB, deficient by the parallelogram D, being {umilar nd WW + 
alike ſituate to the parallelogram c u, applied to the halt Wi * 
line B: I fay the parallelogram A L. applied to th = half | N 
line is greater than the para llelogram AE. g : 
For becauſe DF is fimilar to ; [by 26. 6.] they are | þ 
both about the ſame diameter. Let E B be their Came 9 
and deſcribe the figure. e 
: 1 Thea becauſe [by 36.1] WT i 
1 E & „ "4.7 @ equal to L E, for FGB } t 
1 DAE — — 4 Equal G G M r Will de 4 
* II \ greater than E K. But {by } 
I gb. 43. I.] LF. is equal to »:: 
„ -'Thercfore D L. is greater than Wi ©. 


1 5 . "Bad KD which 18 com- 


greater than the whole : 4”. | 
Therefore the greateſt of all the 5 ms 379 


* Tuis! is th 12 ed caſe * this theorem (viz. when A p 15 


cluflon gen neral by ſome of the zncients, as "Theo, Kc. 


v4 
elo. 
e par. 


% 6. 


* 
2 lame 
4 GH 


os 


Meter 


and alike ſituate to that applied to one half the line, is 
that applied to half the line, being ſimilar to the deficient 
parallelogram applied to the other half line. V hich was 
to be demonſtrated, _ 


n Many have complained that this propoſition”! is obſcurely 
worded : = I mutt confeſs 1t is ſcarcely to be underſtood till 


the demonſtration is read. Euclid certainly knew how to Word 
it better, But as he could not have done it in fo few words, 
he choſe to give it as it is, rather than appear tedious. Ho-] 


ever the follow ing attempt of mine to word it differently, is 
thus : if there bee any par allelogram applied to a given right line 
(that is, deſcribed upon it) and another of the Jahre altitude equi- 


anrular to it be applicd to half of that right line; and if any 


ther parallelogram evhatſorver of a 45 + Altitude equiangular 


i either of them be applied to that right line, and from this loft 


#arallelogram be cut of another porellelogram fis imilar to thot ap- 
ied to half of the g given right Hine, the parollelogram applied to 
half of the given right line will be the gr catef of any one of thile 
remaining parallelagrams. As let AB be the given Tight line, 
at the parallelogram applied 
to AB, and ap or CE the 
equiangular parallelogram of 
the ſame altitude applied to 
AC.or Cc one half of A B. 
And let a h be any parallelo- 
gram at pleaſure applied to a3 
equangular to A E, and hav- 
ing a leſſer altitude. And from 
this parallelogram let the par- 


allelogram x x be cut off ſimilar to a» or Cr. Then WII! 


or c E be greater than the remaining parallelogram a +, 
and this is what Euclid has demonſtrated in this propoſition. 
This theorem is very uſeful in the conſiderati ion 1 of maximum 


1 and minimums. 


b R OP. XXVIIL 'PROB L;- 


|: To 0 a parallelogram 40 4 given right line equal 
| 7og given right lined figure, being deficient by a 
porallelogram, ſimilar to a given par x Hs 


But the given right lined figure to wbich the p 
allelogram is to be epplied equal, int if not ve or FIRE 


er than that 1 a par allelogram which 5 WL = 
Ars os a the line 4 both the deficient par- 


"4" "Br 7 77% ine 
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all>legrams being / 7 milar to the given Parallel. 
gram, viz, the parallelogram being the aeficic; cy | 


of the parall:logram deſcribed upon the half Ii; 2 

and the parallelogram being the deficiency of thy 
par allelogram requires to be applied to which the 
defi cient parallelogram is tobeſi milar. 


Let the given right line be AB, and c the given 
lined figure to which the parallelogram applied to AB muſt 
be equal; which muſt not be greater than a parallelomam 

applied to the half of A B, the parallelograms being the 
deficiencies of theſe parallelograms being EPA. And let 5 
be the parallelogram to which the deficient Harallele Sram 
is to be ſimilar: it is required to apply a 532 to 
the given right line A B equal to the given right lined fi "ure 
Cy deficient | by a parallelogram ſimilar to P. 

Divide [by 10. 1.] AB in half at E, and [by 18 6. 
upon E B deſcribe EB F O ſimilar to p, and alike ſituate, 
and compleat the eee AG: then A G is either 
equal to c, or greater chan it, by reaſon of the limitation, 


E MA And if a G be equal to c, 
COTE hat was required wil bs 
done; for theparallelos; 


Ad is applied to the 11 


1 line AB, equal to the given 
N right lined figure c, defici 


ent by the parallelogram FF 
I ſimilar to the figure b. But 
if it be not equal, HE will 
be greater than C But HE 
18 equal to EF: therefore 
SOLE) E F is greater than c. 5 


gs e, 


„„ excels of. EF abote c, 
8 5 but ſimilar and alike ſituated 
to D: But D is fimilar to EF: Wherefore K M will be 


alſo ſimilar to EF. Therefore let the right line LK be | 
: nomologous tO GH 3 and L RI tO G F. Ang LE cauſe E F 8 : 


755 to C and K 31 together: Therefore . 1 greater 


| that K M: : Therefore {by Cor. 1. 28. 5.J G F 18 greater 


. K L, and GF than L. [By 3. l.] draw 6 G x equal 


tio 1 of It 3 


be made by 25. 6. _ 


„» PPP a 


0 


1, 
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to L K, and G o equal to Ln, and [by 31. 1.] compleat 
the parallelogram x Go: Then [by 24. b.] xo is qual 
and ſimilar to K M. But K m1 is ſimilar to EF: Therefore 
[by 21. 6.] H o alfo is ſimilar to x F: Wherefore by 26. 
b.] xo and EF both ſtand about the fame diameter. Let 
Ge B be their diameter, and COmPlEAt the figure. | 
Ihen becauſe E is equal to c, K M together; but xo 

is equal to K M, the remaining gnomon vx, is Fae to 
the remaining right lined figure c. And becauſe [by 43.1. 
o R is equal to xs, add Rs, which is common; 1 the 


A 
whole o B, is equal to the whole x B. But x 8 [by 36. J.] 
6 


js equal to * E: Becauſe the ſide A E is. canal to the ſide 
Wherefore 1 E is equal to o B. Add sx, which is 
common. Then the whole S 15 cqua! to the whole gno- 
mon vx. But it has been proved that the gnomon 
Ax is equal to the right lined figure &: Therefore Ts 
will be alſo equal to the right lined Fgure c 
Therefore the parallelocra im TS 1s 1 4 


d to the given 
light line A B equal to the given right lined figure e, and 
Jelicjent by the parallelogram Rs ſimilar to 5 


— 5 becaule R 
is ſimilar to ox. Which was to be done. 


2 


PROP. XXIX. PROBL 


To app * 4 a paralle logram to a given ri abt lane equas 
to a given right lined figur e, redet Gant by Jo 


dran. Jmiler 40 a. £77 VE par 2 lg. 4 


Let the give n right line: be A B, and let e be the given. 
night med figure to which the paral!. clog ran p nen to 
AB is to be equal, and let b be the right lin ed figure 
to which the redundant par: allelogram is to be finilar : It 
zs required to apply a N lelogram to the right line a3 

equal to the given right lined fur C, redundant 5 4 
parallelogram mila ar c . | 

Biſect a 8 {by 9g.1.Jin E, and [by 18. 6.] deferib e thc: 


parallelogram EL upon the right line EE Umilar to 5. 


and alike ſituate : alſo make {by 25. C.] the paraile ( 


Sram GH equa! 40 E both togetber, but um! lar to. 


and alike ſituate: Then G H is ſimilar to # * Let k it, 
r L be homo! ogous ſides, as alſo K G, F 3 becaut 


the paralle! loßram GH 1s greater than the oh allc: Stam E. 5 


tlie 


2 


.. ae ze - 
, — 2 — => > 
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the right line x n 
will be greater than 
| the right line +1, 
and K G greater 
than F E. Produce 
F-Ly , and | by 
3. % MAKE: ru 

Tre to K H, and 

55 [A FE N equal to K 

. — and compleat the 

parallelogram m MN: 
Then MN is equal and ſimilar to 6H: But G H is fimilar 
to E L: Therefore [by 21. 6.] MN is allo ſimilar to EI, 
and accordingly [by 26. 6.] EL, MN ſtand both about 
the ſame diameter, Draw their diameter F x, and de. 
{cribe the figure. 

Then becauſe 6 H is equal to E Ly C together; but G f 
is alſo equal tOMN; MN will be equal to EL, C toge- 
ther: Take away E bs which is common; then the gno- 
mon Nx is equal to the right lined” figure c. And be. 


cauſe E a is equal to EB; {by 36. 1.] "the parallelogram 


AN will be equal to the parallelogram N B; that is by 
43. I.] to Lo: Add Ex, which is common; then wil 


the whole a x be equal to the gnomon VQY. But the 


gnomon VQY is equal to E Therefore AX is alſo equal 
to c. 

Wherefore the parallelogram 4 A x is ple to the given 
right line A B equal to the given right lined figure C, te- 
dundant by the parallelogram Po ſimilar to D,  becaulc 
EI ls alſo limilar to op. . hich was to be done. 


15 The twenty⸗ eig ghth and rents -ninth propoſitions are a 


obſcurely worded as = the twenty- ſeventh; but it is eaſy to alter 
them as I have done Euclid's: e ſeventh, in my note up: 


on 5 
„ -Altho” fe problems are not of ſo general uſe © in geometry, 1 
8 many e her propoſitions, yet Euchd was obliged to put 
chem rey becauſe he could not have demonſtratec the tenth 
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P R OP. XXX. l EOR. 


To cut @ given YIght line into mean and eurem 
ratio 


Let AB be the given right line. It is required to cut 
the fame into mean and extreme ratio. | 


For [by 40. 1.] upon A „ . HL 
del (cribe the ar R and — 5 l 8 e 
[by 29. 6.] apply the paral- „ | 
ſelogram c D to AN equal to TE | 
5 C redundant by the pa al 1 5 
lelogram A D V 33 +, 


But B C is a iq * eee | 
fore a D will alſo be a ſquare, DET | 
And becauſe n C is equ = to 15 
CD, take away CE, W ich: is common: | 
mainder BF is r al to the reme inder AD. But it 10 all 
equiangular to it: Wherefore [by 14. 6. the ſides 0 


b Ons 
wha 24 FBF, 


Ab about the equal angles fe re cip rocally p. oportional: 


Therefore as EE is to , D, ſo is A E to EEB. But [by 


34. 1.] FE is equal to AC, that; is, to A P, and E D equal 


to AF. Wherefore as AB is to AE, ſo is A E to EB. 

But A B is greater than AE: Therefore A E is greater 

than L B. . 93 55 | | | 
Therefore the rig I line A B is cüt into mean and ex- 


treme ratio in E, the greater ſegment | being „ E. YV hich 


was to be done. | 
|  Otherwile, | 
aq the given ENV line be K . It is required to cut 
tne ſame into mean and extreme ratio. „„ 
For by 11. 2. ] divide 14 4 io in Cy that the rectangle 


under A B, B C DE cqus et to © 


quare: of Ac. : JA Eq BO 
Then becauſe the rectanole u Vn 


4 


der A B, BC is equal to the ſquare of Ac; AD 17-0: 1t-: 
will de as AB to A ©, ſo is A C to C © Bo FRIEND by del. 


0 de ug 


* This rob; em in fact | 18 only a repet; Aion of the eleventh - 
. 


propoſition of the ſecond book in other words, Phe firit man- 
ner of ſolution | here being ir indeed more diff Cult than that in the 
| lecon 10 £209, and the! e oy C Very fate as this in the ſecond 
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PROP. XXXI. THEOR. 
In right angled triangles the figure deſcribed 1 po 
the ſide oppoſite to the right angle is equal to but) 
_ the figures deſcribed upon the ſides containing thi 


right 1 which are fi milar to it, and pay e the 
ſame Sttuation®. 


Let the right hated 4 triangle be ABC; Havi ing the right 
angle BAC: I ſay the figure deicribed upon BC is <qua 
to thoſe deſcribed upon BA, AC be ng ſimilar to it, aud 
having the ſame ſituation. 

Draw the perpendicular A D. | | 

Then becauſe a Dis drawn from the right angle A of 


| _ right angled triangle A BC perpendicular to the base 


by 8. 5 the trlangles ABD, ADC are both ſimilar 

wry one another, and to tne whole triangle ABC: There- 
| fore it will be as CB is to 

BA, fois AB to BD: But 
when three right lines are 
proportional; as the firſt is 
to the third, fo {by 2. cor, 


bed upon the firſt to a figure 

_ ſimilar and alike ſituate, 
deri upon the ſecond: Therefore as C is to ; p, ſo 
is the figure deſcribed upon C B to a ſimilar and alike ſitu- 
ate figure deſcribed upon BA. By the ſame reaſon, as 


Ts toc b, ſo is the figure deſcribed upon Bc, to the 
figure deſcribed upon C A: Therefore as BC is to h b and 


Bc together, ſo is the 18 deſcribed upon h c to both 
the figures deſcribed upon B A, Ac being ſimilar and alike 
fituate to the figure deſcribed upon Bc. But BC is equal 
to BDA BC together: : Therefore the figure deſcribed upon 


B C is equal to both the ngures together Which are deſcribed 


upon ; à, A Cc ſimilar and alike firuate to the figure de- 
ſcribed upon B 0, 


Thereicre in right angled i the "IRE de ſcribed | 
upon the fide oppoſite to the richt angle, 18 equal to both 
the figures together deferibed upon the ſides containing the 


right angle, which are ſimilar to it, and have the fame 


uation, Which | was 0 be demonſtrated. 
_ | SS ewile 
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ly 20. 6.] is the figure deſcri- 
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>." Otherwile.. -:- 
Becauſe | by 23. 6.] ſimilar figures are to one another 
in the duplicate ratio of their homologous fides ; the figure 
| deſcribed. upon BC to the figure deſcribed upon B A will 
be in the duplicate ratio of that of Bc to B A, But by 
I. cor. 20. 6.] the ſquare of Bc to the ſquare of BA is in 
| the duplicate ratio of BC to hA: Therefore [by 11. 5.1 
zz the figure deſcribed upon B; c is to the figure deſcribed 
upon BA, ſo is the ſquare of Bc to the ſquare of Ba. 
| Alſo by the ſame reaſon as the figure deſcribed upon B 
is to the figure deſcribed upon c p, fo is the ſquare of B 
| to the ſquare of CA: and therefore the figure deſcribed 
| upon Bc, is to the figures deſcribed upon 5 A, a c together, 
33 the ſquare of Bc is to the ſquares of B a, Ac together. Ta th 
But the ſquare of Bc is [by 47. 1.7] equal to the ſquares ot {'} 
2A, AC together: Therefore the figure deſcribed upon 
BC is equal to both the figures deſcribed upon BA, Ac Tn 
being ſimilar to that deſcribed upon Bc, and having the | T 
fame ſituation, Which was to be demonſtrated, 
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? This propoſition is much more genere than the forty- ſe | "13 
venth of the firſt book; it extending to all imilar figures whar- 1 
berer; whereas that 1 18 8 confined to ſquares. _ | | N '1 f 


PROP. XXXI. THEOR. 7 


If two triangles having two files of the one propor- 7 
tional to 1200 ſides of the other, te Jo jet together 10 
at one angle ſo that th? homologous fides be parat!- 167 
tel: the remaining ſides of thoſe tri angles will be th 
buth; in one right line, Og. 


Let there be two triangles ABC, DCE having thro E385 fa 
BA, AC of the one proportional to two lides c D, DE OT | #4 
the other, viz. as BA is to Ac, fo is CD to ” F, ad ler a 
4B ve parallel to Dc, and AC to DE I fay E c, * 


will be both in the ſame right line 
For becauſe A B is paral A, 
lei to Dc, and the right line 
ac falls upon. them; "the al- 
ternate angles BAC, A CD 
[by 29. I.] will be equal to 
one another. By the ſame 3 | 
x x g | | 5 | reaſon ä 
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is to A c, ſo is c p to E: the triangle a Bc [by 6. 6, 


> — 


— 
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reaſon the angle DE is equal to the angle Ach: 
Wherefore the angle BAC is equal to the angle cy; 
And becauſe ABC, DCE are two triangles, having one 


angle A of the one equal to one angle p of the other, and 
the ſides about the equal . proportional, Dig. AS YA 


will be equiangular to the triangle DCE: therefore the | 
angle a BC is equal to the angle DCE. But the ange 
A Cp has been proved to be equal to the angle 3 ac: | 
Therefore the whole angle A c E is equal to both the an. 
gles ABC, BAC together. Add the common angle a cz: 
then the angles ACE, AC B together are equal to the an. 
gles BAC, Ach, ABC together. But [by 32. 1.] the 
angles BAC, AC E, A BC together, are equal to two rivht 
angles: and therefore the angles ACE, ACB together will | 
be alſo cqual to two right angles. And fo two right lines | 
BC, CE drawn COATAriways trom the point C in the right 
line A c make the adjoining angles ACE, ACB at the right | 
line AC, equal to two rioht angles : Therefore by 14.1. 
B c, C E will both lie in the ſame right line. , 

therefore two triangles having two ſides of the one | 
proportional to two ſides of the other, be fo ict togethe: 
at one angle, that their homologous tides be parallel the 


l 


remaining ſides of thoſe tr angles will be. bath! in the ſame 
right line. Which was to be demonſtrated. 


ROF. XXXII. THEOR. 

In equa: circles the angles have the ſame ratio, e. 
the parts of the ci reamfer ence on ee Ber an 0 
whither thoſe angles be at the centres, or at itt 
circumferences: and moreover ſ are the ſeecor: 5 
as being at the centre l. 


Let the equal circles be A BC, DEF, and let the anole; Y 
G C, E H F be at their centres G, H, and the angles 3 AC, de 
k D F at their eircumferences: I ſay as the part h C of the Wi ; 

| cn nee is to the part EF, ſo is the angle c to 8 
the angle k HF; the angle B A © to the angle EDF; and ct 

- morcover 61 is the fector BG C to the ſector HE Foie ol 
For take orderly any number of parts CK, K I. of the + 

_ circumference of one circle each caual to the. part Ee, F 
and an equal number 7 N, MN Ol any other parts of the . 


Cit cum: 
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| circumference of the other circle each equal to EF; and 
ion G K, GL; HM, HN. 
Then becauſe the parts B c, Ck, KL of the circumfe- 


| rence of one circle are equal to one another, the angles. 


36 c, CGK, KGL [by 27. 3.] will be equal to one an- 
] other : Therefore the part BL of the circumference of one 
| circle is the ſame multiple of the part » c of the circumfe- 
E rence of that circle, as the angle Þ GL is of the angle 


6c. And by the ſame reaſon” the part EN of the 
| circumference of the other circle is the ſame multi- 


ple of the part EF of the circumſęrence, as the angle 


HN is of the angle E HF. And if the part BL "of 


the circumference be equal to the part EN of. the other 
circumference 3 the angle n GL [by 27. 3] will be equal 
to the angle E H N. And if the part h L of the circumſe- 
ence be greater than the part EN; the angle BO. wil 
| be greater than the angle E H N: And if leſs, leſs. There 
are therefore 


. 5 

four magnitu dess, . „ 

912. Phe two AL 8 FX . / { I. . JT 

e ö / 3 N 
parts B Cc, E F of { LC 61 Ld | ö . \ 
* 8 . \ WES F121 

the circumfer= | „ 5 
| ENCES of the cir 4 \ . 5 | / \ ö Fl \\ 1 7 iv} 

cles, and the Nee Net XV 6-5 

wo angles BG. ITE: ie 


£8 r, and there | 
are taken the equimultiple 8 of. the part BC of th 2 Circum- 


* 


ference of one circle, and of the angle BO C, vi, the 


part BL of the circumference, and the angle 3G L, and 
equimultiples of the part E F of the circumference of the 


| other circle, and of the angle EH, biz. the part n & ot 


L's 


the circumference, and the angle E HN. And it has been 
demonſtrated, that if the part Þ L of one circumference -- 


| exceeds the part EN of the circumference of the other 
| eircle, the angle B GL alſo exceeds the angle E 11 N E Ty BY U 
de equal to E N, the angle n G is equal to-EHNt and it 
L. be leſs than EN; the angle B O I. is lefs than the angle 
EHN: Therefore (by 5. det. 5. J as the part BO of one 


circumference is to the part E F of the other, fo is the an- 


ge BG c to the angle E HF. But {by 15. 5. J as the angle 
BGC is to the angle E H F, ſo is the angle ; AC to the 
angle k Dx. * 85 [ by 2.0. 3] ck of them is double to 
each of theſe; and therefore | as th e part BC of the one 


citcum- 


wr 
* 
F 


| | Jay ne multipic 01 the * art 12 2 28 the ſector HE N 18 of the 
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ceircumference, is to the part EF of the other, ſo is the 


angle B GC, to the ange E HE, and the angle 5 AC to 
the angle E DF. 

Therefore in equal circles the angles have the FE ra- 
tio, as the parts of their circatnference upon which they 
ſtand, whether they {tand at the centres or at the circum- 


ferences. Which was to be demonſtrated. 


I fay moreover as the part Bc of one circumference i; 
to the part EF of the other, fo is the ſector e GBC to the | 
lector HE F. 

For join Be, CK, and taking the points x, o, in the 
parts Bc, c K of the circumferences. Join B Xz xc, C0 
OK. 

Then becauſe the two ſides B G, Ge are equal to the | 

two ſides CG, GK, and they contain equal angles ; the 


baſe BE will be equa! to the baſe CK : Therefore {by 


4. 1. the triangle C E c alſo is equal to the triangle 6 c x. 
And becauſe the part hc of the circumference 1s equal to 


the part c, and |by 2. ax.] the remaining part of one 


cireumference.” is equal to the remaining part of the other; 
therefore | by 27. 3. the angle BXC is equal to the angle 
cok. Wherefore by 11. def 3.] the ſegment Exc . 


ſumilar to the ſegment C. And they are upon the equa 


right lines c, Sk. But by 24. 3.9 thofe ſimilar ſeg- 


ments of circles that land upon equal right lines, are them 


} 


-ſelves: allo qual: I here 3 the ſegment B X C is ala 0 


the ſegment COL, 


8 But the triangle BG C 
4 2. alſo 1s equal to the 
V | Vi triang ale cGK: And 
Vf! ary 
5 N therefore the whole 
„ Vw & BC , 
ATR 5. e NI. in be cqua! 
B — FB 1 
1 „ 1 to the whole ſector 


> 


GC K. By the ſame 


5 reaſon alſo the fc Kor d K I, is equal to each of the ſector: 


GKc,:Gcx: Therefore the th Tree: ſectors Ge, 601 Ks 
G K Lare ( Ual to one anothé . 80 likewiſe are the! ſec⸗ 
I! 


tors H E F, HT AH, HAN equal to one ancther There. 
N 


fore the Part 33 L of _ RT LINEA iS the Eunice nultly . 


of the part Be, as the ſector G hl. is of the ſector c by 


By the fame reaſon the part E N f the circumference 1s th 


lc {or 
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be gor HET: and [from what has been already demon- 
to WF frated] if the part B L of the circumference be equal to 

W thc part Enz the ſector GBL is alſo equal to the ſector 
„nat: and if the part BL of it exceeds the part EN, the 
+ W {or G3 L alſo exceeds the ſector HEN; and if leſs, leſs. 
n- W There are therefore four magnitudes, the two parts Bc, 


multiples of the part E F of the circumference, and of the 
ſector HE F, viz. the part E N of the circumference, and 
the ſector HE N. And it bas been proved if 5 part B L 
| of the circumference exceeds we part EN; the ſector 
EI will exceed the ſector HEN; and if p L be equal 
to EN; the ſector 6 BL 15 __ to the ſector HEN; 


| part EN, the ſector G BL is leſs than the ſector HEN, 
Therefore [by 5. def. 5. as the part Bc of one circum- 
| ference is to the part k F of the other, ſo is the ſector 
CB to the ſector HE F. 


| tor is to the other, lo is One angle to the other. 


q The demonſtration of this propoſition is another eaſy i in- 


| the fifth book. The propoſition itſelf, or at leaſt part of the 
| demonſtration, is thought to be Theon's, he hunfelt ſaying, in 
| Lits commentary upon ptolemy s Almageſjt ; it i; dtmunſtiated by 
us in the edition of the on ments at the end of the fixth Loot, that 


7 


Kl * 


| xr of the circumferences, and the two ſectors G Bc, 

Hr; and there are taken equimultiples of the part Bc. 
| of the circumiterence and of the ſector GBC, v:z. the part 
| ;L of the circumference, and the ſector GB L; and equi- 


and if the part B L of the circumference be leſs than the 


Grollary. It is alſo evident [by 1 . 4 ] that as one ſec- 


| ſance of the truth and excellence of Euclid's fifth definition of 


7 org in equal 2e art te ſectorg, 20 angles at ihe centre are Þ12- 
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Additions to the Sixth Bock. 


FRUPUSIFEON =; 

If four right lines be in the ſame proportion, the = * 

fir to the ſecond as the third to the fourih, a; | x 

alſo four more; the fifth to the fixth as the ſt. WM .. 

wventh to the eighth. I ſay the rectangle under th , 

fir and fifth will be to the rettangle under the MW : 
fecond and ſixth, as the rectangle under the third | 
and ſeventh is to the rettangie under the fourth | 
and erghiD. 

| EI 

Let there be four right lines AB, CD, EF, GH in the © 

ſame proportion, as AB to CD, ſo is EF to GH: and WF ": 

1 | | Bl 

„ 0 3 de 

„ 1:1 BW Bl 

„ 

33 5 * 

; ! C] 

C | - af CCC F | 

„*˙§˙ VF Nt 


four more A \ CL, E, GP, FC F o 
G P. 1 fay the rectangle under AB and Al 1 ill be to tie ii to 
rectangle under CD, CL, as the rectangle under E, EN; Bi 
is to the rec angle under G H, G P. | 
For make the rectangles A K, CM, K o, C0, under 
AB, AI; CD., ; EF, EN; G EH, G oecd, Make 
R and b s“ equal to AI or BK, and draw R 8. Alb 
make G T or H v equal to EN or Fo. Fo nd draw r v. | 
Then . by ſuppoſition} it is as * to CD, 0 
1s E F 0 and A1 to e, ſo is EN to O P. here: 
fore | by I, 6. as the rectangle A K is to the 1Coang ie C5, 


4 0 


i 


ex to] 
to the 
5 E N» | 


under 
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ſo will the rectangle Eo be to the rectangle Gv. And 
alternately] as the rectangle A Kk is to the rectangle E o, fo 
will the rectangle cs be to the rectangle Gv. Alſo as the 
rectangle Cs is to the rectangle C M, 10 will the rectangle 


Gy be to the rectangle 6 Q by 1. 6.] And al ternately] 


as the rectangle C s, is to the rectangle G V, fo is the rect- 
angle C M to the rectangle 6 g. I herefore {by 11. 5.] as 
the rectangle A K is to the rectangle Eo, fo is the rectangle 
cM, to the rectangle 6 . And [inverſely] as the rect- 
angle A K is to the rectangle c M, ſo is the rectan: gle Eo 
to the rectangle G K that! is, as the rectangle ui ader AB 
and A 1, is to the rectangle under CD and CL; ſo is the 
rectangle under E + and E N, to the rectangle under G H 
And 
Therefore, Se. kad hich was to be demonſtrated. 
"Otherwiſe. 

The ratio of the rectangle AK is [dy 23. 6.] to the 
rectangle C M compounded of the ratio of AB to CD, and 
of AI to CL. Allo the ratio of the rectangle E O to the 
rectangle G Q is compounded of the ratio of Eto 0 H, 


and that of EN to GP. But the ratio of E! to G H by 
{yppofition} is equal to the ratio of AB to cb, and the ra- 


tio of EN to G equal to the ratio of Ai to CL. But 


becauſe thoſe compound ratios which confiſt of cqual num- 
bers of equal ſimple ratios, are cqual to one another; 


therefore the ratio of the rectangle a & to the rectang'e 


cM, is equal to the ratio of the rectan: gle Eo to the -rect- 

angle G Q, Wherefore the rectangles under AB, Al; 

CD,CL3 EF, EN; GH, Gr Will be proportional. 
Therefore, &c, Which was to be demonſtrated, 


PROP. II. PROBL. 


To inſcribe a triangle within à given !ria ngie, equi. 
angular to A given triangle. : 


Let ABC be a given 8 and D b F another. It 1 


3 required to inſcribe 2 triangle v within the given triangle 
ABC, equiangular to the given triangle p E F. 


t the extremes a, C, of the given fide Ac, make by 
23 1.] the angle ACL equa] to the angle r of the given 
angle E F b, "and the angle 1. AC equal to the augle 
ber of the 9 giren triange 1 F. And! let the hides: A L, 
| | * „„ NY wh ; 
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CL meet in the point . Join BL cutting the fide Ac 
in the point G. From 6 draw [by 31. 1.] 6 H parallel to 
AL, and G1 parallel to c, meeting the ſides A 8, Bc of 
the given triangle A BC in the points H, 1, and join nr, 


Then becauſe [by conſtr. ] GH tis parallel to aL; it 


will be [by 2. 6.] as A H is to HB, fois LG to G B. And 
becauſe 61 is parallel to L c, it will be as L G is to G 8, ſo 
is 1c to BI. And ſo [by 11. 5. ] as A H is to H B, fo wil 
cn be to iB. Therefore by 2. 6.] H will be parallel to 
Ac; and ſo the angle B H [by 29. 1. ] will be equal to 


the angle BAG, Alſo becauſe H [by conſtr.] is parallel 


to AL, the angle BHG will be equal to the angle g AL 
and fo [ta- 

D king equals 
* from e- 
quals] there 
will remain 
the angle 
6 HI equal 
to the an- 


5 le 1. A C. 
Bur [ by 


cConſtructi- 
on | the an- 
TO, ole LAG 
2 5 cgual to the 
ang' e E of the triangle HE F. Therefore the angle 6 H 
will be equal to the angle DEF. After the ſame manner 
it is demonſtrated, that the angle HIG will be equal to 
the apgle b F E of the given triangle DEF. Wheretore 
by 32. J.] the remaining ar gles H G 1, E D will be equa 
to one another. Therefore the triangle G H 1 will be equi 


- 


angular to the given triangle E b F, and is inſcribed in the 


given triangle As ©, Which was to be demonſtrated. 


PROP. III. PROBL. 


79 circumlcribe a triangle about a given triangle, | 


|  equiangular 70 4 given triang } 


Let A c be a given triangle, and DEF another. It 


33 required to circumſcribe a triangle about the given tir 
angle Ac equiangular to the given triangle p EF. 


Upon 


nner 
| to 
fore 
qua 
equi- 


1 the 
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1 don the baſe a c of the given triangle AB c, make 
[by 23. 1.] the triangle AG equiangular to the given 
triangle DE F; ſo that the angle G AC be equal to the an- 
gle E DF, and the angle ACG equal to the angle E E 
and the angle G equal to E. Continue out 6 a, G, 0 
through the point B draw [by 31. 1.) the right line 1 

parallel to the baſe A c, cutting the continuations of G 4 
GC 1n the points H, 1; then will the triangle GH! 2 


circumſcribed about the triangle ABC ns weak to te 5 


den triangle D E F. 
For becauſe ſby conflrotiiont H1 is paralle! to A c, 
the angle GHI {by 29. 1.] will be equal to the angle 


ase; that | is, [by conſtruction] to the angle E DF, and 


he angle G 1 H equal to the angle G C A, that is, to the 


nge E FD. Therefore {by 32. 1.] the remaining angles 


10 , DEF will be equal to one another. And fo the 
angles G HI, DEF Will be equiangular, and the tr langle 
„His circumſeribed about the given tr angle AB C. 
Ibereſore, © Sc. Which was to be denionſtrate 7 


PROP. Iv. PROBL.. 


To rie a ſquare in a given ſeement of a circle. 


et ABCD be A ſegment of a circle, whoſe baſe is A b. 


I 18 required to inſcribe 4 ſquare 1 in che ſegment AB. CD. 


of a circle. 


Biſect [by 10. 1. ] the baſe A p of the ſegment in the 
point E; and at one end A of the bale of the ſegment, 
ercct [by 11. 1.] the perpendicular A r, equal to the baſe 


AD, and draw a right line from E to F, cutting the cir- 


cumference of the ſegment in the point B. From B to 
the baſe AD, let fall [by 12. 1. ] the perpendicular B G. 
Make E H equal to GE. Then will GB and GH be 
N each one hide ot b the ſquare required, Draw H C perpendi- 
IST TEIN e = _ Culac 
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cular to A D, and join Be, and the 1 2555 will be com. 
leated.. 


For becauſe [by conſtruction) BG. is parallel to ar; 
therefore [by 4. 6.7] it will be as AE is to AF, ſo is G f to 


G B. But AF [by conſtruction] is double to AE. There. | 


fore G B will be double to GE and becauſe by conſtru— 
ction] E H is equal to GE, and GB, HC are perpendiculzy 
to the baſe A D of the ſegment, theſe 1 8 TT, will 
be equal to one another (as is eaſily proved [by gs. . 
by firſt drawing a diameter of the circle parallel t. 0 te 
baſe AD of the ſegment.) Wherefore [by 33. 1. 
will be equal to 8 KH. Cone. 


Ph\ quently the four right lines 3 G, 


G H, CH, BC are equal to one 


BGH, G HC are right angle: 
[by conſtruction] and the oppo- 
ite angles of every parallelogram 

[by 34. 1.] are equal to one an- 

other. Therefore will the an- 
gles BC H, GB c be right angles; 
and fo the figure GBCH will 
be a ſquare z . and it is int fried 

in the given legment ABCD of 

a circle: | 
Note, if the riglit line x B be continued to cut the cir- 


cumference of the greater ſegment Ach p of the circle in 
the point 5, and g be drawn from the point 4 perpendicular | 
to the baſe A Þ a the ſegment. This will be one {ide 


of a ic jUATE ch gb inſcribed in the greater ſeg ment of the 


PR whicn ſquare may be compleated after the ſame | 


manner as the ſquare GB CH has been in the leſſer ſeg⸗ 


ment AB C D. 


Note alſo, that by a ke manner of conſtruction, 3 


ſquare may be inſcribed | in a given fert oi a circle. 


PROP. V. PROB T 755 


To inſcribe a ſquare in a given triangle, 


Let there be a given l AB C. It is required to 
inſcribe a Iquare ; im the given triangle AB GN, 
From the angle B of the g given triangle ABC, let fall 
FT 12. 1. ] the perpendicy lar 5 8 up. 4a the bale nc, 5 

o 


another; and ſince the angles | 


8 


ry 


2 2 


* * 
—— . 


— 
v- 0 
—_— 
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ſo divide [by 10. 6.] the per- B 
pendicular BH in 1, that 1H 

be to B I, as the bale AC is to 

the is © mn BH. And E r 
thro' 1 [by 31. 1.] draw the PF 
right line 11 parallel to the | 
baſe A c meeting the ſides of | 
the triangle in the points E, F. A B IF 6 C 
From E, F draw E D, F G par- 

allel to the perpendicular BH; then will the figure DEFC 
be the ſquare required, 

For becauſe the triangles ABC, E BF are equiangular, 
the right line EF | by conſtruSton) being parallel to 4 c, 
and fo [by 29. 1.] the angles B EF, BAC; BFR, 5C 4 
reſpectively equal to one another. And ſinee the balcs of 
equiangular triangles [by 4. 6. and 18. 5.] are proportional 
to their altitudes. Therefore it will be as AC is to BH, 
ſo is E E to BI. But by conſtruction} as AC is to BH, ſo 
1H to BI. Therefore [by 1 1. f.] EF will be to 1, as 
1H is to BI; ; and therefore [by 9. 5.] EF will be equal 
to 1H. And becauſe [by conſtruction) E F is parallel to 
AC, and ED, F G Parkes: to ; H; therefore {by 30. and 
34. 1.] E D will be equal to F G, and each of theſe equal 
to IR, alſo EF will be equal to DG. Wherefore ſince 
An 1H have been prove ed to be equal to one another; 
the four right lines D E, EF, F G, D G Will be equal to 
one another; and [by 29. I.] the angles P, G will be 
right angles; and [by 33. 1. ] ſo will the 1 E, E. 
Therefore the figure DEF O wil be a ſquare, and it 13 
aſcribed in the given triangle a EC. 

Therefor ez Se. Which was to be done. 


PROP. VI. TIE OR. 


ifs one 957 of a tr ia gle be biſefted by a Tight Jing 
falling upon the baſe or fide oppoſite to has angles. 
the reffangle under the two fades containing that 
angle will be equal to the ſquare of the bi HIRE 5 
ine, together with the refangle under the ſegments. 
of the boſe made by the falling Y the aer Iii. 
aforeſaid upon it, 


46 5 "Loot 


+ —_— 


— - ä — 


— — 


— „ 
S CIS 
"a tc 


the angle a Bc, divide the baſe Ac into two feoments | 


= 1 * — * 1 — 
— 74 5 — — """—_ 7 * 2 8 5 . * 


is equal to the rectangle under AB, and B c; the redtanale 


if there be a given point D without a given triang! 
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Let AB c be the given triangle; and from the ange y, WF 3 
oppoſite to the baſe A c, let the right line BE, biſcQing = 


AE, EC; I ſay the rectangle under the ſides 4 By 20 
will be equal to the rectangle under the ſegments a x, x c 
of the baſe, together with the ous of the biſecting rink 
line BE. | 

For about the triangle A BC deſcribe a circle [by 5. 4. 
and continue down the right line BE to cut the Gircle ; in | 
D; and join A D, DC. 

Then the triangles ABD, BCE wal be 8 hes 
cauſe the angles ABE, E BC are equal [ by ſuppoſition), 
and the angles ADB, BCE in the ſame ſegment of th: 
Circle by 21.3. will be equal too. And ſo [by 32. FE 
the remaining angles BAD, B EC are equal too. There- 
fore by 4. 6.1 as AB is to BD, ſo will b E be to xc, | 
But [by 35. 3.] the rectangle 

under AE and EC is equal to 
the rectangle under p = and x ;. 
And [by 3. 2.] the rectangle 
under BD and BE is equal to 
the rectangle under p E and Es, 
together with the ſquore of »:, Ml 
Therefore the rectangle under 4 
BD and BE will be equal to the | 
rectangle under A E and E c to- 
gether with the {quare of E B; 
that is, becauſe it has been proved that AB is to BD, as 
BE is to BC, and | by 16. 6.] the rectangle under h b, BE 


i 
under A B and BC will be equal to the rectangle under at WF 
and EC, together with the ſquare of EB. -- ; 
Therelore, Sc. 5 Ws to be Sdeanontiated, SW : 
PROP. VII. THE OR. = 

= ? 


A e and from the vertical angle ; a right line | 
BE be drawn upon the baſe, dividing the ſaid Iii 
ale into two parts AB R, EBC having a given | 
ratio; and if the baſe A C be continued out meet- 


ing a right liue DG arawn ſi on b, parallel 0 
75 2 
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the ſide AB, and GH be taken ſuch, that p be 
to A B, 46 AE is to Anu, And if it be again 
made as A G ig t AF, ſo is HF 10 AH; and a 
rigbt line DF be drawn from the given point D. 
7. Zi line will cut off a triangle A1F from the 
given triangle ABC 1 pals to the triangle ABE. 


For fince [by conftruction] it is as G A is to A F, ſo is 


u F to AH, and [by 18. 5.] as G F is to AF, ſo is AF to 


H; and (becauſe of the ſimilar triangles G D, Al F, 
for G D, AI are parallel) as GD . 
is to 6 F, ſo is A 1 to AF; 
therefore by equality 1 
1 is to A1, ſo is AF to 
H (the ratio of GF to AF 
wing common) that is | by ſup- TY LT Fed, 
poſition] as A ; is to Al, fois G A EH E [> 
AF to AE; therefore the tri- | 
angles ABE, AIF having one angle A common to both : 


B 


have their fides reciprocally proportional ; ;and ſo by 15. 


6.] they will be equal to one b N therefore as the 
triangle A B E is to the triangle E 
a8 AE is to EC, ſo will the . 4 1 F be to the qua- 
drilateral figure F156. 

Therefore, Sc. W hich was to be demonſtrated. 


S HOL IU M. 


Hence if a given tr amel AI F 7s to he cut oF fr om a given 
irzangle AB C by 4 rigbi line D F drawn from a given point 
p without that triangle, having a given "ratio to the what 


iriangle, the thing may be done thus. Continue out the fide 


AC to meet G D parallel 4% A B in the point G3; ard divide 


the fide A G ſo in E, that A E be to AC in the given ratio. 
Then make [by 12. 6. ] as G b is t A B, fois AE 0 A H. 


Aud again make as G A ig t AF, jo is HF fo AH: then if 


the right line DF be drawn, it will cut of tre tet, ge. 
A1F from the given triangle ABC having 1/2 ſame atio 
70 the triangle A E 25 6. the triangle A E. 4 AS 1 "2" 5 at 55 


0 3 ven ratio. 


PROP. 


that is hy 1. 6. 
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PROP. VIII. THE OR. 
if there be two trapeziums ABCD, EF CH ſuc} 
their diagonals A c, BD, and E O, FHO 550 


cally Þ7 roportional that is, the reffang!c ir 


Ac and BDC qual to the rectangle Ander ©.G. , 
and the yy AQB, EPF; BQC, FPG, 72ade by 


e diagonals, be equal, thoſe t apezinms Dill be | 


equal to one another, 


5 For from B and p; 
, \ r and H, draw the pe- 
oo * | pendiculars BK, DI; 


and FM, H L upon the 
diagonals A C, E G. 
Then becauſe of the 
equiangular right angled 
triangle B Q K, D100 it 
will be as BK is to PI, 
ſo is B Q to D Q and 


[by 18. F.] as B K and 


ſo is B K to 3 Again 
ee of the fimilac 

triangles FPM, HI 
it will be as F M eto LE, 
ſo is PF to PH: and 


L H is to PF and PH, 
| ſo is FM to FP. But 
: F M is to FP, as B K ls 


ton Q becauſe the right angied triangles FPM, BQK are | 


ſimilar. Therefore B K and D will be to B Q and 585 


as F M and L H is to FP and PH; and [by 1. 6.] as the 


rectangle under BK and D1 together and A c, is to the 


: rectangle under AC and D B, ſo will the rectangle under 
F NM and LH together and E G, be to the rectangle under 
F H and EG; and as the rectangle under B K and DI to- 


gether and A c, is to the recta angle under r M and AL to- 


gether, and E G, ſo will the rectangie under A c and DB, 


be to the rectangle under EG and FH; and fo will half the 
firſt and ſecond rectangles be to the rectangles under = 


Dlisto h Q and b 


” G py 18. 5. ] as F M and 


angles CEE, CBE will be 
equiangular. Wherefore. 


ook VI. Euclid's Elements, 299 
and o B, and E G, FH; that is, the trapezium ABCD 
vill be to the trapezium E F GH, as the rectangle under B D 
and A C is to the rectangle under r H and EG. Therefore 
ſince [by ſuppoſition] the rectangle under Ac, DB is e- 
qual to the rectangle under E G, FH, the trapeziums 


ACD, EFG H wilf be equal to one another. 

Hence theſe ſort of trapeziums may be ſaid to be reci- 
procal figures, as well as thoſe triangles and parallelograms 
which are called ſuch by Euclid, 


PROF. K. THE OR. 


if any tangent to 4 circle inter ſects a ſemidiameter 
continued out, and from the point of contact be 
drawn a perpendicular upon that ſemidiameter, the 
difance from the centre of the circle to that per- 
pendicular, the ſemidiameter of the circle, and the 
diſtance from the centre ts the mnterſeftion of the 
tangent with the continuation of the [emidiameter, 
wil} be Proportionals. 


to ABD be a circle whoſe centre is c, and CD 2 "fe 
nidiameter thereof; and let a tangent h F touching this 


circle in the point B meet the ſemi diameter e D continued 
out in the point F; allo let the right line B E drawn fron 
the point B of contact perpendicular to the ſemidiameter 
CD meet the ſame in the point r. I fay the right lines 


EE, CD, C F will be proportionals. 
For draw the ſemidiameter c 8. 


Then becauſe | by conſtruction] the angle BE © 15 a right 
wake. as alſo the angle CBF {by 19, 3 I And ſince the 


angle CE is common to I 
both the r. ight angle d tri 1 
angles SBE, ER E, There- 


fore by 32.1. the tri- 


by 4 6.] as CE is to h, 
IE: Le be'to c =, But 
ep is equal to c B. There- 


boxe as e r is to cp, ſo is c o to cf. 


Wherefore, Sc. Wh ich was to be demonſtrated. 


PROP, 
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cutting the circle, make the angle a c Þ equal t. the angle 


AD, cutting the circle in B, or any right line A E cutting 
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9.7 | Cor 
PROP. x. THE OR. + 


i 2 right line cutting a circle makes an angle al Oe | ſquare 


end of the common baſe of two ſegments of {ha 
circle equal io the angle in either ſegment. a 
any other right line be drawn from the other cn] 
of that baſe to the firt mentioned right line, Il, 
part of this las line within the circle, the COMIN, 1 
baſe of the ſegments, and the line ttſelf, Will be 
propertionals. 


Let the right line A c be the common baſe of. the ſeg- 
ments ARC, AFcof a circle, and let the right line Eco 


ABC in the ſegment a Bc, or the angle ACE equal to the 
angle AFC in the. ſegment AF c. and let any right line 


the circle in F, be drawn from the end A of the common 
baſe A e of the ſegments, to the line E D: I fay the right 


lines AR, AC, AD, as allo A F, AGAE will be Proper. 
tionals. 


For 1 join e B, F. 


Then becauſe by conſtrut tion ] the angle vc i; equal = 

A 

£0 the angle a Bc, and ſince [by 21. 3.J the angle ABS f 
515 always of the ſame macni- Wh © 

A 

22 tude however the line an ; 


be drawn. And becauſe the 
angle A is common to both 
the triangles ABC, ACD; 
therefore {by 32. 1.] the 
angies CD By ACB Will be 
equal; and fo the triangles 
ABC, ACD will be always 
equiangular, Therefore [by 
4. G. ] as AB is to Ac, ſo 
will A c be to A p. In like 
manner the triangles ACE, 
E Tos Ac will be always equi- 
HY angular, Wheretore 9 + 
6.]wAF is to ac, ſo will ac be to at. 
Therefore, & Fc; WW hich was to be demonſtrated. 


0 orali irs 


775. 
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Corollary: Hence if any right line a p, drawn from a, 


cuts the circle in B, the rectangle under aD and a B 
will be always of the ſame magnivude, * VIZ, equal t to the 
| (quare of Ac. 


PROP. XI. 


7 ac be the diameter of a circle, which the right 


line D E cuts at right angles; and from the end A 
of the diameter the right line AB be drawn 
meeting the circumference in B, and the right line 


will be Pproportionals. 


Por firſt let the inter- | D E 

L £Qion F fall Within the 7 42 

| circle, and draw BD. _ / al / N 
Iden becauſe the arches K 1 5, ET 
| AF, AD are equal, the | | / e 

| angles at the circumier- 71A 

| ence EDA, ABD ſtand- N 

ing upon them will be e- | [9 

qual. And fo in the tri- 1 

angles ABD, ADF the | OR 75 


| angles ABD, APD F by 
21. z.] are equal. But the ng at 4 is common to both 
| triangles. Wherefore by 32. f.] the remaining angles 


4 


ADB, AF D will be equal Fo one another. And fo the 


| triangles ABD, AD F will be equiangular. Wherefore | by 


4. 6.]Jas BA is to AD, ſo wil ab be to A. But now 


| let the point of interſection fall without the circ! ley and 


draw b H parallel to D E, meeting the fight line AD in H, 


| Then from what has been already demonſtrated, it will be 


3DAISto Ab, ſo is Ab to AH, the triangles Ab p, K 


being equiangular; that is {by conſtruction and 2. 0. ] to 
| will af be to A D, therefore 25 ap, A W 11 again be 
| F | 


Therefore, Ge. Which was 10 be demonſtrated. 


DE in F. [ jay the three right lines A By AD, ar 
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PROP. XII. T HE O R. 


F any triangle be inſeribed in a circle, and a Perpes 
*. dicular be let fall from the vertical angle upon ty 
baſe, the rectangle under the ſides of the triigt. 
will be equal to the reftangle under that een 
cular and the diameter of the circumſcribed crc, 


Let A DB be a triangle, whoſe altitude is D G, and lt 
2 circle, whoſe centre is c, circumfcribe it. Draw the 
diameter p E, and join HB: I fay the rectangle under the 
ſides A D, DEB will be equal to the rectangle under the 
perpendicular D, and the diameter p H of che Circun- 
ſcribed circle, 
For becauſe the angles 4, H [by 21. 3. ] are equal, a} 
ſtanding upon the ſame right line D 3 and the age 


1 


W 
6, DBH right angles [by ſuppoſition, and 31. 3. 3 the tri- Wh te 
angles A DG, DB H will be ſimilar. And therefore as AP ch 
is to D G, ſo will PH be to DB. Therefore [by 16. 6, 
the rectangle under the ſides a D, DB of the inſcribed tri | | 
angle will be equal to the rectangle under the perpendicu- WM * 
| lar n D G and the diameter p H of the circumſcribing circle. e. 


| Therefore, © Oe. Wich was to be demontiratee, 


PROP. XIII. THE OR. | 
1 any trapezium be inſcribed in a circle, the recen. 


gle under the diagonals will be equal to the. ſum of 
ue rectaugles under each of the pe te ad Jes, 


Let there be a trapez! um ABC HD inſcribed: in 2 circles 
Whoſe diagonals are Ac, BD, I fay the reGangle under 
: f ; 0 : i A 52 7 D 


Cr Pei. 

77 the 
1angh 
Dendi. 
cl. 


nd let 
w the 
Cr the 
er the 
rcum- 


al, u 
angle 


doth in the ſame ſegment, are 
© {oy 21. 3.] equal to one another, 
and the angle AB D is equal to 
the angle E B C, becauſe of the 
addition of the common angle 
EBD to the equal ones A B E, 

pc. Therefore as 8 is to 

ck, ſo will Bo be to DA; and 

b [by 16. 6.] the rectangle un- 
der BC and DA, Will be equal to the rectangle under CE 
and BD. Alſo the triangles A BE, CBD Will be fimilar, 

| becauſe the angles h AE, BDC in the ſame fe 2ment are 
by 21. 3.) equal to one another. Therefore as a k is to 
AB, ſo will C p be to BD. Conſequently the efhangle 
under A B and C D will [by 16. 6.) be equal to the rectan- 
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| ac, BD will be equal to the ſum of the rectangles under 
| the oppolite ſides, v7z, to the rectangle under à B and b D 
together with the rectangle under a D and B . 
For make the angle AB E equal to the angle c B D. 
Then the triangles A B D, BCE will be ſimilar, becauſe 


the angles B DA, BCA being 


ge under A E and B D. But the rectangle under E D and 


Ac [by 1. 2.] is equal to the rectangle under H and B u, 


and that under EC and b D. Therefore iince it has been 


| proved, that the rectangle under C & and BD is equal to 
the rectangle under B C and Þ a, and the Aang e 


AE and BD equal to the rectangle under A B and e the 


| rectangle under A C and BD will be equal to the fun of 
che rectangles under BC and AD, and AB and DS. 


Therefore, &c, Which was to be e 
This is a moſt elegant and uſeful propoſition, being the 


| fountain and foundation of many fine theorems and uſeful 
| cfflections, relating to the properties of right lines draw: 
n a circle, The theorem 3 iS Ptolemy” 85 and | 5 to be ound 


in his Kane 


5 R 0 P. XIV. T H EOR. 


| two tangents e A, B 10 4 ; circle be drawn from 
any point C, and. from c any right line e be 
draton cutting the circumference of the 1 in 


the points Ez D and 198 Hape gilim AE B p be Com- 


_ Preated 
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pleated within the circle; the rectangles under thy 
oppoſite des AE and DB, and AD and E B will be 
equal 10 one another. 


For a (by 32. 3•1 4 
angles CAE, CBE made by the 

| right lines AE, E B are equal to 
the angles ADE, EDB in the 
alternate ſegments of the circle, 
the triangles ACE, DAC; and 
BCE, BCD will be fimilar'* 

| therefore it will be [by 4. 6.) as 


the four rectangles under at 


T herelore, & Tc. Which was to be demonſtrated. 


PROP. AV. THE OR. 


In a circle if a B be the diameter, and any right line | 
ep cuts the fame in the point L, and from the | 


extremes a and B of that diameter two perpendici. 


lors à E, B r be drawn to that right line cp; th | 


ſegments CF, ED of it cill be equal to one another. 


in the line E B. 


the difference between CG and F 6 


A E is to A C, ſo is AD to vg; | 
and as DB to DC, ſo is E to 
CB. Therefore [by prop. 1. of | 
the additions to the ſixth book} | 


and PB; AC and DC; Ab and 
BE; and pc and en By will be proportioual. But becauſe | 
the tangents Ac, BC are equal, and fo the rectangle undet 
ac and Dc equal to the rectangle under cn "and bc. 
Therefore [by 9. 5.] the rectangle under a E and Þ 3 will } 
be equal to the rectangle under à D and BE. 


For- join the points E, , and ö 
from the centre x draw 1 perpen- 
dicular to cp, and continue it to H 


Alien h will CG be e- | 
J qual to C v. And becauſe 10, | 
are parallel, and ſince h I is equal 
to 1 A; B H will be [by 4. 6. ] equal | 
to H E, and FG to GE. Therefore 


will 
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will be equal to the difference between G D and Gr, that. 


the I 

% „ er will be equal to E D. bf 
Therefore, &c. Which was to be e 1. 
Corollary. Hence if there be any trapeziuni whoſe two 1 

the oppolite angles are right angles, and a diagonal be drawn | A 

the WT boining theſe right angles; 3 and it from each of the other i}, 

o angles be drawn 1 perpendicular upon that diagonal; the \| 

exments of this diagonal made by thoſe pe ;pendiculars Will 0 

cle, | bc ; equal to one another, 11 

21d 

lar: 5 R O * XVI. 

J as 1 CD, BD be two tangents lo a circle at B and ©, 

1 whereof © is the extreme of a diameter A c, and 

0 


the perpendicular B E be drawn upon AC, and 17 


. be points à and p be . oy a right Jing Cut 1 
x; iin b nnen, BE in the Coin“ F; thts 
and perpendicular 3 E will be biſeted in toe point F. | 
565 por thro' n draw A h to meet the tangent C D (contt- - 4: 
55 nued out) in the point q; and join BC. — 
1 Then becauſe the tangents BD, D C Are equal, the an- = = 
go gles DCB, DBC [by 5. I.)] will be cqual, and the angles 3 

| BC, DBG are cqual to a right angle, becauſe the angle It; 

| CBG, which is equal to the angle ABC), is [by 31. 3. Ja a 

| right angle. Alſo the angles DC B, 

eos [by 32. . ate equal to a 

int igt 9 Wherefore the angle 
the bs will be equal to the ang Bro 


dic oben. And fo [by 6. 1.] » b, 


e that is C D, will be equal to DG, | | 

5 » ; Be 

527 | Wherefore ſince EE, G c are „ 1 [ 
MF 4, EF will be equal to FB. | 150 
and Wl Therefore, Sc. Which was to be 5 5 il 

rpen- | Corollary. Hence the perimeter or circuit of any Tegu- "of 


| ar polygon circumſcribing a circle, is to the perimeter "of 


to H . 
iN | aregular polygon of halt the number of ſides inſcribed in . li 
wo ol | that circle, as che diameter CA 18 to the ſegment A * „ 1 
7 taereof, . > — wi 
3, AE b | | | | | 5 
equal | 


equal 
1CFOIC 
d FG 
will 
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PROP. XVII. THE OR. 
If the point B; be taken in the diameter e G of a cir- 


continuation of that diameter ſuch, that the differ. 


BE: /woripht lines AF, BF drawn from thoſe 4. 
frumed points A and B to any point r in the circum: 
ference of the fxrcles will be in a conſtant ralio, 
VIZ. aS A C 15 10 CB. 


C B, aud draw the ſemidiameter E F. 


IT Then becauſs by con- 

F. ſtruction] A b is 10 De, 

FN as C5 is to BE, that js, 

e, / % „ 18 compounding by the 
— —— 85 1 

A B Þ-4Þ 18th 5. ] AC is to CD, 


or CB, as C E is to EH 


CEOrEFt n. I herefore becauſe the triangles « r x, 
F EB have wi angie E common to both, and the { bes 
about it proportional: alſo the remaining ſides A F, r. 
6. 6.] will be to one -nether as AB is to EF, Or Ec, n 
is, CE to E n. But as E ig to E B, ſo is Ac to oh; 
Wherefore it will eas AF is to F BE, fois AC to CB. 
Therefore, Sc. Which was to be demonſtrated. 
This is a famous and uſeful propoſition of Apollonius's, 


a 


8c HOL IU M. 
By means of this pr 22 n 16-18 eaſy to find a point &. 


within a triangle AB C fuer thut d, atting t6 7 107. 2 jt 
eien ratios, vi. reſpectively as the lines R, „ T. 

Har divide the fide AB of the given triangle in the print 

"mA ez that AD be to DB, as R 1s t0 8, (wrich may be bd. 

ily dene by putti'g g the lines R, s in the fame direction, and 


as the ſum of the lines R and s 1s divided 1 This dont, 
find | by 12. 6.] a fourth Proportional right line BETH AD 
1 | Bet © and the difference be Hbeeh A D and. D B. [jet D E 1it 
14 E, and abut F with the difeance DEW F 5 g CYCLE. 
4 gail, al tee be fide AC of the g given 15 tangie, [5 1 , that 


Al 


cle, whoſe centre is E, and the point A in the | 


ence be WEEN AC and CB be 4 CB, M CB 15 to. 


For make a D equal to the difference eiern AC and 


It will be ki 12. 5.) as 4 E is to CE, that is, EF, fois 


Lines from the three angles of " that tri@r.gle they hall be in 


Then | by 10. 6. ] dividing the line A B In rhe fame Nici hſièt. 


Abe 0 1 c, as 


| agles:A BD; DEG [by. 299. 11 


Leater than AE. Where 12 
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$15 to T; and 
nale CH 4 
four th proportio- 
nal to A C, I Cy, 
and the differ- 
ence between AI 
and 1 c. Biſecrt 
IH in G, and 
with the diſ- 
tance 10, or 
G H, deſer ibe a 
tircle cutting the formen one in the print N. Draw the rioht 
lines A Ng BN, CN, and theſe w1ill be to one another iu the 
en ratio of Ry s, T; 5 

Or the centre F may be found by ks BF QA third pro- 
portional to D B and the differonce between A D avd D B. Hud 
ſo may the centre G be found, by tau CG equa! 10 4 third 
preportzonal between 1 C and the difference between Al and 


PROP. XVI, THEOR. 


. 


In a circle the ratio of a &7 -ater arch BG tos tefſer 


+ 


AB, ill be greater than that of the right /ine BG 
joining the ends of the greater arch, to ha! of the 
right line a B joining the ends of the leſſer arch A B. 


For draw the right line à G, aud "the equal right lines 
, DG, and join the points p, h Dy a right line cutting 
4% in E, and draw the perpendicular bz to A, and ha- 
ving deſcribed the arch HT y about D, as à centre, wit! 
the. Glance D E, continue out Pz to meet the ſame in r. 

Now becauſe the line DB 1 
ſes the angle A B G, for „ 
the lines A D. D G being E- „„ 
cual [by conſtruction | re Ef e A MEE: 
arches a b, G p, and fo the. -/ Wo 


and 21. 3. Will be equal, | : 5 
Therefore by 3. b.] as BG | „ 
to AB, ſo will 6: bets: Re 5 
Ex, And ſince BG is vreat- | Ne £4 : i 5 . | 


er than AB; EG Wo,” be „ 
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- fore the point 7 biſecting a 0 will fall between # and 6. 
And becauſe the fide p E of the right angled triangle nx z 
is greater than D Zz, and the ſide DA of the right angled 
trie angle AZ D is greater / than DE. Therefore the arch 11 5 
will cut the e e of the circle below a, and fall 
at T above the point 2. Again, ſince the ſector E DTH i; I 
greater than the triangle E D Zz: the ratio of the ſcctor | 
ED T to the ſector E DH, will be greater than the ratio |} 
of the triangle E D Zz to the ſector E DH. But the radio of 
the triangle E D z to the triangle EDA is leſs than the ratio 
of - the t: iangle E DZ to the ſector k DH. 1 berefore much 
more will the ratio of the ſector E Þ T to the ſector E B H 
be grcater than that of the triangle Ek Z D to the triangle 
E DBA. But by 33. 6.] in the fame circle as ſector is to 
_ ſector, fo is the arch of the one to the arch of the other; 
and as arch is to arch, ſo is one angle at the centre to àn- 
other: aiſo by 1. 6.] as oy N E D Z. 1s to the tii⸗ 


angle E DA, ſo is ZE to Therefore the ratio of the | 
angle x b y tothe angle ED 25 will be greater than e 3 
ratio of GE to EA. But the angle GDB is to the ans 
614 [by 33. 6.] as the arch h O, is to the arch 4 4 
and E is . E A, às h; G is to A B. Therefore the ratio 
of ine men B to tlie arch A B 18 greater than that of i UW? 1 
right line BG joining the extremes of one, to the righit inc | 
joining the extremes of the other. the 
There ore, Sc. Which was to be demonſtrated. 
This is one of Ptolemy's theorems, with his moſt inge- 
ous demonſtration. | 5 
f THEOR 2 
1 i . deus circles touch one another at a, and thro” 1 
_ FR De drawn two right lines cutting the circles il 
—_ 7 Do BBC T ſoy I the right 15 24 AB, A C, A b AR 
1 dil be Proportional,” by | 


For | Join t the points D, 15 n C4 ; and conceive A F to be 


3 899 
at” I 3 | | a Tat N 
1 = 1 f ; 2 LET : 1 n 4 K os 4 + \ . 
+4 ll. LF np wo WEIL 
6 — a \ \ R i * : g 1 Ys Lon £3 2 
; 1 F <G EA 0 dC z. the an 
7 45 br —— B 2287 | 25 e#." of 8 1 | 
ny” ot 2 ; - a x \ P ; ")} 77! 11 
\ \ . / 1) C/ \ a” \ a N 41 [ f B (4.80 34 | * 
— / NE © 52 . „ | 5. 61 a} +7 the 
* / , be equal tan 
by. 3h — | hy. * ol 
pots Sm... nc Wt "i $63! 208 
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rag: and ſince, in the firſt figure, the angle at A Is 
common to both the triangles ADP, AEC, Bat 4 in the ſe— 
cond figure, the vertical angles at a are equal to one an- 
other, the remaining angles ADB, AEC [by 32. 1.) will 
be equal too; and ſo the triangles ADB, A E C will be 
equianguiar. Wherefore [by 4. 6.] it will be as AB 18 
to Ac, ſo is AD to A E. 


Therefore e, © c. Which was to be Jdenionfir: ated. 


PROP. XX. "FHEOR: 


If the right line k l, or its continuation, joining 
the ceatres K, l. of two circles whoſe diameters are 
EH, DA, be ſo divided in M, that KM be 10 l. i, 
a AK i % EL. And if from o. thro? M be 
aratot any right line M cutting the circles in the 
points o, r, c, B, T ſoy firſt the foements of the cin— 

cles CB, G wwill be ſimilar. Secondly the reftanuie 

under M G ena * B c. I be equal to the red, 2mngle Un» 
der MH and M A. Thirdly the rectangle der N E 
and * b % ual 5 the rectangle. HIder MF Hue. 


Draw the ſen nihamorers G1, LF, CK, KB; and join 
the points G H; C P. | 
Then, tirſt, becauſe by ſuppo! it ion] it 19-8 K.\1 1s to 
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LM, ſo is KB to * 1; the ſemidiameters BK, FI wil | 
[by 2. 6.] be parallel. And therefore [by 29. I.] the 


angle k N d will be equal to the angie LF G, 


In like manner, becauſe [ by ſuppoſition] as KM is to 


LM, ſo is K C to LG; the ſemidiameters K c, LG will 
OS 
IGF. And therefore the remaining angles B Kc. F19 
will be equal to one another: that is, the arch BC [hy 
33+ C.] is the ſame part of the circumference of the circle 
IT ,S e, as the arch & F is of the circumference of the cir- 
cle F. H. And fo BC, FG will be ſimilar ſegments of 
thoſe circles. | 
Sccondly, From the centres k, L draw the perpendicu 
lars K R, LS to M B. 
Ihen becauſe hc, FG are ſimilar ſegments, and 0 
5 G are half of the right lines CB, GF [by 3. Ty 
Therefore the triangles KRC, Us will be ſimilar ; and % 
K C, LG will be parallel; and the angles CK U, G LH 
equa al and CP, GH parallel, VV herefore as MD is to 


bed parallel; and fo the angle KR equal to the angle N 


Mc; ſo is 1 H to N G. But as MD-is to M C, fo (by 


ſuppoſition] is MB to „1 A. Therefore {by 11. 5. ] as MB 
15 to Ma, ſo Will MH be to G. Wherefore [by 16.6] 
the rectangle under Ri B and 5 G wi vill be equal to the rect. 
angle under MA and MH, 

-. Thirdly, becauſe the four. points r, F, q, 11 are in a 


circle, it will be by 30. 3. and 16. 6. ] as M H is to MG, 


— 


fo is * F to AI EK. oy is to MG, as MD Is to MC 


Therctore [by 11. 5. a5 MF is to Mz, fo will up be to 
MC; and te [by 16. 6.] the rectangle under 1 E and 1D 
weill be <quil to the rectangle under M F and 1 C. 
Pheretore, < Sc. Which was to be demonttrated. 


ScHoLIvnt, 


Ts fr poſi ty and the cons verſe of the. laſt, are lemmas 
cf - View" Sg 17 DS Apollonius Gall lus. Gs 555 5 of the fer- 
"THY he deſcribes a circle 1hr url tie given points to touch 


a 37 9 01 tine given 777 Pr tion. By INCGNS of the other, be 


deſcribes 2 circle thr: 51. * Q- "£17 Ven Point to Lor CH r fv! 
"of 6 if 4 cles, | _ | 


the circle AF DB, the lines G,, 
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PROP. XXI. PRO BI. 
If two circles inter ſec one another, and any right 
line be drawn cutting the circles, this will be pro- 


portionally divided 9 the i Es of the 
: circles, 


Let the circles a CB, AFB interſect one another in the 
points A and B, and let A B be drawn. Alſo let any right 
line Pc cut both the circles, vis. ACB in the points c 
and H, and the circle AFB in the points D and F, and 
the right line A B in the point G: I ſay the right line p 
is divided proportionally i in the points | 6 
1 6, F, that ! iS, as F C is to G , o 1 

For be in the . a CEE, ** : 
the lines AG, 0c, G H, G By {by e 
35. 3. and 16. 6.] are proportional, , LS 
and the lines AG, GF, DG, GB, in \/ . 

/ 


GF, DG, GH will [by equality] „ 71M — 
be proportional. And therefore [by . - 
17. BV ORC: e 
de to HG. | 5 

Therclore, Sc. Which was to he demonſtrated, 
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D'EF-1-N-1-F-1-ON:-S5, 
1. A Solid is that which has length, breadth, and thick- 
nels. | | 
2. The 89 Fa on is a ſuperficies a. 
3. AT 1. is perpendicular to a plane, when |: 


makes Ti bt angies with all the right lines that touch it, 
and are drawn in 8 fr plane: 


4A plane 1 Perm: to a plane, when the n 
lines drawn ir 0 Je tir to the common ſec⸗ 
tion of the plar. el | rin angles 0 the Other P!: ane, 

5. The inclinat;s; he to a plane, is, when a 
perpendicular is drawn: we bhigheſt point of that line 
to the plane „ and anoth linie drawen from the point in 


vehich the EOS er _ the plznc, to the end of the 
{aid line wich is in the ame plane, diz. e acute angle 
contained umier the joined and inclining ane. 

6. Thé inclination of a lane co a plane , is an acute an- 
gle contained under the right ines, which being drawen in 
; 2 55 of the planes tothe ſame point of their common ſec- 
tion is at right angles to the common ſection, 


Planes are ſaid to have fimilar inclinations, when the 


88 ela angles of their inclination. are equal to one alt 
other, 


8. Para el! planes are thoſe which being agen wil. 


never meet. 


A2 Tt might be better to ſay, the bound or bonnd: of a ſolid, 
is one or more ſuperficies, fora 4 5 c. e has but one bound or 
luperfcies, and a eube fix. bs — 


Boc 


9 
der 


1 
tain 
tude 

1 
rig 
ſam 
taln 
ſam 

f 

1 

Pia, 
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Similar ſolid figures are thoſe which are contained un- 
der equal numbers of {1milar planes. 

10. Equal and ſimilar ſolid figures, are ſuch as are con- 
tained under amilar Ay equal in number aud magni- 
tude. 

11. A ſolid te is the inclination. of more than two 
right lines, which touch one another and be not in the 
ſme plane. Or thus, a ſolid angle is that which is con- 
Gel under more than two plane- angles not lying in the 
ſame plane, and ſtanding at one point b. 

12. A piramid is a ſolid figure contained under ſeveral | 
planes ſtanding upon a plane, "ahd meeting in one point, 

12. A priſm is a ſolid figure contained under plancs, 
the two oppolite of which are equal, ſimilar, and parallel, 
but the others are paralletograms ©, 8 | 8 

14. A ſphere is a fold figure cenerated by the entire 
revolution of a ſemicircle about its diameter, remaining at 
reſt 4, oy 

15. The axis s of a fohere is that unmoveable right line 
about wh ch the ſemicircle revolves. 

16. The centre of a ſphere is the ſame as that of the 
1 icircle Fencratlng it. | . 

"The diameter of a ſphere i is a rioht line drawn thro? 
le entre, and both ways te rminating in the ſuperticics of 
the ſphere.-:- 3 ) gol noel to. 

18. A cone is a ſolid ſieure generated by the intire re- 
volution of a right ang gled trians ole avout one of the tides 
containing the right angle, ww hich remains at reſt during 


mo - 


b The former part of this Wen is not ſo es and di- 
ſt nr as the latter. | 
A pyramid may perhaps be better defincd thus: If a right 

line alw 25 paſſing thro' a fit'd point over a plang, moves from 
Une ano] le of any 11 aht lined fgu Ure, in that pl. ane, along * every 
ide of that f gure till it returns to the angle from whence 1t-hrit 
moy ed, the 50 id contained under the tt avert cies deſcribed by the 
moving right line and the figure! 5 the plane is called a pyra- 
| nid, ard a r prüm may be defined much after the lame way?! 
All deſtnitions of ff igures from. their gencrations are eſteen 104 | 
better than thoſe Gori 1% from the pr op? rties of the foures 3 
and therefor e this deſinitio 1 01 a 1 PIE? e is better than if it had 
een called a folid comamed und er one: ſuperfcies, having a 
wi within it ſuc ils that wi rig tines a} Fawn trom that xt point 
to the luperf ſicie: are equ al 0 01 e an ther. 2 
the 
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the motion of the triangle. And if the fixed fide be «<ul i 2 
to the other ſide containing the right angle, the cone h; WM ſqus 
right angled cone : If it be leſs, it is an obtuſe angled cone; =_ 2 
if greater, an acute angled cone ©, | Wt 
19. he axis of: the cone is that fixed fide of the wiad = 2 
gle 86 generatine itt. W cqu 
Ihe baſe of a cone is the circle generated by the 2 
motion of one of the tides of the triangle generating th: te 
cone. | 2 
21. A cylinder is a ſolid figure made by the intie . wwe 


volution of a right angled parallelogram about one of it 
ſides, winch remains at reſt during the revolution of * 


bebe am b. 15 
The axis of the ks is that nde of the t rev bs | 17 
ing pe ogram which remains at reſt, while the Cylin= | = 
der is gencrating Þ. auc 
* The baſes of a cvlinder are the circles deſcribed * = they 
two of the oppolite lides of the parallclogram generating | WH 
dhe cylinder = for 
24. Similar cones, and cylinders are thoſe whoſe xs MW © 
and the diameters of their bales are proportional. 
© This def nition of à cone is too ſcanty, it only taking ma 27 


right cone, viz. that whole axis is at rioht angles to the plane | 
of the baſe. Nor is tne diſtinction of a right cone, into right 
angled, oblique angled, and acute angled, "of any ulc, at ea 3 
in theſe Elements. 1 


The full definition of a cone is this. If a right line avg ye 
Paſſing thro' a fxed point over a plane, moves trom one point 55 
of the circumference of a circle in that plane, quite round the fon 
circumference, returning again to the point from whence it fir rec 
moved, the folid Sade melt under the ſuperficies generated by be 

that moving right line and the circle in the plane, is Called 4 thi: 
cone. | rig 
The baſe of a cone is that circle, and the axis, the right bot 
Une drawn fromthe centre of the baſe to the fixed point or vertex. * 
s This definition of a cylinder is only particular, v1z. only ES 
extending to a right cylinder whoſe axis is at right angles to i 
the e plane of ei ther of its bates. The general dennit ion is this. hs 
If a right line moves round every part of the ct: reumterences of 
two Equal and parallel circles, the ſolid comprehended under pla 
the f Upcrictes generated by the m 09108 right lige, and che wo. Wa 


| para! C1 ircles, is Called a cylinder. 
n Ihe axis. of :a linder is rather the right line drow: chro! 
the Centres ot the parallel 2 or baics or the e cylinde ö 


28. A Cup»: 
- | 5 
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25. A cube is a ſolid figure contained under fix equal | oY 
ſquares. _ Wall! 
125 A tetrahedron is a ſolid figure contained under four 1 09 
equal equilateral triangles, 46 


27. An octahedron is a ſolid figure contained under eight 
equal equilateral triangles. 

28, A dodecahedron is a ſolid figure contained under \ 
twelve equal equilateral pentagons. 1 1 | WE! 

29. An icoſahedron is a ſolid figure contained under 
| twenty equal equilateral triangles !. x — 


The 27th, 28th, and 29th definitions of an bal ron, | 1400 
| ladecahedron, and icoſahedron, and indeed the whole theory 9 
| of theſe ſolids, laid down by Euclid in his 13th, 14th, and | * 
izth books ſeem to be more curious than uſeful; ; and I have | 1 


0 wondered why the five Platonic bodies ſhould be held in 604 
ſuch eſteem by the ancient Platonic philoſophers, as we find | N bi 


they were, and that even Euclid, who himſelf was a ſectator { 
of Plato, ſhould have compiled the whole body of his Elements | . 0 

be the ſake of this NE ATE. as Proclus 15 s it is report ; | WW 

ed he did. | 


: PRO P. I. THEOR. * 
ma One part of a Tight line cannot be 14 6 Plane, and . 


Nos the other ele vated avgVe it. 

cat WW For if poflible let the part A of the nicht line ABC 

= ſye in a plane underneath, and the other part BC be cle- 

in rated above it. Then will 7 7 5 

the W me right line being the di- | FC 

ir MW re& continuation of a B alſo , 
i by de in that ſame plane. Let = "4 
eds W thi be 5 D. Wherefore two \ JH 

icht lines A c, A h D have AX. HW > I 

9 1 both one common ſegment 05 en oe nr! _ : 5 Ws. 
on BS which is impoſſible ; for c one right line cannot meet | .- 
. :» nother in more points than one; ; otherwiſe the e lines x 10 
this. | will coincide. N | | : | 
of Ml Therefore one part ot a "Hobs ; 9, cannot lee i ina * 
nder WW Pane, and the other part be eleva ted above it; "Which k - 
0 e to be demonttrated. 8 My 
chr 


be 6 RE | PROF 
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PRO P. II. THE OR. 


If two right lines mutually cut each other, they am 
both in "be ſame plane x J alſo voy triangle les in in | 


oe plane “. 


For let two right lines A B, CD cut one another in the 


point E: I ſay the right lines A B, CD are both in the | 
fame plane, allo every triangle lies in one plane. 


For take any points F, G in E B, EC. Join CB, x6, 


FCBG of the triangle E CB be in on 
1 0 and the remaining part in another, 


one part of the right lines EC, ER, will be in one plan, | 
and another part in another plane ; ; which we have pi Nel | 
to be abſurd. Therefore the triangle E BC lies in one pla 
But in that plane wherein the triangle B C E lies, ork 0 | 
right lines Ec, x B do lie: And in that plane wherein are | 
the right lines Ec, EB, are [by 1. 11.] the right lines , 


c D. Therefore the right lines AB, CD are both in the 


ſame plane, and every triangle! is in the fame plane. Which 
was to be demonſtrated, g 


k From hence it appears why a ſtool, table, &c. with only | 
three legs, will always ſtand firm, when thoſe W 21th four, 0% 
more, oftentimes will nor. | | 


PROP. III. T HE OR. 


a two planes cut one another, their common jet | 


Wil, be a right line. 


Fot let two Pia mes AB, BC Cut one another, and let 
| © | BD 5 0 — 4 * I . 
hate: common ſeẽtion bc the line 5. B 1 lay D B is à Tight 
line. | 


'@) 


For if it be not, from the point 5 0 B in the plane 4 a7, 


draw the right line DEB, and in the plane h C, the 12! 
line DF B: Therefore the riglit lincs DEB, DF: 


\ 


and draw FH, GK: Firſt, I | lay the trian- | 
ole EB C lies in one plane: For if one part | 
FHC or GB K of the triangle EB C lies in 
one plane, and the remaining part lics in 
another plane; then will one part of the | 
lines EC, E fall in one plane, and another | 
part in another plane. And if the part 


are | 
Jin 


the 


the 


F „ 
rian- 
> part 
cs in | 
Sin | 
f the | 


other 


6 
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bare the ſame bounds, and include a ſpace. Which [by 12. 
| :x.] is impoſſible: Wherefore DEB, DF B are not right 
ines. After the ſame manner we de- 

| nonſtrate that no other line except p— 
zb, the common ſection of the two 

| planes A By C D drawn from the point 
y to ;, Can be a right line. 


Euclid's Elements. 317 


Therefore if two planes cut one an- 
other, their common fecuon will be a 
naht line. Which was to be demon- 


ſtrated. 


PROP. IV. THEOR. 


Fa right line be at Tight angles to de right lines 


cutting one another in the common feficn [of two 
planes], it will be at right angles t the plane 
drawn thro* thoje lines. 


For let: any 1 richt! line EF be at abt angles to the right 
lines AB, C D, cutting one another; in the point E: I tay 
alſo that E F is at right angles to the plane an n through 
4 B, C D. 

For take the aa right lines a E, E B,. C E, E D; and 


| through the point E draw. the right line GE H any how. 
Join A p, CB; and from any point F draw F A, FG, FD, 
Fe, FH, FB. Then becauſe the two Tight lines AF, ED. 


are egual to the two right lines C E, E By and [by 151. 
they contain equal angles, the baſe 


AD [by 4. 1. will be cqual to-the ba, 

baſe C 3, and the triangle a ED cqual  // NN 

to the triangle CE B, and alſo the „ , N 

gle DA E equal to the angle: E RBC 4 |. TY 
3 SANG 


and [by 15. 1.] the angle A EG i 15 5 
equal to the angle h E H: Therefore 5 E 5 
the two triangles A G E, EB H have | | 


two angles of the one equal to two angles of the oth ers 


each to "each; and one tide AE of the one equal to one 


ſide EB of the other, which lies between the equal an- 
ges: Wherefore [by 26.:1.] the remaining ſides of the 


one are equal to the remaining des of the other: Where 


fore G E is equal to E H, and A.G to BH. And becauſe | 
AE 1s equal to E By and F E is common, and at right an- 
gles; te bale K A Dy 4. TS s Wall be ei daa 40 the baſe F B. | 


—_ * CARE. — 
——m—_—_— 
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By the fame reaſon, r c will alſo be equal to F D. Again, * 
becauſe A p is equal to c B, and F A to FH; the two fd . 
F A, A D Will be equal to the two ſides FB, Bc, each 0 one Pl: 
each ; and the baſe F p has been proved to be equal to the | b& righ 
baſe c: Therefore the angle FAD [by 8. 1. J is eq plane 
to the angle FBC. Again, AG has been proved to he | | um 
eq to ; H: But F A alſo is equal to FB: Therefore th. belt 
wo ſides F A, A G are equal to the two ſides FE, Bh. on 
And the angle F A G has been proved to be equal to the | It 4 
angle FB H: Therefore the baſe F 6 [by 4. I.] is equal tz WM night 
the baſe x H. And again, becauſe 6 k has been proved tn WM ” he 


be equal to EH, and EF is common; the two ſides 6x, | ys 
E r, will be equal to the two ſides HE, EF, and tie 179 
baſe F H is equal to the baſe FG: Therefore the ange Wl 157 
GE F is equal to the angle HE F [by 8. 1.], and ſo the | | ans ; 
angles GEF, HEF are "each a right angle: "Therefore MW AH 
FE is at right angles to 6G H any how drawn thro' x, | xd 
After the ſame manner we demonſtrate that F E is at right es 
angles to all right lines that touch it, and are in the ſam: W 125 
plane. But [by 3. def. I I. ] one plane is perpendicular to | 55 
another, when it Is at right angles to all the right lines 1 
touching it, and being in | the ſame plane. Wherefore : - = 
will be at right angles to the pane drawn through the right | 1 : 
lines A B, C D. 1 
If therefore a right line be at right angles to two right 
lines cutting one another in the common ſection. [of two WM _ 
planes 3] it will be at right angles to the plane drawn thro” WM - / 
thoſe lines. Which was to be demonſtrated. _ = 7 
P RO P. V. T HE OR. A 
If, a right line lands at right an rgles to A rich; 


lues meeting one another in their common ſoctian; 
thoſe three "right lines will be all in the ſamt 
Plane. | 


For let any ripht line a B ſtand at right angles to the 
three right lines E c, h D, BE, in their point of contact oy 
I ſay the right lines BC; E P, BE are e all three in the {ame 

plane- | = 
Por if not; let, 5 pofible, BD, BE be in one hb 
and PC above it; and let the plane paſſing through à U, 
c be produced: ben the common ſection will make 


* 
4 67 
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b 
by 3. 11.] a right line in the plane beneath, which let be 


Therefore the three right lines A B, BC, , F are in 


one 8 drawn thro' AB, B. And becauſe A n ſtands 
| al right angles to B D, B Fy it will be at right angles 0 the 
[lane drawn thro' B b, BE [by 4. 11+}. But the plane 
drann thro' DB, BE is the plane beneath : Therctorc AE 
i; perpendicular to the plane be- 47 | 


E cath ; Wherefore [by 3. def. 11.] 
it will be perpendicular e Al R 
right lines touching it, which are ©: 
in the ſame plane: But n be- FA 8 
| * 
| ns in the plane beneath, touchcs Wat 
Therefore A B F is a richt a 
| age But the angie ABC is | 


il ſuppoſed to be a right angle: Therefore the ele 
FAB F is cqual to the angle ABC; and they are both i 
the ſame plane; which 0 by 9. ax. ] is impoſſible, T dess 
fore the right line BC is not above the plane beneath: 
Therefore the three right lines B; C, B Dy BE are all in one 
Mane. | 


Wherefore if a right line ſtands at richt angles ta 


three right lines mecting one another in their common 
ſeckion; thoſe three rig cbt lines will be all! in the ſame plane. 
ch Was to be demons ſtrated. 


PROP. Vi THEOR. 


1 right lines be at right enples to the fame 


» 8/6 i, 
77 5 


J 


plane, theſe F1ght ius <1, ve parallel to one 


anolhe 7. 


For let two right lines AB, cb be . 
| 4 right angles to a PLANC : I ay an 8.7 
parallel n | | 
For let them meet the pl lane in 85 
points E, D; and join B D by 4 right 
ine, and draw p E in the plane at right 
| ages to h D; make E qual to A P, 
nd join B E, A E, AD. 

| Then becauſe AB is ee 
| to the plane; it will be [by 3. def. 11.) 
| Perpendicular to all right lines in that 
| Plane which touch it. But BD, BE, 
being both in the plane, touch AZ! 


ikerefare 
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Therefore the angles A n D, AB E are each of them rioht 
angles. Alſo by the ſame reaſon the angles CDB, cy p 
are each right angles: And becauſe a B is equal to px, 
and n v is common, the two ſides AB, BD are equa] 10 
the two ſides ED, Pn, and they contain a right angle 
Therefore [by 4. 1.] the baſe A P is equal to the baſe | b. 
And becauſe 4 B is equal to D E, and AD to BE, the ty 
hides A B, B E are cqual to the two ſides ED, Dh, 15 their 
baſe a is common: Therefore [by 8. f.] the angle AB 1 
i5 equal to E D A. But A; E is a right angle. 7] lere, re 
alſo E DA is a right angle: and ſo ED is perpendicular 
to DA. But it is alſo perpendicular to ; D, DC: Where 
fore E Þ ſtands in rhe point of contact at right angles to the 
three right lines BD, DA, DC: Wherefore the three 1 right 
lines B Þ, D A, DC [by 5. II. ] are in one plane, mw AP 
is in the fame plane wherein are BD, P A, for [by 2. 11. 
every triangle is in one plane: Therefore AÞ „B D, DC ate 
in one plane; and ABD, BDC are each right angles: 
Wheretore [by 28. I.] AB is parallel to cp. 

Therefore if two right lines be perpendicular to the fame 
plane ; thoſe right lines will be parallel, Which was to be 
demonſtrated. „„ oat Wo 


PROP. VII. TIIEOR. 
Tf two right Jines be par allel, and any points be la. 
len in each of them ;, the right line which jc 


thoſe points 0100 be in Le fame Plane wherein at 
the parallels. 


Let there be two parallel right lines AB, CD, and it } 
any points E, F be taken in each of them: Tay the richt 
line joining the points E, F are in the ſame plane wherein 


are the parallels. 


For if it be not, let it, if potfib! ble, be clevated abo 

| . fame plane, as Ef 
8 os B and thro EOF dra 

os yi IN Faden which [by 5 11. 

: makes a ſection with tht 

& plane wherein are the para 


ef 


01 


. — „ cb 


5 . lels, being a right line, # | 

2E EEE, 1 hen the two riaht 

lines h, E F Will includca | 
| Pace; 


22 — 


make DY 


becauſe AB is equal to DE, and BD is 
common, 
aual to che two ſides E D, D! 5 and the 
angle ABD is equal to the angle 
| for each of them is 2 right a 
| therefore the baſe A D 


| 13 equal. to DF, and. BEE to: AD, the 
| two ſides AB, B E will be equal to the 
tuo ſides ED, DA, 
| their baſe A E is common: | 
; (by 8. 1. ] the angle A BE is equal to the angle EDA: but . 
| AL E is a zight angle; chere fore EDA allo is a right angle; 
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ſpace, which [by 12. ax. ] is impoſlible : Therefore the right 
ine drawn from the point E to F cannot be elevated ibove 
the plane paſſing thro' the parallels A „ 0 D, conſequently 
it is in the fame. 


Wherefore if two right lines be parallel, and any points 


be taken in them, the right line | N the ſaid points will 


be in the ſame plane wherein arc tlie pa railels, Which was 


to be demonttrated. 


PROP. VII, THE OR 
If there be two right lines Barats aud one of them; 
be at right angles to ſome plane, the other 
alſo be at rig angles to the ſame plane. 


F _ 
lil 


Let there be two parallel right lines a 2, c D, and let one 
of them, as An, be at right angles © ſome given plane; 
the other C D will alſo be at right angles to that plane. 

For let A R, c h meet the plane in the points B, D; and 
in B D: Then by 7 IL] AB, DC, DB are all in one 
vane, Draw Dt in the given plane at right angles to g D, 
equal to AB, and join BE, AE, AD: Then 
becauſe A B is perpendicular to the given b lane, it will be 
oy 3. def. 11. perpendicular to all right lines which touch 
it, and are in the given plane: Therefore ABD, ABE 
are each of them 112 :he angles. But becauſe the right line 
zD falls upon the two parallel right lines AB, CD; the 


angles A H D, CD B [by 29. 1. | Will be equal to two right 
angles: But ABD is a right angle: 


ö Therefore CD B is allo a richt angle; A 85 


and ſo C P is perpendicular to E D. And 


the two tides a B, BD are e- 


E. 
angle; . 
by 4. 174 is e 51 — 5 : 


And becauie AB 


Qual to the baſe BE: 


tach to each, and : 
"Wherefore 


? „ and 
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and ſo x D is perpendicular to P A. But it is alſo perpen- | 
dicular to DB: Therefore [by 4. 11. ] E D will be perpen- 
dicular to the plane drawn thro' BD, DA; and will beat 
right angles to all right lines which touch it, and ate in 
that ſame plane. But p C is in the plane drawn thro 5, 
Ap, becauſe AB, B D [by 2. 11. are in the plane drawn | 
thro' BD, D a: But by 7. 1 1.} AB, BD are in the ſame | 


plane as HC is: Therefore E D is at right angles to pe: 


and fo ©» is at right angles to PE. But fo alſo SCD to 
Therefore & p ſtands at D, at right angles to two | 
right lines DE, DB mutually cutting one another in the | 


B D. 


common feQion of the two planes; and accordingly [by 


4.11.] CD is at right angles to the plane drawn thro' n+, | 


VB. But the plane drawn thro' PE, DB is the given | 
plane: "Therefore cp will be at right angles to the g give 
plane. Which was to be demonſtrated. 


PROP. IX. THEOR. 


Thoſe right lines which are parallel to the ſame right | 


line, 2 not in the ſame Plane with it, are i; 
Perallel %% one another. 


For! let a, be each of them para allel to the nieht! 
line E T, but not lying in the lame plane with it; | lay f 


* 315 Feral ec 


Tr take any point Gin E E, and from the ſame draw | 
G in the plane Fan thro” E F, A B, at right angles to | 


I 6 E F; and again draw GK us 

; 8 8 . right angles to EF in the plane 

8 paſting to? FE; D. That 

, 6 _.. becauſe EF is perpendicular to 

i ] ö 

. GH, and to G K; EF Aby 

. 11. will alſo be at right angles 

— — to the plane paſſing thro” 6 l, | 
* 1 


GK, and E F is parallel to A? 


"Therefore [by 8. 11. 
plane bafling thro' 115 2 


Therefore: Ak, CD, e 
2 plane 1 paſſing thro' H, G, K. But if o) right daes 
he at right angles to the fame pl; me; {by 6. 1 = hey wi. | 
be ne: Gcltel to one another: herefore A B is par rallel t9] 


WW! He bi Was to be demon ted. 


L 1s 


. 


AB is alſo at right angles to tae | 
By the ſame reaſon Cv BI 
alſo at right angles to the plane pailing thro” K, GC K 
each of them will be at right aug | 


PROP 


Bc 


| 


de] 
but 
to t 


0 


bin 
| pars 
to k 
| to 7 
| of t 


But 


| the 


Bin 


plane! 
Then! 
alar to 
by 4 | 
angles ! 
GH, 1 
0A83:1 


to the 


Cv] 
6 
auge 
ht l. wy 
je | ; 
all 00 


R OP, 


Eoin AD, CF, BE, AC, DF. Then becauſe b 
parallel to ED; [by 35. I.] Ap will be equal and e 
to B E. 
to B E. 
| of them equal and parallel to 5 5 
| But right lines which are parallel to 
the ſame right line, but not in the 
lame plane [by 9 9. 11.] will be parallel 
to one another: Therefore A P is par- 


nes A c, D F Join them: Where ſore 
ac is equal and parallel to b F. And 
becauſe the two ſides AB, BC are e- 


| aſe A c is equal to the 5 DF ; the angle ABC 
8. 1.] will be equal to the 


parallel to two right lines touc 


being in the ſame plane, tho ole rel it lines will contain e- 
qul angles. 


quired to draw a right line from the point a, perpen 
3 to th al given plane. 
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| If two right lines touching one another, be parallel 


to two right lines 10! ch:71g one another, but not 
being in the ſame plane; thoſe right lines will 
contain equal angles. „ 


For let two right lines A B, Bc touching one another, 


| he parallel to two rizht lines D, E F touching one another, 
but not in the ſame plane: 
to the angle DE F. 


[ ſay the angle ABC is equal 


For take B A, BC, ED, E F equal to one another; and 
A is equal and 


By the ſame reaſon c will be equal and paralle! 
Therefore a D, Cr are each 


1:0 


alet and equal to C F 3 and the right 


Qual to the two ſides D 


KEF, and the 


e DE F. | 
touching one another be 
hing one another, but not 


f 181 


Therefore if two right 5 ges 


Which was do be det monſtrated. 


PR O P. XI. PROBL. 


| From 2 given fin above a g. ven plane, 10 draw a. 


rIgnt line perpendicu!a; * 0 th 27 Pla ve 
Let A be a given point above a given pl ane: it is re- 
dicular 
Draw any how in th c given plane, the ri, ght line B. C5 


ind by 12. 1. from A dra A D pe: pendicu! — 0 5 
N H 
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TY If therefore a p be alſo perpendicy. | 
A lar to the given plane; what was 
OI required will then be done: But if 
(SN 8 11 it be not, [by 11. 1.] draw DE in A 
FN 1 the given plane from the point D, = 
* 8 perpendicular to BC; and [by 12. | 
PN Nt I.] draw AF from the point x, WM 
Bi DPD CC perpendicular-to'D.E 5: and thro +-f 
| | draw G H parallel to Bc. 9 qu 
Then becauſe Þ c 1s at right angles to AD, DE; Iby g. 0 
11.]B © will be at right angles to the plane paſſing thry' WW ( 
ED, DA, and G H is parallel to it, But if there be two MW the 
parallel right lines, one of which is at right angles to ſome MW ito 
plane, the other [by 8. 11.] will alſo be at right angles to WW 2 
that plane: Wherefore G H is at right angles to the plane WW 4c 
paſſing thro't D, DA; and ſo [by 3. def. 11.] it is per- WM 
pendicular to all right lines touching it, which are in the W 4! 
| ſame plane. But the right line A F touches G H being in the 
the plane paſſing thro? E D, DA: Therefore 6 H is perpen- MW pl 
_ dicular to FA: Conſequently F A is perpendicular to oH. W © 
But [by conſtruction] a F alſo is perpendicular to vx: WM 
Therefore a F is perpendicular to G H, and to DE, Butii WM © 1 
a right line ſtands at right angles to two right lines touch- W 0 
ing one another in the common ſection ; [by 4. 11.] it wil WW 
be at right angles to the plane drawn thro' them: Where. WW d 
fore F A is at right angles to the plane drawn thro” E D, CH. r 
But the plane drawn thro' E D, GH is the given plane: } 
Therefore A F is perpendicular to this plane. F 
Wherefore a right line AF is drawn from a given point WW 47 
A, A above a given plane, perpendicular WWF 


Vl to that plane. Which was to be done. 


The practice of this problem may 
be thus. From the given point a, das 
three right lines a B, AC, 4 C, of the 1 

ſame length, meeting the plane in tie 
points b, c, o, which may be ealiy } 
done, with a firing or a pair of com. 
paſſes. Join the points B, C C, G; ans 
having bifected h c, C in b, 1 wy 
the perpendiculars DF, E F to nc, 
meecting in the point r: Then will the 
\ right line a r be perpendicular t0 the | 
„plane B . The demonſtration being 
C ealy, I shall omit. ER 
ao Gl PROP. 4 
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PROP. XII. PROBL. 


| A plane being given, and a point given in it; to. 


ere? a right line from that Ree at right angles 
to that plane. 


Let A be the given point in a given plane: It is re- 


quired to erect a right line from tuat 2 at right angles 


| to that plane. | 
Conceive ſome point B to be above 5 B 
| the plane, and [by 11. I1.] draw 1 
from it the perpendicular B c to the 
given plane: And {by 31. 1. ] thro' 
Acraw AD perpendicular to n. * 

Ihen becauſe the two right lines Ss 

ab, c B are parallel, and Bc one of oy E E 7 


them is at right angles to the given 


plane, the other A D [by 8. 1 1 will be alſo at right angles 


to the given plane. 


Therefore a plane being given, and a point given in it, 


2 right line is erected from that point at right h 
| to the plane. Which was to be done. 


" This problem i is eaſily reſolved by help of a ſquare, « or 


| _ ruler. 


PROP. XIII. | THEOR: 
At a point given in a given plane, two. right lines 


cannot be erected perpenaicular to the Plane, on 


the ſame fide n. 


| For if it be poſlible, at the point Ain the given plane, 
| let two right lines a 3, A c be drawn at right angles on 


| the ſame ſide; and thro' A B, AC draw a plane, which 
| [by 3 11. will make a right ine! in the given plane drawn 5 


the right lines A B, AC, DAE, are 
| one plane. But becaule c A is at 
| Tight angles to the given plane, [by — 
| 3. def. 11.] it will be at right angles > 
do all right lines in that plane which 

| os it. But the right line PAE, 


| thro” A: which let be DAE : then e 
B\ / 
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being in the given plane, touches c a: Therefore c 

is a right angle; : by the ſame reaſon B A E is alſo 1 rizht | 

angle: WW herefore the angle C A E is equal to BA 5 and! 

they are both in one plane. Which [by 9. 855 is im. 

poſſiole. ö 
Therefore at a given point in a given plane, two riot | 

lines cannot be erected at right angles on the ſame fide 

Which was to be demonitrated, 


„ Tho! two right lines cannot he drawn from the ſame point: | 
in a plane perpendicular to that plane on the ſame fide of i; | 
yet wo tuch perpendiculars may be drawn, the one on one | 
lde, and the o:her on the other ide of that plane. 


PROP. XIV. THEOR. 


Thoſe planes to which the [ame right line 1s Hergen. | 
dicular, are para! to one another, 


For let the richt! line a 3 be perpendicular to each f : 
the planes CD, EF: I ſay thoſe planes are parallel. 
For if they be not parallel, they will meet when pro- | 
"duced; - Let them be produced, and (by 3. II.] ther | 
SL common ſection 1 2 ripht line, 
which let be GH. Take any poi | 


K in GH, and join 4 k, BK ane 

't hen becauſe A 8 is pe rpenlicular h 

to the plane EF; [by 3. det. j1.) Wl 

it will alſo be perpendicular to the 9. 

right line BK wich is in tie de 

plane EF produced : \\hereore WM m 

1 +. AB K is a right angle. By tle de 
5 3 ſame reaſon BAK is alſo a right WV : 
A 5 [> angle; and ſo the two aneles | i 
— 9 bo ABK,BAK of the triangle 43K, WW 

1 are equal to the two right angles p| 
ABK, BAK, which key 17. 1 i impoſhble : Therefore | We 
the planes Cp, EF produced will not mect. Wheretore Bl \ 
the planes © D, EF are parallel. 1 
Therefore thoſe planes to which the ſame right line 's | i 
perpendicular, are paral fel. AN hich was to be demonſtr: S ; 
ted. 55 : 


PROP. 


AI. 


Cap 
fight 
and 
3 im. 


Toit | 


Point I 
Of it, 
1 one | 


pro. 
their 


ine, 


oint I 
8 K. 
ular I 


J. 
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PROP, XV. THEOR. 


If two right lines touching one another be paralle 


to two right lines touching one another, but not 
in the ſame plane; the planes that Pals thr? 
_ them will alſo be Par all . 


For let two right lines a By B c touching one another be 


L parallel to two right lines DE, E F touching one another, 


but not in the fame plane : Lfay the planes which pals 


| thro A B, BC, DE, EF if produced wilt not mect. 


For [by 11. 11. ] draw BG from the point B Verde indi- 


cular to the plane paſſing thro' D E, E F, meeting the plane 


in G 3 and thro' 6 [by 31. 1. draw G H parall to E p, 


and G K to EF. Then becauſe 
BG is perpendicular to the plane © 2 
raſſing thro' p E, E , and b J 
3 def. 11. ] it will be at right 3 SR Tor 
angles to all the right lines that Vid. 
| ouch it, and are in-that plane; | | | | | 
| ind GH, G k, which are both | 44 
in ide plane paſſing” thro BDF, nll it} 1; 
E E, do touch it: Therefore the: tn [e 


angles 8 G H, B O K are each a 

light angle. And becauſe B A is peas el to G li, the an- 
dies GB A, B56 H [by 29. I.] are equal to two right an- 
ges. But 30 His a right angle j bis GB A will alfo 
be a right angle; and o G B is perpendicular to x a. Ey 
the lame reaſon B G is alſo pet rpendicular to BC. Iherefore 
becauſe the right line 3 6 ſtands at right angles to the two 
night lines B A, B C cutting one another : by 4 7.1 © RG 
allo is perpendicu! ar to the plane. paſſing thro' a E, EC. 
[and by the fame reaſon B G is perpendicular to the 
plane paſſing thro' C H, GK. But the plane pafling thra' 


CH, GK, is the ſame as that paſſing thro' pu, EY: | 


Wherefore BG 1s: Derpendicular to the plane paſſing theo 
DE. E F. But it has been proved that BG allo 18 perpens 
dicular to the plane paſſing thro' a B, B C. and it is, per- 


pendicular to the plane paſſing thro' DE, E F: Ther refore | 


BG 1S perpendicular to both the planes palling tue! A B,; 


, The words Wichin the braces, ou? lit to be omitted. 
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KCL BEEF, But thoſe planes to which the ſame rigtt 


line is perpendicular, {by 14. 11.] are parallel: "There. | 
fore the planes — thro” 4 B, B C53 b E, E x are pa | 


allel. 


| Therefore if two fiat lines Wehn one another he | 
parallel to two right lines touching one another, but not in 
the ſame plane ; thoſe planes which paſs thro' them will be | 


parallel. Which was to be demontti ated. 


P R 0 P. XVI. THE OR 


if any Prove cuts two parallel planes, their comme | 


_ ſeftions are aijo Parallel. 


For let ſome plane EFGH cut the two parallel rlanes Þ 
A By CD, and let the'r common ſections be EF,GH: I 


ſay EF is parallel to 6 H. 


For if they be not parallel, E r, GH being ode F 
will either meet . F, H, or. towards. . Let f 


them firſt be produced and meet towards F, H, biz. at k 


Ihen becauſe EF K is in the plane A 8, all the points ö 


taken in EF K will be in the ſame plane. But K is one 
of the points in EFK: Therefore k is in the plane az: 
by the ſame reaſon K is alſo in the plane c D : Therefore 
N the planes 4 B, © 9 being produced 
| will mect. But they are ſuppoſed 

not to meet, becauſe they are par- 

wo : Therefore the right lines 


ner we demonſtrate that the richt 

„„ lines k F, G H being produced, wil 

e not meet towards k, G. But thoſe 

ENF ICS 8 lines which being both ways pro- 

| N 

def. 1.J p paralle 1: Therefore E F, GH are parallel. 
Therefore if any plane cuts two parallel planes; thei: 


common ſections will be parallel, Which: was to be de- 
monſtrated. 


P PH , CH being produced will not. 
1 JÞ "> ee towards F, H. In like man- 


duced, do not meet, are [by 35. 


Boc 
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PROP. XVII. THE OR. 


Fi 1290 right lines be cut by parallel Plants, they will 
be cut in ihe e ſeme ratio. 


For let two right lines AB, ( p be cut by the parallel 
planes G 1, KL, MN in the points a, E, B, c, F, Dp: 1 
ſay, as the right line A E is to EB, ſo is c F to Fp. 

For j Join AC, BD, ap, let Ab meet the N K L in 
the point x, and join Ex, X F. 

Then becauſt the two paraile! planes K I, M N are cut 


by the plane EBDX; [by 16. 11. ] their common ſections 
1 8 arc Pa- — 
3 
ſame Wh be- Ba 
cauſe the two 2&4 
parallel planes | 


CK E--are 
cut by the plane 


AX FC, their | | 
common ſecti- IR 
ons AC, FX are T 
parallel: But 
becauſe E x is drawn parallel to one de pb of the trian- 
gle ABD, [by 2.6.]Jas A E is to E B, fo will ax be to 
XD. Again, becauſe x F is drawn parallel to one fide A 
of the triangle 4A bc; it will be as Ax to XD, fo is CE 
to r D. But it has been proved that as AX is to x P, fo is 
AE to EB: Therefore [by 11. 3. AS AE is to E B, ſos 
CF tO FD. 
Therefore if two right lines be cut by Salle planes, 
they will be cut in the fame ratio. Whic Wn was to be de- 
monſtrated, ES 


PROP. XVIII. . HEOR. 


to a rigbt line be at right angles to any plane, al 
the planes that paſs thro it will be at. right an 
1 25 to that plane. | 


Z— — — — — — — — 


For let the right une AB be a at right angles to ore give 
en pn. I fay all planes that pals the A B will be at right 5 
ang cs to that given Plane: Ol 

= 
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For let the plane p E paſs thro' the right line A B, and 
let the right line E be the common ſection of the plane 
D E and the given plane: Take any point F in CE, and 
from the ſame draw t & in the plane 
ty K D E at right angles to C E. Then 


| 1 — dicular to the given plane, it will 
| ES alſo [by 3. def. 11.] be perpendicy- 
| 4 Ex 17 lar to all Tl lines lying in the giy- 
/ en plane and touching it: Wherefore 

F ö it is alſo perpendicular to E; au 
| ſo ABF IS a right angle. But Gr: 

is alſo a right angle: Therefore (by 
23. 1.J AB is parallel to FG, But AB is at right angle 
to the given plane: Wherefore [by 8. 11.]F 6 alſo will be 
at right angles to that ſame plane. But [by 4. def. 11. one 
plane is at right angles to another plane, when right lines 
drawn at right angles to their common ſection in one 
plane, are at right angles to the other plane: Therefore 
the right line F & drawn in one plane p E at right angles 
to the common ſection c E is proved to be at right angles 


to the given plane. Conſcquently the plane p & is at right 


angles to the given plane. After the ſame manner we de- 


monſtrate that every plane paffing thro' A B is perpendicu- 
lar to the given plane. 


Ir therefore a right line be at right angles to any given 
plane, all the planes that paſs thro? it will be alſo at righ! 


| Angles. to that given plane, W hich was to be demon- 


PROP. XIX. THE OR. 
a two planes cutting one another be at right. angle 


10 ſome plane; their common ſeftion Will 56 at 


Tight angles to the ta me Powe. 


For jet two planes AB,B c, cutting one 3 be at 


right angles to ſome given plane ; + and let their common 
ſection be BD: I the right line BD is at right angie» 
to that given plane. | 

Por if it be not, [by 11. 15 draw the right line DE 
from the point D in the plane AB at right angles to che 


riglit line A , and | in the PRE EC draw DF at right an- 


gles 


| becauſe the right line A B 1s perpen. | 


anglesBAC, CA v, D A B, taken together , are greater than 


: the third. 
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oles to CD. Then becauſe the plane A h is at right angles 
to the given plane, and DE is drawn in the plane AB at 
right angles to their com- | 4 
mon ſection AD; DE will | 
be perpendicular to the gi- | ny. 
ven plane. After the lame | | 
männer we demontftrate N 
that Þ F_ is alſo perpendieuu u l 
lar to the given plane: 
Therefore there are two 
nigbt ines drawn, on te A DD 
ſame fide, from the ſame \ N \ 
point Þ at right angles tothe. Do Nie BN 
given plane, which [by 13. 
11.] is impoſſille. Therefore no right line but b B, the 
common ſection of the planes , C Þ, can be drawn 
from the point D at right angles to the given plane, 
Therefore if two planes cutting one another, be at right 
angles to ſome plane ; ; their common ſection will alſo be 
at right angles to that tame plane. Which was to be de- 


3 
[ 
cal 


* — II Ree Get et _— RI 


GE 
i" 
PRs 


monit rated. 


KO P. XX. T1 HEOR, 


If a folid angie be contais 2d under three plane an- 
gles, any 1700 of them taken together, are greater 
than the third, 


For let a ſolid angle at A be N under. the chte 
plane angles f AC, CAD, BAH. I ſay any two of thei 


For if the angles BAG, CAP, HA be cqual to one 


another, it is manifeſt that any two of them, taken to ge- 


ther, are greater than the third. If not, let h AC be the 


greateſt of the three angles; and at the right line Ax, and 
at the point A in it (by 23. I.] make the angle B A E ln tue 
plane paſting thro' B AC equsl to 


dhe angle DAB; and [by 3. 1. MN 

make AE equal to AD; allo is 5 A N 
the right line E K C drawn thro' Tr 

cut the right lincs A By AC in . 25 * 
: Points B, „ and Join DP, Dc 5 V 
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Then becauſe p A is equal to AE, and AB Is common, 
the two ſides D A, AB are equal to the two ſides a E, AR, 
and the angle D A B is equal to the angle ; A E: Therefore 
| Fby 4. 1. the baſe DB is equal to the baſe BE. And be. 
cauſe the two ſides b By D C are greater than BC, but yr 
| has been proved to be equal to BE; the remainder p 
mo En will be greater than the remainder Ec. And becauſe p 
. 18 equal't to AE, and A & is common, and the baſe De! 
greater than the baſe Ec; [by 25. I.] the angle DA 
vill be greater than the angle E a c. But the angle DAB 
aas been proved to be equal to the angle BAE; wherefore 
the angles D A B, DA C, taken together, are greater than the 


angle BAC. Allo after the ſame manner we demonſtrate, if 


. | any two other angles be taken, they are both together 
"NY grcater than the third angle remaining. 

— Therefore if a ſolid angle be contained under three plane 
angles, any two of them, taken together, are greater than 
the third, Which was to be demonſtrated, 


PROP. XXI. THE OR. 


Every folid angle is contained under plane angee 5 tha; 
{taken together] are leſs than four right angles. 


Let the ſolid angle at A be contained under the plane 
| angles BAC, CAD, DAB: | ſay the angles BAC, Cab, 
DAB, taken together, are leſs than four right anzles. 


For in each of the right lines AB, Ac, AD, take any 


points By C, Dy and } join BC, CD, DB, Then becauſe the 
| 3 ſolid angle at B is contained under the 
5 three plane angles C B A, A BD, C BD; 
/ \. any two of them, taken together | by 
55 20. II.] are greater than the third: 

55 \ Therefore the angles CBA, ABD are 
greater than the angle cBD. By the 
— > lame reaſon the angles B C A, Ac p, 
3 © taken together, are greater than the 
; angle BCD allo the angles c DA, ADB are greater than 


the angle CDB: W herefore the 11x angles CBA, ABD, 


aA, ACD, ADC, ADB are greater than the three angles 
* r ECD, DS. But [by 32. I.] the three angles 


n b, BCD,CDB are equal to two right angles: Therc- | 


fre the fix angles CBA, ABD, BCA, Ac b, ADC, ADB 
„% greater than two right angles. But becauſe e-4 ey: 


1185 2. * 


PTY Ty. © fg 
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angles of each of the triangles A C, ACD, ADB ate 


equal to two right angles, the nine angles of the three tri- 
angles CBA, ACP, BAC, ACD, DAC, C DA, 5 
55 A, BAD, are equal to ſix right angles. But fix of the 
angles, viz. AB C, BCA,'ACD, BAA, XB, BBA, are 
greater than two right angles: Therefore the three remain- 
ing angles BAC, CAD, DAB, which contain the folid 
angle, will be leſs than four right angles. 

Wherefore every ſolid angle is contained under plane 
angles [which taken together | are leſs than four right an- 
ges. Which was to be demonſtrated. | 


PROP. XXII. THEOR. 
If there be three plane angles, any two of which ta. 
len together are greater than the third, and the 
lines containing theſe angles be equal; a triangle 
may be made of the three right lines Joining thoſe 
equal right lines, 


Let there be three plane angles ABC, D 2 P, GH Ek, any 
two of which taken together, diz. the angles ABC, DEF 
are greater than the angle GHK, the angles D E F, GH K 
greater than the angle Ah c and the angles G Hk, ABE 
greater than the angle pEFH ; and let the rigbt lines A: Bi 
BC,DE, EF, GH, HK be equal; and join AC, DF, GK; 
I fay, a triangle may be made of three right lines equal to 
A c, DF, G K; that i Is, any two of theſe right lines Ac, 
DF, GK, taken together, are greater than the third. 

If the angles ABC, DET, GHK are equal to one an- 


other; it is manifeſt a triangle may be made of three right 
lines equal to A c, DF, GK, But if not, let them be une- 
qual, and at the rloht line HK, and at the point H in it, 


by 23. I.] make the angle K H I. equal to the angle A Bc; 
and make H L equal to either Ap, BC, DE, EF, G H, or 
HK; and join G 1, K L.-T hen becauſe the two fides 


AB, B C ate equal to the two ſides K H, H, and the an- 


dle at Bis equal” to the angle K L ty by 4 1. 1 the base 
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A C is equal to the baſe K I. And becauſe the angles a Ec, 
G H K together are greater than the angle DEF, and the 


angle ABC is equal to Kk HL; the angle GHL will be 
greater than the angle DE F. Alſo becauſe the two fides | 
GH, HL are equal to the two {ſides DE, EF, and the an- 


ele GHL is greater than the angle E; the baſe GL [by 
24. 1.] will be greater than the baſe pP. But [ by 2.0.1 0 
GR, K L. together are greater than G L: Therefore 6% 

K L are much greater than DF. But K L is equal to 4 8 


Wherefore A c, G E together are greater than the remain- 


der DF. After the. 3 manner we demonſtrate that 
AC, DF are greater than GK, and GK, DF greater than 
Ac. Therefore [by 22. 1.] a triangle may be made o 
three right lines cach equal to AC, D F, GK. 
Otherwiſe. | 
Let the three given plane angles be anc, DEF, G H k, 
any two of which, taken together, are greater than the 
third; let the equal right lines AB, BC, DE, EF, GH, H 
contain them, and join AC, DF, GK: 1 lay a triangle may 
be made of three right lines equal to Ac, D, GK, that 
1s, any two of theſe right lines, taken together, are great- 
er than the third. Therefore if again the angles at the 
points b, E, H are equal, the right lines AC, DF, G K 
fby 4. 1. ] will be equal, and any two of them will be 
greater than the third. But if not, let the angles at the 


points B, E, H be uncqual, and let chat which is at B be 


1 


greater than that at E or H: Then (by 24. 1.54 the right 


line & C will be greater than DF or G K; and it is maui- 


feſt that Ac, t together with D F or G K is greater than the 
remaining line : 1 ſay alſo that D F, GK together : are great” 
er than ac. At the right line A B, and at *he point 5 it 


— 


[by 23. 1.] make the angle AB L. equal to the an- 


4 


el: uk, make BL equal to either AB, BY, D. 


E F, G H, or HK, and join AL, A C. Then because 
two ſides A h, EL are equal to the 1 two me G H, AK, 


mY 


7 


t 


Book XI. Euclid' s Elements. 335 


| each to each, and they contain equal angles; [by 4. I.] 
| the baſe A L will be equal to the baſe K. And becauſe 
| the angles at the points E, H, are greater than the angle 


ABC, "but the angle G HK is cqual to the angle A BL; 

the remaining angle at E will be greater than the ale 
BC. Alſo becauſe the two ſides a B, Bc are equal to 
the two ſides D E, E F, each to each, and the angle DEF 
is greater than the angle LBC; the baſe DF [by 24. 1] 
will be greater than the baſe Lc. But G k has been pro- 
ved to be equal to AL: Therefore DF, GK are greater 
than A L, LC. But [by 20. I. AL, Le are greater than 
ac: Therefore D x, G k will be ah greater than Ac. 


Wherefore any two of the right lines Ac, Dr, GK are 


greater than the third; and accordingly [by 12. 1. ] a tri- 


age Foy be made of three right lines equal to A C, DE, 


Which was to be demonſtrated, 


PK O-P; XXIII. PROBE, 


7 make a ſolid angle of three Plane a, gles, auy te. 


of which, taken together, are greater t than the 
third : But the three plane angles s, Faren together, 
muſt be leſs than : four right angles. 5 


Let the three given plane angles be ABC, DEF, Hk, 


any two of 2 taken together, are greater than the 
third, and all ot t nem together leß than Eat right angles 


* 


A * T D — 


It is required to ma ke a ſolid an gle of three angles equal 


WABC, DEF, G HE: 
Cut off the equal right lines A B, B C, D E, E F, 6 K, 


HK; and join Ac, DF, GK. Then [by 22. 11. ] a tri- 
angle may be made of three right lines equal to A c, br, 
Kk. Let this triangle as L AI N be made by 22. 1. ſo 
* that A c be equal (0 LM; DF to ba &, and GAO LN: 
| T nen 


if poſſible let it be Jeſs; and make xo cqual to AB; x2 
equal to BC; and join o P. "Then becauſe A B 1s equal to 
B C; xo will be equal to x: Therefore the remainder 


Is parallel to 0P, and the triangle L M x equianguiar to th 


AC: Wherefore AC will be greater than. O P: Therefore 
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Then [by 5. 4] deſcribe a circle L M N about the triangle 


I u N. Find the centre of this circle, which will eithe; fo 
be wichin the triangle L MN, in one of its ſides, or out | al 
Of It, L 
Firſt Jet the centre x of that circle be within the trian- . 
gle, and join L X, MX, N x: I ſay A B is greater than L. rl 
For it it be not, A B will either be equal to Lx, or le; } 2 
than it. Firſt let it be equal ; then becauſe AB is equa] | t 
torx, and AB is equal to B ; LX will be equal to nc 9 
But Lx is equal to x 1. Therefore the two ſides A HU, 1: b 
are equal to the two ſides L x, x M, each to each; and the 1 
baſe A c is made equal to the baſe L M: Wherefore {hy 5 
8. 1.] the angle AB e is equal to the angle L X M. E 5 
the ſame reaſon the angle DE F alſo is equal to the angle t 
MXN, and the angle G Hk to the angle N XI.: I 5 f 


tore the three angles ABC, DEF, G HK, are equal to the 
three angles LX M, N XN, NX L. But the three ande 
I. XM, MXN, NXL are equal to four right angles: Thete- 
fore the three angles A nc, DEF, G HE will be equal ns 
four right angles. But they are ſuppoſed to be lefs than WF 
tour right angles, which is abſurd: Therefore AB is not | 
equal to L x. I fay allo that A h is not Jeſs than I. x. Fot 


«ant; ids FR. 


OL is equal to the remainder P M: and ſo (by 2. b.} LM | 


triangle ox: Therefore [by 4. 6.] as XL is to I M, {013 

x O to OP; and alternately [by 16. 5. ] as L x is to xo, 0 

is LM to o. But Lx is greater than x 0; therefore 1.1 
alſo greater than o p. But by conſtr. L M is equal to 


becauſe the two ſides A B, B C are equal to the two tives 
ox, xp, and the baſe AC is greater than the baſe o 
the angle A B C {by 24. 1.] will be greater than the ang! 
o xP. In like manner we demonſtrate, that the angle 
DEF alſo is greater than the angle Mx N, and the angle 
6 Hk, greater than the angle N Xx L: I here fore the th 


angles AB Cc, DEF, GHK are greater than the Ds in- 


cles L Xx M, MXN, NX L. But the angles ABC, DET; 
G HK are ſinpoled to be leſs than four right angles: U here- 


tore the angles L x My MXN. N XL will be much leſs than 


four 


than 


to Us 
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four right angles. But they are alſo equal to four right 
15 Which is abſurd. "Therefore A B is not leſs than 

: It has been alſo proved to be not equal to it. Where- 
570 A B is greater than L x. [by the 12. 11.] raiſe the 
right line x R from the point x at richt angles to the plane 
of the circle L MN, and make the ſquare of x R equal to 
the exceſs whereby the ſquare of a B exceeds the ſquare. 
of Lx [by on toll. ], and join RL, RM, RN. Then 


| becauſe R x is perpendicular to the plane of the circle 
Lux, it will be [by def. 3. 11.] perpendicular to every 


one of the right lines 1 x, MX, NX. And becauſe LX is 
equal to x M, and XR is common and at right angles; the 
baſe I R [by 4. I.] will be equal to the bafe R N. By the 
ſame reaſon R N is allo equal to RL or RM, Thereiore 
the three right lines Ri, RM, RN are equal to one an- 
other. And becauſe the ſquare of XR is made equal to the 
exceſs whereby the 97 5 of AB excceds Rat of Enz; the 
ſquare of A 3 is equal to the IQUares of: LX, IR. But | by 
47. l.] the ſquare of R L is cqual to the Tevares of K, 
Xx R. For the angle A x R is a right angle. Therefore the 
ſquare of Ak will be equal to the {qQU are of RTL, and fo; 
AB 18 equal to RL. But each oi the lines BC, Dk, E FE, 
Gu, HK is equal to A 5 and R M. R N are each equal to 
K L. Wherefore cach of the right lines AB, BC, DE, E ; 
GH, H K is equal to cach of the right lines R I., RM, RN. 
And becauſe the two lides L R, R Mate equal to the two:: 
ſides A B, B C, and the baſe 1 2 [by conltr. g equal to 
the baſe Ac: The angle LR 1 85 8. 1. Will be equal 
to the angle A BC. By the fame reaſon #6 angle MAN 
15 cqual to the angle DEF, and the LR N equal to 


dhe angle G HK. I herefore the ſolid angle at R is made 


of three plane angles ARM, MR, LRN Which ate equal 
[C0] the three give 1 Wangles X 3 C5 D Ez fy 3 5 HK. | 


4 * 
« 
: | 1 „ 
. \ — | ; >. 75 \> 
8 '/ * 
. \ # Fe, N | 
a / \ , N \ 
2 1 8 IJ 
l fe [ 4 3 \ * 
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* 1 \ * * WS. 
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hy | But 
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But now let the centre x of the circle be in one ſide 
MN of the triangle, and join x L: 1 fay again that az i, 
greater than 1.x, For it it be not, AB is either equal to 
L x, or leſs than it. Firſt let it be equal : "Then the two 
ſides A B, Bc, that is, DE, E F are equal to the two fide 
MX, X L, that is, to M N. But MN is put equal to x: 
Therefore DF, E F are equal to DF: which [by 20. 1,] 
cannot be: I herefore AB is not equal to L xXx; nor like- 
wiſe is it leſs : For then a greater abſurdity would follow. 
Therefore A B is greater than IL. Xx. And if after the ſame 
manner as above, R x be drawn at right angles to the plane 
of the circle ſuch that its ſquare be equal to the exceſs of 
the ſquare of A B above the ſquare of Rx [by the ſubjoined 
lemma] the problem will be reſolved, 


Again let the centre x of the circle fall widows the tr:- 


angle L MN, and join Lx, MN, Nx. I fay in this caſe 


A B is greater than L x. For if it be not, it is either equal 


to it, or leſs. Firſt let it be equal: Then the two ſides 
AB, BC are equal to the two ſides MX, XL, each to cach, 
and the baſe a C is alſo equal to the baſe ML : Therefore 
{by 8. 1.] the angle a nc is equal to the angle M x L. By 
the ſame reaſon the angle GHK is alſo equal to the angle 
ESN:: IN nerefore the whole angle MXN is equal to the 
two angles ABC,GHK, 

H But the angles A BC, 
G H K are greatel 
than the angle DEF; 


MXN is greater than 
DEF. And becauſe 
the two ſides DE, EF 
are equal to the two 
ſides Mx, XN, and the 
baſe PF is equal to the 
baſe iN; [by 8. 1. 
the angle MXN will FN 
cqual to the angle DEF 
But it has been alſo 
proved to be greater: 
which is abſurd : there- 
fore AB is not equal to 


1 
$4214} 


and therefore the angle 3 


L X. We hall Prsſent— I 
ly demonlirate that it 
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i: not leſs: Wherctore it muſt nCccc fluily le greater. And 


if again x R be drawn at right angles to the plane of the 
circle ſuch, [by the (ubjoin, d lemma] that its ſquare be 


equal to the excels whereby the ſquare. of AB excceds the 


ſquare of 1, &, the problem is halved, Now I ſay that 
AR is not leſs than EN. For if it be pofnible, let it be 
Jeſs, and make xo equal to AB, and. xb equal to B, 


and join o P. Then becauſe A B is equal to BS; xo will 


be equal to x: Therefore the remainder 01, is equal to 
the remainder PM: Wherctore [by 2.6.) LM is parallel 
to PO; and ſo the triang! e LN X 18 cquiangular to the 
triangle P XO: Wherefore * 4 L. 6. Jas LX is to I. M, fo 
1 JO to Op: and alternate! Y 4 I N is to TG „ 0 is I. N 
to o P. But L is greater than xc; therefore 1 M4 allo is 
greater than o p. Bur Ey conftr.} L is equal to A; 
than oP; and ſo becauſe the 
two ſides AB, he are cdu to the two Fades 08; LP, cant 
to each, and the DATE. A C is greater han the bafe o; [by 


a * , Fa, 11 1. — — 
WiHereo f. LED {A A Vi 111 15 _  LCALEL 


5 I. ] the a Angle ABC Wil $7 gFreate r thin the angle OX P. | 


in like manne! * R be taken equal to & o, Or xP, and R 
be joined, we demonſtrate that che angle G HK is greater 
than the angle Oc R. At the Fight line L x, and at the 
point x in 5 thy make the angle Lx's equal to the angle AB c, 


and 6%] IE gie os. % 'T CO 11 to the . 05 14 K 2 5 make 8 N35 


X each 3 to o N, and jon os, 0, T. Then be- 
uſe the two fides a 3, BC are equal to the two ſides o x, 


x5; and the angle A h C is equal to the angle Oo xs, the 


baſe LC or L NI * 4. 1. J Will be equal to the IF Os. 
By the i: imme rcaſon LN is alſo eouatto or. And becaufe 
1 - | | 3 8 1 0 My x 
the two ſides ML, LN ate equal to tke two des Os, 0 r; 


. * * 7 : 4 , g 
ard the a ing! e M LN is greater than e ange SOT, the 


N * 1 5 "of 2 8 5 0 
baſe i N by 24, 1. J is greater than the baſe s T. But 
5 6 3 1 . 
NI N. 18 eat, to F. R re DF Un dor Sreater than 


1 
15 


S T. Thereibre 


23 


25 „ gi angle DEF is greater 
than the angle s T. But the angle sx r is cqu al to the 
angles a h C, HK: Therefore 0 angle „ F is greater 
than the angles AB C,:G HK: but It 15 leis too: whuch 15 


9 » 
7# \ 18 
mp 5 | 3:16 7 


2 2 LEM MA. 


ecauſe the two. tes D EF EBF A equal 5 
NA ; : | | M 1 , 13 . * (EI x 3 . | 
to the two des S X X T, ande the vale DF. is greater 
9 PER | 

15 n rt. 
than the baſe s T, {by 
5 4 
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planes are equal and parallelograms. 
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LEMM A. 


We thus demonſtrate how R x may be ſo taken, that its 
ſquare ſhall be equal to the exceſs of the ſquare of a n, 
above -LX. 5 1 
Let the right lines be An, LX, and let AB be the 


greater. Upon AB deſcribe the ſemicircle ABC: And 
in An C apply the right line A equal to 1. x, and join s c. 


Then becauſe the anole 
L . ACB. 1s in the ſcmicircle 
- ABC, the angle Ac n 105 


S/ i \, 
F DT N. 37 3-] will be a right ar 
/ | geile. Therefore the Go 


of AB [by 47. 1.J is equal 
to the ſquare of Ac, and 
to the ſquare of cy: 
Wherefore the ſquare of n excecds the ſquare of ac 
by the ſquare of cy. But Ac is equal to L x: Where- 
fore the ſquare of A excecds the ſquare of LX by the 
ſquare of h. Wherefore if x R be taken equal to c;, 
the ſquare of A n will exceed the ſquare of L x by the 


A 


1 : 
8 
METS 
wp 4 
4d 


| ſquare XR. Wähich was the thing to be done“. 


\ 


o As the nieaſure or relative quantity of a 1 right- lined 
angle, is the ſector of a circle contained under the ſides of the 


angle, or the arch of a circle deſcribed about the angular 


point contained between the ſides of the angle. So in like 
manner, is the meaſure of a ſolid angle, the ſector of a ſphere 
included by the plane angles, of which that ſolid angle con. 
ſiſts; or, the ſurface of a ſphere formed by the interſections of 
the plane angles of which a {old angle conſiſts, all meeting at 
the centre of the ſphere, is the meature of a ſolid angle. 

I have often thought that the theory of ſolid angles may be 
much further extended, and perhaps made uſeful. 


PROP. XXIV. THE OR:. 


7 a felid be. contained under parallel planes; the 


 OÞpofate Planes of. 1 are . and parallel. 
grams F. 


For let the fold CD GH be contained under the paralle! 
1 VVV 1 ſay its 0] Fpoine 


i 
gr VL 
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For becauſe the two parallel planes B 6, CE are cut by 
the plane ac, their common fſcctions [by 16. 11.] are 
parallel: Therefore a h is parallel to Þ C. Again, becauſe 
the two parallel planes BF, AE are cut by the plane A 83 
their common ſections are parallel: Therefore A P is par- 


IC allel to B C. And becauſe An has been proved to be paral- 
d lel to D ©: Therefore ac is a parallelogram. In like 
| manner we demonſtrate that DF, FG, G 15 Br, AE are 
c WM cachof them parallelograms. 2 
le Join AH, pr: Then becauſe a 5 B J 
„V parallel to pe, and nn to cx, \ 3 
„me two right lines A B, E H touching 8 
rc. WF one another will be parallel to the | | | 
2 two right lines pe, CF touching . D 
il one another, but not in the fame | / — 1} 
plane: Wherefore [by 10. 11.] they << NL 
Cc WW will contain equal angles: Therefore 1. 
e- dhe angle A B H is cqual to the angle p CF. And becauſe 
he W {by 34. 1.] the two ſides a B, BH are equal to the two 
B, des bc, CF, and the angle A H is equal to the angle 
ne ver; the baſe A H [by 4. I.] will be equal to the baſe 
or, and the triangle A BH equal to the triangle DC F. 
And (by 34. I.] the parallelogram B G is double to the 
d triangle A B H, and the paralle! ogram CE to the triangle 
8 DCF: Therefore the parallelogram BG is equal to the 
bh | rarallelogram CE. In like manner we demonſtrate that 
ie WM ti parallelogram a C is equal to the parallelogram Gr, 
n- and the parallelogram. A E equal o the parallelogram 
of BFE. | 
a. I therefore a ſolid be contained under parallel lance, 
bs oppoſite planes will be equal and parallelograms. Which 
be was to be demonſtrated. 
? This propoſition does not always hold true, unleſs the ſo- 
lid has fix faces: for a ſolid may be contained under parallel 
he planes, and each of the oppokte planes will be indeed equal. 
- But ſome of them may not be parallelograms ; as, if the eight - 
angles of a cube were cut off by equal parallel planes. the re- 
l ſolid would conſiſt of eight equal and oppoſite trian- 
"e gies and eight equal and oppoſite eee or eee 
ſite 
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as the ſolid N v is of the ſolid H v. 
be equal to the baſe wv F, the ſolid I. v will { „e Equal to. the 


will exceed the ſolid N Y; and if jels, [ef 


PROP:XXV. THEOR: 
Tf a ſolid par 1 eg be cut by a plane, far, 
10 its oppoſite planes: I et be-as the baſe 1 1 
the baſe, ſo is the 22 10 the ſolid . 


For let the ſolid parallelepipedon a B c Þ be cut by the | 
Plane vr parallel to the oppoſite planes RA, UH: [ fiy 


as the baſe AEFQ is to the baſe E HC F, ſo is the | [lid 
AB F K to the folid EGC B | 


For produce AH both ways, and take any number of 


parts E M, MN each equal to EH, and any others K, Kl 


each equal to AE, and compleat the parallelograms 1 0, 


K Q, HW, MS, and the ſolids LP, k R, DM, II F. Then 


becauſe the richt 


* „„ | lines. IK, K 
)))) LE Pe IS A E are equal to 
2 3 r ine another, the 

PP TN AN DK FE AE. 

4 | oh 5 5 | paralle 109 rams 


| 1. 0 K AT, 
1 by 38. 1.) will 
4 — N > 8 Le equal to One 
7 another z as allo 
the parallelo- 
grams KX, K B, AG; moreover the parallelogr ams I. v, 
K P, AP. are [by A: 11. J equal to one another; „ for they 


are oppoſite parallelograms. By the fame reaton the par- 


allelograms k c, HW, MS are equa! to one another; as d 


the oarallcdograns HG, HI, IN, are cqual to one another: 
and ſo are the parallelograms DH, MF Nr: Therefore 


three planes of the ſolids LP, K R, A x arc qu 4 to three 


planes. But theſe three planes ale equal to the three op- 


polite ones: Therefore [by 10: def. 11. the three folid 
L P, K R, A Y Will be equa! [Q One another 5 By the fame 


reaſon the three ſolids E D, 5 M, J T are equal to one an. 
other: Therefore che baſe L F is the ſame multiple of thi 
baſe A F, as the ſolid L y is of the ſolid A V. Py the ſaine 


reaſon, the baſe N F is the ſame multiple of the bale f=, 
Again it the 5 ife Lk 


ſolid v, and if L F excceds the baſe & E, the . 4 


2 
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therefore four magnitudes, dz. the two baſes A FE, FH, 
and the two ſolids A v 7 H. and there are taken equimul- 
tiples of the baſe A F, and the ſolid ay, iz. the baſe L F, 


0 the ſolid L V, and the vaſe 7 F, and the ſolid N : 
And it has been demonſtrated, if the baſe lr exceeds the 
baſe N F, the ſolid L y does exceed the fold & M; and if it 


be equal, equal ; if leſs, leſs. Therefore {by 5. def. 5.] 


2s the baſe A F 1s to the baſe F H, ſo is the ſolid A v to the 
ſolid v H. Which was to be demonſtrated. 


g The demonſtration of this theorem is another. proof of the 
exiſtence and truth oi the fifth definition of the fifth book. 


PROP. XXXVI. PROBL. 


To make a ſolid angle at a given right line, and at 
4 given point in it, equal to 4 TO folid 


angle” 


Let the given right line be a B, and A the given point 
in it : and let the given folid angle be at o, contained un- 
der the three plane angles E DC, EDF, FDC: it is re- 
quired to make a ſolid angle at the given right line AB, 


and at the given point A in it, equal to the ſolid angle 


at D. 
Take any point F in the line P, from which [by IT: 
II.] draw F perpendicular to the plane Palins thro” E D, 


Dc, meetipg the plane in the point G, and join DG: 


Again make | by 23. 1.] the angle h A T, at the given right 


ine A B, and at the given point A in it, equal to the an- 


cle EDC, and the 


| Av | 10 
angle BAK equal to EN N. 
the angle E DG: and 0 | N | AN 
(Oy 3. I.] make AK 5 EN 
equal to DG, and [ by 7 | . 5 | \ * 1 
z ES Pao 5 N 0 
from Kat right an- yy F ( . 
Aes to the plane paſ- . 5 : 1 qo 
ing thro” BA L., and e 0 : 


make KH equal to G F, and join H A: 1 fay the foli an- 


ole at A, which is contained under the angles B A , B A u. 


HA L is equal to the ſolid angle at D comprehended under. 
tle angles E Þ EDF, FDC, 


< 4 For 
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For take the equal richt lines Ar, pr; and join » b 
K B. FE, 0 E. Ihen "becauſe: F G is perpendicular to the 
plane dizwn thro' E D. DC; it will be perpendicular to i 
right lines that touch it, apd are in that plane by 2 2; 
11.]: Therefore the angles FG D, FG arc each of 1 
a right angle. By the ſame reaſon the angles H KA, HB 
are each of them a right angle. And becauſe the two fides 
K A, AB are equal to the two ſides GP, D E, each to 
* each, and they contain equal angles; the baſe. ; K will he 
[by 4. I.] equal to the baſe EG. But K H is 8 0 
GF, and they contain right angles: Therefore fu B is equal 


torr. Again, becauſe the two fides 4 K, K H are eq 


to the two tides HG, r, and they contain equa] ans, 

the baſe a H will be equal to DF. But A B is equal to 

DE; I herciore the two ſides HA, AB are equal. to the 
two ſides F b, D E, and the vaſe HB is equal to the ” 
FE: Therefore the angle 3 A H will be equal to the any 


EDF: By the ſame reaſon the angle HA I. is equal to the 


angle F Dc, viz. if we take A 1, DC equal, and join K i, 


HL, GC, Fc, becauſe the whole angle B A IL. is equal to 
the whole angle E Dc, and BAK is put equal to E BG 
the remaining angle K A. will be e. val % te 3 emanning 
angle G h . And becauſe the two ſides K A, AL, ue 
equal to the two ſides 6D, Dc, and CNA gon tain equal 
angles; the baſe K L [by 4. I.] will be equal to the bate 
6c. But E H is equal to r: Therefore the two ſides 
1 K, K H are equal to the two 3 C, F; and they 
contain right angles; wherefore the baſe HL is equal to 
the baſe F C. Aga un, becauſe the two ſides H A, A L. are 


equal to the two ſides F D, BC, and the balc HL is £qu: al 


to the baſe PC; the angle HAL [by $ ] will be eg | 
to the angle F Dc, and the angle n a l. nee to the angle 
E DC. | 


Therefore a ſolid angle is made at a given right line, and 
wen ſolid angle. Which 


at a given point init, equal to 4 
was to be done. 


5 
2 

a 

— 


r The ſolution of the following problem would be new, 


wir. a ſolid angle confiitt ng 'of three equal plane ang ics being 


g en: To find a ſolid angle confiit! ing of four equ al: plane ail 
pics, that all be equal to it, when pofſible. 


Þ R Q 7 
> 8 f 
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PROP. XXVII. PROBL. 
Upon: a given right line to deſcribe a ſolia paratlelepi- 
eden fimilar and alike ftuate /c a given ſolid par- 
4 elepipedon 5, 


Let the given right Une be AB, and the Ivan ſolid 
paral.clepipedon be De : It is required to deſcribe a par- 
allele. bipedon upon the given right line Ah, 
like fituate to the given ſolid parallelepipedon Þ c. 

For at the given right line AB, and at the given point 
A Ini it, make the ſolid angle which is contained 1 85 the 
plane ang es B A H, HA Ek, KAN, equal to the ſolid angle 


c; fo 1 the angle RA H, be equal to the angle ECF, 


ine angle 8A & equal co „ 
ECG, 81 the angle K AH N 
equal to the angle G CF. | Þ 


Then [by 2. 6. make as Page 
. ; 8 . / 1 ; : [ | 

EC Is tO C G 10 is B A to = Jo | EI 
1 


A, and 5 G C-18-t0 CF, 
PY 0 F c : : =_ 85 \ 
ſo is K A to A H. Then 
by equality of ratio [by 22. 


7 
| 


pleat the  parallelogram B H and the. f. ig A L. 

Then becauſe it is as EC is to C, ſo is n A to AK, 
the ſides about the equal angles EC GH, BAE. ae proper: 
tional: and fo [by 4. 6. the parallel; Fram GE, is fimilar 


to the parallelogram K B. Allo by t the ſame rea don, the 


Para Helooram EH is ſimilar to the parallelogra im G F., and. 


Therefore 
are fimilar to thice 


the p arallclogram F E to the parallelonram H E: 
three parailelograms of the ſolid- c B, 
parallelograms of the ſolid A l. 
three oppolite paral! elograms are cc 
Therefore the whole ſolid c D will 
lod A L. 
Therefore upon a given right line a Þ 
pipedon A L is deſcribed ſimilar to 4 «iv ve 
3 CD, and alike ſituate. 


} 
Y 


11 and hmilir tothe. 
0 lmilar to the whole 


* 
4 


. 
? 
4 
a aſl 


parallele 


Wh: ich was to be done. 


$ 4. es f TY | | 
I' wo ſolids are ſaid to be alike fituate, when their homo 


logous or anſwerable planes have like fi tuations. 


{1mijar and 


5. Las E & is to CF, ſo Will BA be to A H. Laſtly, com- 


Put [by 24. 11. the 


{fold Para... „ 


— 
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PRO P. XXVIII. THEOR, us 

If a ſolid parailelepipedon be cut by a plane paſim WY de 
thro the diagonal; of the oppoſite porallelograns. ane! 


the ſolid will be cut — that plane into two equa] | FE 


Parts. 36. 
For let the ſolid F A B be cut by the plane ye 
DEF paſſing thro' the diagonals CF, DE of two oppo- lan 
ſite plancs: I fay the ſolid a B is cut in Half by the plane A* 
C DEF. the 
For becauſe (by 34. 1.] the trim. an 

b gle ce x is equal to the triangle CBE, thi 
„ and the triangle ADE to the trian Tic co 
| 0 DE H, and [by 24. 11.] the parallelo- th 


| gram C A iS equal to the. parallelo- 


Ci 


S gram BE, for it is oppoſite : and the 


: 9385 parallelogram G E is equal to the Pate 
% e dllelogram e H by 10. def. 11) the 
555 1 priſm contained under the two trian- 


cles CGF, Aa DE, and the three e par- 
allelogra ims GE, AC,CE is equal to the priſm contained 
under the two triangles C FB, DE H, and the three par- 


allelograms C H, BE, CE : for they are conta ined under 
equal numbers of cqual planes. 


Therefore the whole oli A B is cut in \ half by t the plane 
CDEF. Which was to be demonſtrated, 


PROP. XXIX. THE OR 
Solid parallele pi pedons, ſtanding upon the ſame 155 
and having the ſame altitude, and whoſe ſites 


ſtanding upen the common baſe, terminate in te 
ſame right lines, are equal to one another. 


For let the ſolid parallelepipedons c u, e N, of the ſame 
altitude, ſtand upon the ſame baſe AB, and let their ſides 
AF, A'G, LM, LNB C D, CE, BH, BK terminate in the 
right lines F N, DK: I ſay the ſolid Cu is equal to the 
ſolid c N. | 5 


For becauſe C H, ck are both pa lc by 34. 
I. | 3 VIII be cual tO D H, Or E K 3 therefore D H 15 
qual to EX. Take away E, which is common; tber 


* - 
A 
41140 
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the remainder Dr is equal 
to the remainder HK; 
and ſo [by 8. 1.] the tri- 
mele D E C is e qual to the 
tiangle HE B. But by 
3b. 1.] the parall cloors um. 
po 43 equal to the paral- 
elo Srdm HN. By the 4 — 
ame reaſon the triangle I 
AF G is equal to the triangle L. di N. But (by 24. 1 1. 
the parallelogram © CF is equal to the parallelogram B M, 
and the parai:elogram c to the parallclogram. BN; for 
they. ar G oppoſite. Therefore [by 10 def. 11 the priſm 
aer e under the two triangles AFG, DEC, and the 
three parallelograms AN, 6p, G6 c is equal to the priſm 
contained under the two triangles LM N, HB K, and the 
three parallelograms BM, N H, BN. Add the common 
ſolid, whoſe bate is the parallelogram AB, and its oppotite 
$GEHM: Therefore the whole ſolid parallelepipedon c 11 
is equal to the whole ſolid parallelepipedon CN. 
Therefore ſolid parallelepii zedons upon the ſame baſe, 


and having the ſame altitude, and w hoſe ti les ſtanding up- 
on the common baſe, terminate in the fame right —_ Toke 


equal to one another. Which was to be de monſtrate 


PRO! b. XXX. Ti JE. OR. 


Sel; a parall elepipedens „ Daving the Jeame baſe end at- 


litude, and <y hoſe fades feandimns upon the common 
vaſe ao not terminate in the fame 7 
2 equal 40 one -ano!Þer. 


18 * 


For let the ſolid Parallelepipedops Cn, CN. be upon 
the: . me baſe A 3g 415 d have the lame altitude, at 0 let 
their fide 'S. A F, 7 810 L M, I. N, C D, C E 3-H; BR, land- 
ing upon the baſe not bring te in the ſame; right Ee 


| 1hiy the ſolid C At is equal to the Ed CN. | 
For produce N is DH; 28-7831 -G By F My. and ict 


them meet in the points 0, R. P, x4 and join AS, I. 03 


"CPB: 


The folid-c 37, whoſe baſe is ty e Paralleiogram ACP IL, 


and oppoſite- parallel: rant F DH NH is [by 29. 11,] equal 


0 the lol; 4 £c ©, A OI. C Date | 15 5 8 2 talllogram A C > Ly 
2 | and 


#ioh 722 „g 
t 11% „ Ne 


__ allelogramxpy. 
Rn | for they ſtand | up 


on ACBL, and their 


| on the baſe af, 
AX, LM, LO, Ch, 
P, B H, B R 0 
terminate in the 
N ſame right lines 
F O, D R. But the 
ſolid C o, whoſe baſe is the parallelogram AC n L, and the 
parallelogram x P RO oppolite to it, is [by 29. 11.] equal 
to the ſolid c N, whoſe baſe is the parailelogram ac h L, and 
paralleJogram oppoſite to it is GE KN; for they both have 
the ſame baſe A C B I., and the ſides ſtanding upon the baſe 
AG AS CEC LN LO BEKAR; pe bh the 
ſame right lines GP, NR Wherefore the ſolid cM is e- 
qual to the ſolid C N. 
Therefore ſolid parallelepipedons having the ſame baſe 
and altitude, whoſe ſides ſtanding upon the common baſe 
do not terminate in the ſame right lines, are equal to one 
another. Which was to be demonſtrated. 


PRO p. XXXI. THE OR. 
Solid parallelepipedons, ſtanding upon equal baſe es, 


and having the ſame altitude, are equal. to one 


another. 


Let the folid parallelepipedons AE, CF {ſtanding upon 


the equal baſes A B, C Þ have the ſame altitude: I ſay the 


ſolid a E is equal to the ſolid c F. 

Firſt let the ſides ſtanding upon the baſes n K, B E, A0, 
LM, OP, DPF, Cx, RS be at right angles to the bates A B, 
Cp, and let the angle A L B "be unequal to the angle 

c RD; continue out CR directly to r, and at the right ine 
Ar, and at the point k in it, make [by 23. 1.] the angle 
Ew, equal to the angle ALB, and make RT equal 
to A T, and RW equal to L B, and through the point W 

raw x W parallel to RT, compleat the bale R x, and the 
ſolid vy W. Then be ecauſc the two ſides TR, RW are 


Eq 
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and oppolite par. | 


+ on the ſame | 5 


ſides ſtanding up | 


Book 


NI 
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equal to che two ſides A L, LB, and they contain equal 
angles, . the parallelogram k x will be equal and ſimilar to 
the parallelogram HL, And again becauſe A L is equal to 


r; and LM to Rs, and they contain equal angles: the 


mrallelogram R x will be equal and ſimiiar to the paralle- 


beram AM. By the ſame reaſon the parallelogram L E is 
equal and imilar to the parallclogram sw. Therefore 
| three paralleJograms of the ſolid a E are equal and fimilar 
to three parallelograms of the ſolid wy. But [by 24. 11.] 

| theſe paraVelograms are equal and ſimilar to the three op- 


114 


pole ones: Therefore the whole ſolid parallclepipedon 


kE1S (by. 10. def. 11.] equal to the whole ſolid parallele- 


inedon Y W. Produce Þ R, X W meeting in 2, and draw 
| Chro- T, parallel to D Z, continue out , o meet- 


2g one another at v, and compleat the ſolids Z y, RI: 


| Then the fold y Z, whoſe baſe is the parallelogram R Y, 
ind oppolite parallelogram is Z f, is {by 20.11 equal to 


— 


| the folid 7 v, whoſe baſe is the parallelogram R , and 
oppoſite parallelogram is w + : tor they Rand upon the fame 
| baſe K v, have the ſame altitude, and their fides drawn 
From the baſe: R Z, RW, TQ, TX, S5, 8 N, VI, V ter- 
minate in the ſame right! ines Z x, Jh. But the folid wy, 
b equal to the foid AE: I herefore the ſolid v z is equal g 


1 
{1 


to the ſolid A E: Again, becauic the para! 
[by 35. 1 .] equal to the paraliclogram 2 T; fer they 


| and upon the ſame baſe R IT, and are between the ſame 
| parallels R r, 2 x. But the paraliclogram RW X is equal 
to the parallelogram D; becauſe it is alto equal to ABE. 
Therefore the parallelogram Z reis cqu. al to the parallelo- 

ram c D. But b T is another paraliclogray | W. herefore 
| [by 7. 5.) as the baſe CD is to the bale DT, ſo is Zz T to 
EDT. =: Aj; - becauſe the ſolid p. ara! tele Pit eden 4 8 Cut by 


15 
118 


— 


lelogram RWXT. 
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the plane R F parallel to the oppoſite planes; as the ht 
C D is to the baſe D, ſo [by 25. 1 I.] will the ſolid ex | 
be to the ſolid K 1. For the fame reaſon, becauſe the (yg 


parallelepipedon Z 1 is cut by the plane R Y, parallel to the 


oppoſite planes, as the baſe z T is to the baſe DT, fo wil | 
the ſolid z y be to the folid R1. But as the baſe C D i5 1 1 
the baſe DP, ſo is the baſe z T to the baſe 1 b: There-] 


fore as the ſolid c F is to the {olid R I, fo [by 11. 5. is the 


ſolid Z X to Tb folid R1. - And ſince each of the ſolid; } 
CF, ZY has the ſame ratio to the loud R 1, the ſolid (E, 


[by 9. 5.}] 1s 8 to the ſolid z v: But the ſolid z v h 
been 4 to be equal to the folid A E. Therefore the ſo. 
lid A E will be equal to F. Now let the ſides ſtanding 


pon the baſe A G, H K, BE, I M, Cx; OP, DF, K 1 
not be at right angles to the baſes A B, CD: I fay again 
the folid a f is equal to the ſolid c F. For [by 11.11 
from the points K, E, G, M, P, F, x, s, draw the pcrpen- 4 


dieulars K N, ET, G W, NI h, PX, F Y, * Z, 81, to the 
plane of the bales, mecting the planes in the points N, 1,4 
| W. 7, K, 1,40 
6 5 F. ed es Ba Hs, ö 
WVC and 1; and join! 
, W \ N 17 * | y » 7 5 0 IV 
N 1 7 Nu 5 . 5 / | 1 DEE S TT > 8 78 5 5 15 9 8 f 
Eo „ nr „ TH; KY KH 
1547 * F | T \ 8 ̃ N 711 g 
7 F ACER CEE ENG II; vi FA | 
r e 30-101.J06S 
2 %% > on FX. N \ Aolid KH u ah 
E 5 2 - IN : 
3 . „„ A "EC ual to the ſo- 
9 ft * | — £4 * | a 


* lid PI; for the! 
ſtand upon the equal baſes K N, Ps, and have the ſame « 


titude, and their ſides Ranaing upon the baſes are at rat! 


angles to the baſes. But [by 30. II.] the ſolid kþ 
equal co the ſolid A E; and the ſolid P1 equal to the ul 0 
F: for they ſtand upon the ſame baſe, have the fame alt 
| tude: and their ſides ſtanding upon the baſe do not teri: 


Nate in the ſame right lines: therefore the ſolid A E Wil 1 


: be equal to the ſolid Cr. 

Whcrefore ſolid parallclepi pedons ſtanding upon n the ſam. 
| baſe ſe, and having the ſame altitude, are equal. to ONE ano 
ther. Whi ich was to be demonttrated. 


PROP 


—— — 


K JI. 
e baſs 
dc | 
E ſole 


to the 


o will | 
D 15 to | 
here 
ö ls the 1 
| folds | 
1 CF. 
At 4 h, 0 
the ſo. | 
anding 1 
F, RS 
again 
1.1119 
crpen-Þ 
to the! 
VN, I 
Y, 25 f 
Ad join I 


> Ns 


X 
Then! 


£ 1 
ena 
I. \'LIA 1 


will be 


the ſo- 


e fame 
Cano: 


S 
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F ave the ſame al- Le 
| tude: Wherefore | 
| cauſe the ſolid 1 CK is cut by the plane 
| DG, parallel to the oppoſite planes; it will be {by 25.11.) 


and the ſolid G k to the ſolid a B: 


 titude, are to one another as their baſes. 
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FRO FP. XXXII. 1 HE OR 


901 parallelepipedons that have the fame altitude, 


are tg one another as their baſes 


Let the ſolid parallelepipedons A B, © Þ have the ſame 


altitude : I fay they are to one another as their baſes ; that 


„ as the baſe AE Is to the baſe CF, ſo is the ſolid 4.8. to 


| the ſolid C D. 


the e mr AH e- 
ram A E, and upon the ba e F H com- 


For [by 45. I.] to F G ly 


qual to the parallelog 


| pleat the parallelepipedon C « having the fame Aude 3s 
| the ſolid C D. 


Then {by 31. II.] EP. I oI% 


, E TRE PN io Sn 
wal es the folie 5 


6K; for they ſtand | „ 
pon the equal 5 17 FFF 
baſes A E, F H, and . 1 . 


% the baſe II F is to the baſe c F, ſo is the ſolid A D to 
the ſolid oc. But the baſe F 11 is equal to the baſe a E, 
Therefore as the baſe 
AE is to the baſe c , ſo is the ſolid A h to the ſolid C D. 
Wheretore ſolid parallelepipedons, baving the n al- 
Whic 1 was to 
be demonſtrated. 


Here is another inſtance of the truth and exiſtence of he 


| fifth definition of the fifth book. 


PRO P. XXXIH. 11 E 01 K 
Similar felid parallelepipedous are to one another. in 
the Fripticate ratio of their hemols 67015 ſides. 


. AB, C D be Coils: ſolia- ey Helepin: OY and the 
ide A E homologous to the ſide CF: 1 lay the ſolid A 
has to the oe CD Xx TING triplicate of the ra: 0 Ot the eee | 


ak to the de 


For 
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For let E K, EL, EM be the direct continuations of 
AE, GE, HE, make EK equal to c F, EL equal to r x, 
and E M equal to F R, and compleat the ſolid K o, and the 
parallelogram K 1. Then becauſe the two ſides x K, EL} 

are equal to the two ſides CF, FN, and the angle k E L. is 
_ equal to the angle CF N, becauſe the angle A E O is equal | 
to CFN, ſince the ſolids a B, C D are ſimilar, the paralle- 
logram K L will be equal and ſimilar to the parallelogram 
CN. By the ſame reaſon the parallelogram K M will be 
equal and ſimilar to the parallelogram c R, and the paral- 
lelogram os to the parallelogram DH: Therefore three 
paralletograms of the ſolid Ko, are equal and ſimilar to 
| three parall-lo- } 
EN grams of the ſolid 
Ar cp. But [by 24. 
11. ] the three op- 
poſite parallelo- 


AI | lid are equal and 
K EN 1X hmillar to thefe:] 
: Therefore the 


the parallelogram baſes G K, K I. compleat the ſolids ! 


Lp, having the ſame altitude as the fold A B. Then be | 
cauſe from the ſimilarity of the ſolids a , c , it is as At] 
to c F, ſo is E G to FN, and E H to FR, and F c is equal 
to E K, and FN to E L, and F R to E NH; It will be as 
A E is to E k, ſo is G E to EL, and HE to E M. But [by 
1. 6.] as A E is to E K, lo is the parallelogram a G to the 
paralſelogram GK: But as G E is to EL, ſo is K to KI, 
and as HE is to E My ſo is PE to KM: Therefore as the 
parallelogram A & is to the parallclogram GK, ſo is G K to 
KL, and PE to k M. But [by 32. 11. ] as AG is to G E, 
ſo is the ſolid A B to the ſolid Ex. And as G K is to K L, 


ſo is the ſolid x E to the ſolid PL, and as PH is to KM, 


ſo is the ſolid p L to the ſolid Ko: And thereiore as the 
ſolid A is to the ſolid E x, fo is Ex to PL, and PL 10: 


K 05 But if chere be four magnitudes continual proportio. 


nals 


LI CEE: | grams in each ſo- 


whole folid - K 0] 
1 | [by 10. def. 17) 
is equal and ſimi- 
5 | lar to the whole 
ſolid c p. Compleat the parallelogram GK, and Ly 


whole 


upon | 
ö E X, 


n be- 


8 A k. 


equal 


be as 
ut (by 
o the 
5 K 171 
as the 
CK tO} 
0-G K, 
0 K Ly] 
3 KM 
as the 
Pp L tO 


port:o- 


mals 
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nals, the firſt to the fourth has a ratio [by 11. def. 5.] the 
triplicate of the ratio that the firſt has to the ſecond; and 
therefore the ſolid A B to the ſolid k o will be in the tripli- 
cate ratio of A B to EX. But [by 32. 11.] as AB is to 


Ex, ſo is the parallelogram a 6, to the parallelogram G k, 
and [by 1. 6.] the right line A E to EK: Wherefore the 
ſolid A B will be to the ſolid K o in the triplicate ratio of 


A E to EK. But the ſolid Ko is equal to the ſolid D, 
and the right line E K to the right line c F: Wherefore the 
ſolid A B has a ratio to the ſolid c p, triplicate of the ratio 
of the homologous fide A E to the homologous lide c F. 
Which was to be demonſtrated. 
Corollary. From hence it is manifeſt, if four right lines 
be * proportional, as the firſt is to the fourth, ſo is the ſolid 
parallelepipedon deſcribed upon the firſt, to a ſolid paralle- 
lepipedon fimilar and alike ſituate deſcribed upon the 
fourth; becauſe the firſt line to the fourth, is in the tripli- 
cate ratio of the firſt to the ſecond. 


* Continual i it ſhould be. 


PR OP. XXXIV. THE OR. 


The baſes of equal ſolid parallelepipedons are recipro- 
cally proportional to their altitudes. And thoſe ſo- 
lid ated whoſe baſes are ee 
Proportional to their altitudes, are equal to one an- 
other", 


Let a B, CD be equal ſolid parallelepipedons: 1 ſay ther 
baſes are reciprocally proportional to their altitudes ; that 
is, as the baſe E H is to the baſe d P, ſo is the altitude of ; 
the ſolid c p to the altitude of the ſolid aB. 

For firſt let the ſides ne upon the baſes A G, 
1% 1 , M , CM NE 
0D, P & be at right an- K B „5 
les to the baſes: I fy WF N 
as the baſe E H is to tle || | | 
baſe wp, ſo is CM to AG. | | 
For if the baſe EH be e- 
qual to the baſe d Pp, the H 
lolid A B is alſo equal to 


the ſolid CD; ; then will 


5 . 
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© M1 be equal to AG; for if, when the baſes E H, xe tl 
are equal, the altitudes AG, CM are not equal: the if 
ſolid a B [by 31. II.] will not be equal to the ſolid cy, A 
But it 1s ſuppoſed to be equal to it: Therefore the alti- ti 
tude c M is not unequal to the altitude AG: Wherefore ſt 
they are equal: and ſo the baſe E H will be to the bale M [ 
NP, as CM is to AG. Therefore it is manifeſt that the A 
baſes and altitudes of the ſolid. parallelepipedons aB,co 
are reciprocally proportional. 
But now let the baſe E H be unequal to the baſe * p, £ 
uz. greater than it, and the ſolid a B is equal to the ſolid = £ 
EP: Therefore c M 1s greater than AG. For if it be not, WF © 
5 the ſolids A B, D [by M © 
R * 2 31. 11.] would one SF 2 
1 = © N Q X be unequal : But they ö tl 
N N. 3 are ſuppoſed to be e- b 
NON r F Te qual: now make cr MW Cc 
| * equal to AG, and up- 1 
* T1-1- = & 4. the baſe NP, and MW d 
. N 1 NIR R — altitude r, compleat MW 1 
Yee IE; 0 che folid parallelepipe- = < 


| don QC. Then be- A 
"oval the folid AB is s equal to the ſolid c D, and Qc is an- [| 
other ſolid, and [by 7. F.] equal magnitudes have the ſame W 
ratio to the ſame magnitude the ſold A B will be to the ſo- 
lid c, as the ſolid c p is to the ſolid e Q But [by 32. 11.] MW < 
as the ſolid A B is to the ſolid C Q, ſo is the baſe E E to the b 
baſe Ny, for the altitudes of the ſolids A B, C Care equ al. r 
Eut as the ſolid c D is to C, ſo [by 25. II.] is the bile MW d 
v to the baſe Þ T, and [by 1. 6. fo i uc to er: 2 


Therefore as the baſe E H is to the baſe & p, ſo is the bale tt 
g to cr. But c is equal to A &: Therefore as te MW p 
baſe E H is to the baſe N , ſo is M to AG. Wherefore 1 
the baics and altitudes of the ſolid parallelepipedons 43 t 
Cp are reciprocally proportional. = t 

AGAIN, Let the baſes and Ana; of the ſolid paralle- = 

ee en A B, C b be reciprocally proportional; and let MW & 
the baſe E be to the baſe d P, as the altitude of the o- 
ld cp is to the altitude of the fold A B: 1 ſay the fold WM | 

AB is equal to the ſolid c p. | Wi 

For again let the ſides ſanding upon the baſes be 9 

115 abt :ngles to the baſes ; : and if the baſe EH be equal to 1 | 


the 
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the baſe d; and it is as the baſe E H is to the baſe N P, 


ſo is the altitude of the ſolid c p to the altitude of the ſolid 
AB; the altitude of the ſolid c p will be equal to the alti- 
tude of the ſolid a B. But ſolid parallelepipedons which 
ſtand upon the ſame baſe, and have the fame altitude, are 
(by 31. 11.] equal to one another. Therefore the ſolid 
AB is equal to the ſolid CD, 5 
But now let the baſe E H not be equal to the baſe x P, 


vis, let it be greater; then the altitude of the ſolid c Þ is 


greater than the altitude of the ſolid AB; that is, CM 
greater than AG. Again, make C T equal to AG, and 
compleat the ſolid c Qin like manner as before. Then be- 
cauſe as the baſe E H is to the baſe N , ſo is CM to A G3 
and A G 4s equal to er; it will be as the baſe EH is to 
the baſe P, ſo is mc to cr: But [by 32.11 ] as the 
55 EH is to the baſe R p; fo is the ſolid a B to the ſolid 
; for the ſolids A B, C Q have equal altitudes. And as 
u is to CT, ſo [by 1. C.] is the baſe 91 to the baſe 
DT, and [by 25. II. ] fo is the ſolid c p to the ſolid c Q. 
Therefore as the ſolid A B is to the ſolid e Q, fo is the 
ſolid c D ts the ſolid c Q. Therefore each of the folids 
AB, CD have the fame ratio to the ſolid c Q: Vherefore 
[by 9. 5.] the ſolid A B is equal to the lolid C Db. Which 
was to be demonſtrated. „ 
But now let the ſides fanding upon the baſes r E; BL, 
GA, K H, XN, DO, MC, RP not be at right angles to the 
baſes, and | by 11. 11:] from the points r, G, By K. &, My 
D, R, draw perpendiculars to the planes of the baſes E H, 


| NP meeting the planes ! in the points s, T, Y v, Q 2, I, Ws 


and compleat the ſolids * V AW I ſay and thus alſo =: Yo 
the ſolids AB, CD are equal, the baſes are reciprocally . 
proportional to their altitudes; and as the baſe E H is to 


the baſe x P, ſo is the altitude of the ſolid e to the alty-- - 


tude of the ſolid a. For becauſe the [lid à B is equal 
to the ſolid p, and [by 30. 11. ] the ſo.id BT is equal to 
the ſolid a B, for they both ſtand upon the ſame baſe F Ky 
have the ſame altitude, and their tides ſtanding 7 upon the 

baſes do not terminate in the fame right lines; "and the ſo- 


lid De is equal to the ſolid Pz; for they both ſtand upon 


the fame baic x R, bave the fame alticude, and their des 
ſtanding upon the baſe do not terminate in the tame right ; 
lines 3 ; the told B 1 wh be equal to the folid O 2. But | 


42 2 : . 
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by the part aforegoing of this] the baſes of equal ſolid 
parallelepipedons at right angles to their baſes, are recipro- 


cally e to their altitudes: Therefore as the baſe 
Aa.» r K is to the baſe x R, 


„ ſolid D 2 to the altitude 
diff of the ſolid B r. But 
of _ (by 24. 11.] the baſe 


EH, and the baſe xn 


the ſolids Dc, BA. Therefore as the baſe EH is to the 


baſe N p, ſo is the altitude of the ſolid D © to the altitude MW 


of the ſolid B a. Wherefore the baſes and altitudes of the 
ſolid parallcleipedons AB, CD are e propor 
tional. 

AGAIN. Let the baſes and altitudes of the ſolid paral— 
Iclepipedons A B, CD be reciprocally proportional; ; and let 


it be as the baſe E H to the baſe N p, fo is the altitude of | | 


the ſolid c Þ to the altitude of the laid ab: 1 uy the {olid 
A is equal to the ſolid c b. 


For the fame contracting remaining. Beete as the | 


baſe r H eis to the baſe N p, ſo is the altitude of the ſolid 


Cd to the altitude of the fold A h; and the baſe EH is MW 
equal to the baſe F K, and N to x R; the baſe FK wil | 
be to the baſe x R, as the altitude of the ſolid c p, is to 


the altitude of the folid a B: for the altitudes of the 11195 


A B, CD are the fame as thoſe of the ſolids B T, DZ. | her- 


fore as the baſe F K 1s to the baſe x R, ſo is the altitude oi 


the ſolid p Z, to the altitude of the ſolid BT: Whereſoie |: 
tlie baſes of the ſolid parallele pipedons B T, DZ are rec 


procally proportional to their altitudes. But thoſe ſolid 


parallelepipedons, whoſe ſides are at right angles to their 
baſes, and the baſes are reciprocally proportional. to their | 


altitudes, arc [by the former part of this] equal to one an- 
other. Yheretore the folid B; T is equal to the ſolid p 2. 

But {by 30. 11.) the ſolid B A is equal to the ſolid B 
OT ine) ſtand upon the lame bale r K, ba, e the Cave alt 
t ; tue 7 


ſo is the altitude of the 


F K is equal to the baſe | 


CE Nl we is equal to the baſe x p. 
NS *& Wherefore as the baſe | 
C N EH is to the baſe xy, 


ſo 1s the altitude of the ſolid v2, to the altitude of the ſo-- 
lid BT. But the ſolids D Zz, B T have the ſame altitude as 


| Planes paſſing thro? 
Ac, Ep, meeting 
thoſe planes in the 

points I, N 3 and } join 
| AL, ND: I ſay the 
angle GAL is equal 1 
K the angle MDN, 


RE ike a i 


tude, and their ſides ſtanding upon the baſe do not termi- 
nate in the ſame right lines: Alſo the ſolid D Zz is equal to 
the ſolid Dc; for they ſtand upon the ſame baſe x R, have 
the ſame altitude, and their ſides ſtanding upon the baſe 


do not terminate in the ſame right lines. Therefore the 


ſolid A B is equal to the ſolid Db. Which was to be de- 


| monftrated. 


* Such a theorem as this holds good in tr angles, VIS. . equal 
triangles have their ba'es and altitudes recip:0ci.ly props "THO » 


T cal; and thoſe triingles whoſe baſes and alticn. des are renn ro- 
cally FOE, are equal, 


PROP. XXXV. THEOR., 


I there be two equal plane angles, and right lines 


be elevated from their vertexes, containing equal 
angles with the ſides of the given plane angles, 
each to each; and if any points be taken in thoſe 
elevated right lines, and from them be di «wn 
perpendiculars to the planes wherein are the firs 5 1 
mentioned angles; and from the points ver cin 
theſe perpendiculars meet the planes, right line by 
drawn lo the firft mentioned angles; "theſe right 


lines will make ous angles with the elevaied 
lines. 


Let there be two 5 right lined angles B AC, T x, | 


| and let the right lines a C D n be elevated trom the points 


A, Db, making equal angles with the tides of the firft men- 


F toned angles, each to cach, the angle M DE equal to 
angle G AB), and the angle MD EF equal to the angle 

| GAC; and take any points G, M in AG, DM, fron; which 
dau- the perpendicu- 


lars G L, MN to the 


Make AH Equal to | : 
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DM; and thro' H draw HK parallel to 6G L. But G 1 is 


perpendicular to the plane paſſing thro Ba c : Wherefore 
[by 8. 11.] HK will be perpendicular to the plane paſſing 


thro' BAc. From the points K, N draw the perpendicu- 


lars K K By K c. N F, N E to the right lines 4B, A e, DF, DE, 
and join Hc, c B. NI F, y E. Then e [by 47. 1.] 
the ſquare of HA is equal to the ſquares of HK, k A, and 
the ſquares of K c, C A are equal to the ſquare of x A; 

the ſquare of HA will be equal to the ſquares of HK, C K, 
c A: But the ſquare of Hc is equal to the ſquares of HK, 


K C: Therefore the ſquare of H A will be equal to the 


ſquares of H c, A; and fo the angle He A is a right an- 
gle. By the ſame reaſon the angle D FM is a right angle: 
Therefore the angle A C His equal to DF M: But the an- 
gle HA c is equal to the angle MDF: Therefore 31 Þ x, 
HAC are two triangles having two angles of the one equal 
to two angles of the other, each to each, and one ſide of 
the one equal to one ſide of the other, vl. the ſides oppo- 
wa to the equal angles, viz. A H {by conſtr. equal to 

Therefore [by 26. . me remaining ſides of the 
one e will be equal to the remaining ſides of the other, each 
to each: Whereſore Ac is equ: il to Dry. After the ſame 
manner we demonſtrate that A B is equal to DE. Join Hn, 
ME. Then becauſe the ſquare of Al is equal to the 
ſquares of AK, K H, and the ſquares of A n, BK are equal 
to the (quare of AK : the ſquares of AB, BK, K H will be 
equal to the ſquare of a H. But the ſquare of BH is equal 
to the ſquares of BK, K H, for HK B is a right angle, ſince 
N E is perpendicular to the plane of the triangle B A C. 
Therefore the ſquare of A H is equal to the {quares of A By 
BA; and fo the angle ABH is a right angle. By the 
ſame reaſon the angie DEM is alſo a right angle; ; and the 

angle BAH is equal to the angle DM, for ſo it is made: 

5 5 AH is equal to DM; therefore AB is allo equal to 
D: Th refore becauſe Ac is equal to Dy, and AB to 
' BE; and fo the two ſides CA, AB are equal to the two 
ſides F D, DE, and the angle c AE equal to the angle 
. Thviclore (by 4. J.] the baſe BC is equal to the 
baſe E , and one triangle equal to the other, and the reſt 
of the angles equal to the reſt of the angles: Whercfore 
the angle ACB is equal to the angle PFE. But [by 
couſtr.] the richt angle A c K is equal to the right angle 


5 * FN; and 0 che remaining ang dle BCK is equal to the 
| |  TEMAININg 


IS t 
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remaining angle EF N. By the ſame reaſon the angle 
c; k is equal to the angle FEN: Wherefore CBK, FEN 
are two triangles having two angles of the one equal to two 
angles of the other, each to each, and one ſide of the one 
equal to one ſide of the other, which is adjacent to the 
equal angles, viz. B C to E F: Therefore [by 26. 1. ] the 
the reſt of the ſides of the one are equal to the reſt of the 
ſides of the other: Wherefore c K is equal to FN. But 
AC is alſo equal to DF: Wherefore the two ſides Ac, 
CK are equal to the two ſides DF, FN; and they contain 
right angles. Therefore [by 4. 1.] the baſe AK is equal 
to the baſe PN; and ſince A H is equal to p M, the ſquare 
of AH will be equal to the ſquare of DPM. But [by 47. 1.] 
the ſquares of AK, K H are equal to the ſquare of A H; for 
AK H is a right angle; and the ſquares of DN, N M are 
equal to the fquare af DM; becauſe the angle DN M is a 
right angle : Therefore the ſquares of A K, K H are equal 
to the ſquares of D N, NM. But the ſquare of a K is equal 
to the ſquare of PN: Therefore the remaining ſquare of 
KH is equal to the remaining ſquare of N M; "and ſo the 
right line HK is equal to MN. And ſince the two ſides 
| HA, AK are equal to the two ſides MD, D x, each to 
each, and the baſe H K has been proved to be equal to the 
baſe N M; {by 8. 1.] the angle # A K will be equal to the 


nal angle D x, Which was to be demonſtrated. 

be Corollary. From hence 1t 1s manifeſt, if there be two 

wal equal right lined plane angles, and equal right lines be 
nce MM erected from them, containing equal angles with the ſides 

c. o the firſt propoſed angles, each to each ; ; the perpendicu- 

'n, IM {is drawn from them to the planes wherein are the firſt 

the | propoted angles, are __ to one e . 

the | GO, 

15 PRO P. XXXVI. THE OR. 2% 
to 

(0 V three right lines. be proportional, T7 ſay the ſolid 

wo WM parallelepipedon made of all three of them, is equal 

le WM 20 the ſolid parallelepipedin made of the middle 
ie Wl Vine, being equilateral and equiangular to tbe fri 
rſt W mentioned dg. 

fore | 
(by 1 Let hs TERS? . "RY "DW B, © be proportional, as A 5 

we Ml to B, lo 1 SBC: I fay the {olid parallclepipedon made 
the | ; es LAND „ with. 
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with A, _ © is equal to the ſolid parallelepipedon made 
from B, equilateral and equiangular to that firſt men- 
_ tioned. 

Let E be any ſolid angle contained under the three 
plane angles DEG, GEF, FED; make DE, GE, Er 
each equal to B, and compleat the ſolid parallelepipedon 
E K. Make L M equal to A, and at the right line L u, 


and point L in it, make [by 26. 1 1. ] the ſolid angle con- 


tained under N L *. Xx I Mu, MIN equal to the ſolid angle 


* 


N 
5 
= A 8 3 — 
B — — N Ra gs 
— 2 N I 
„ 1 ys 


at E. Make 1. X equal to B, and LN equal to c. Then 
becauſe A is to B, as ; is to e, and A is equal to LM; 
and 8B to either L x, E F, E G, or ED, and c is equal to 


IN: it will be as L M is to E F, ſo is DE to LN, and 


the ſides about the equal angles M L N, DEF are recipro- 


---: eally proportional: Therefore [by 14. 6.] the parallelo- 
| gram MN is equal to the parallelogram PF. And be- 


cauſe the two right lined plane angles DEF,NLM are 
equal, and the qual right lines L x, E G are elevated from 
them, containing equal angles with the ſides of the angle 
DEF, NL M, each to each ; the perpendiculars drawn 
from the points G, x to the planes paſſing thro' N L M, 
DEF [by cor 35. II. ] are cqual to one another: Where- 


fore the ſolids L EH, E K have the ſame altitude. But by 


31. 11.] ſolid parallctepipedons that ſtand upon the ſame 
\ baſe, and have the ſame a' titude, are equal to one ano- 
ther: Whereſore the ſolid EH L is equal to the ſolid E K. 


But the ſolid u L is that made from a, B, c, and the ſo- 


: lid E K that made from B. Therefore the ſolid made from 


A By C. 18 qua! to the ſolid made from By being 8 
feral and equian-ular to H I. 


If theretore three right lines be proportional, is ſolid 1 


| parallelepip: don made of all three of them, 18 cqual to the 


ſolid pacallelepipecor made of the mean line, being equi- 
lateral and equiangular to the firſt mentioned fold, Which 


| Was to be demoultrated, 


* 1 
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„ It might be better to ſay, If three right lines be propor- 


tional, the ſolid parallelepipedon, whoſe three ſides are thoſe 


three right lines, will be equal to the ſolid parallelepipedon, 


whoſe ſide is the mean line, being e and e 


to the ſolid firſt mentioned. 
Here it may be obſerved, that it would have been more 


ſimple and natural for Euclid to have called one of the faces " 
a parallelepipedon, the fide of the ſolid, chan to call one of the 


right lines which is the ſide of one of the faces, the fide of the 
ſolid. — If right lines, being the bounds of a ſuperficies, be 


called their ſides, I ſhould think it would be proper to call the 


ſuperficies, being the bounds of ſolids, their ſides. his is al- 
ways done in common ſpeech amongſt us; for we never call, 

for inſtance, the corner of an houſe its ſide. But one of its 
upright faces is always called the ſide of an houſe. A paralle- 


lepipedon, according to Euclid, has twelve ſides. 


P R OP. XXXVIL THEOR. 


x four right lines be proportional, the ſolid paralle- 
lepipedons made from them, being ſimilar and alike 


deſcribed, will be proportional; and if the ſolid 


parallelepipedons, ff ſimilar and alike 4 0 be 


proportional; thoſe right lines zhey are Get 


From will be br portion *. 8 


Let four right lines A By CD, EF, GH 1 be Proportional 


and let A B be to CD, as E F is to GH; and let the ſimi- 


lar and alike ſituate para lelepipedons K a, Lc, ME, NG 


be deſcribed from A B, CD, E F, GH : 1 oy 4 as KA is to 


LC, ſo is ME tO N G. 
For becauſe the ſolid parallelepipedon KA is PR to 
LC; KA [by 33. II.)] to LC will be in the triplicate ra- 


tio of AB to CD: By the ne” reaſon the ſolid u E to the 


E 


, 5 . 
bo N 0 wil be in the triplicate ratio of EF to 0 2 Jae. 


OP. 


To 


FL 
| 
3 
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by ſuppoſition] as A B is to c p, ſo is EF to GH: There. 
fore as A K is to L c, fois ME tO NG, 
Now let the ſolid A K be to the ſolid L c, as the ſolid 


ME is to the ſolid v: I fay as the right line A B is to 
the right line CD, ſo 1s the NES line EF to the right 3 


line G H. 


For becauſe again A Kk is to Le in n the triplicate r ratio of 


AB to cp, and ME is to NG in the triplicate ratio of 
E F to G H, and A K is to L c, as ME is to NG; it will 
be as A B is to C , ſo is E F to GH. 

Therefore if four right lines be proportional, the ſolid 


parallelepipedons made from them, being ſimilar and alike 


deſcribed, will be proportional; and if the ſolid parallele- 

pipedons being ſimilar and alike deſcribed, be proportio- 
nal; theſe fight lines upon which they are deſcribed, W i 
be proportional. Which was to be demonſtrated. 


x This propoſition 3 is univerſally true, as is the Ke . ö 
the ſixth book, when the four fimilar ſolids are all of the ſame 


kind. But when two are of one kind, and two of another, 


it will not be true, unleſs the two ſolids of one kind be de- 


| ſcribed from the firſt and ſecond, or the firſt and third, and 
the two of the other kind from the third and fourth, or ſecond 


and fourth of the four proportional right lines ; the fir ſt of theſe. 


lines being to the ſecond, as the third is to the fourth. Sce 
the note upon prop. 16 of the ſixth book: 


PROP, XXXVIII. THE OR. 


if one plane be perpendicular to another; and from 


any Point in one Plane, a perpendicular be drawn 


ts the other plane; tais will fall in be common 


ſebtion of tbe Planer. 


For let the plane CD be perpendicular to the plane £6 
and let A D be their common ſection, and Jet any point 
E be taken in the plane cD: I ſay a perpendicular drawn 


from k to the plane a B will fall in A p. 
Por if not, let it, if poſſible, fall without, as E meet- 


ing the plane AB in the point F: Draw F 6 [by 10, 
trom the point F in the plane A B, perper eee eee 


which [by def. 4. 11. will be perpendicular to the plane 


cp; and join EG. Then becauſe F G is at rj. ht angles 
OT to the plane „ and the right line E | Ga. which touches 6-2 
: 3 2 


„„ „„ wy ATA, ee. ("=D DD $3 e.a% 


=> * 
1 


BS, 8 0. Then be- 
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is in the ſame plane © D; [ by © 


3. def, 11. J the angle FG is © Oe WIRES 
a right angle. But EF alſois | I 
2 angles to the plane \ 
A: Wherefore x Fd a: Al. LX tp 
4 3 . 


right angle: and fo two an- WY EE 
les of the triangle EFG are ads 
right angles; which [by17.1.] 
is impoſſible: : Wherefore a perpendicular drawn from the 
point E to the plane A B does not fall out of the right line 
AD: Therefore it falls in A p. | 
Wherefore if one plane be at right angie to another, 2 
right line drawn from any point in one plane perpendicular 
to the other, will fall in the common ſcCtion ot the planes. 
Which was to be demon{trated. 


PROP. XXXIX. THEOR. 


4 the fides of the oppoſe ite planes of a ſolid parallels. 
pipedon be biſefted, and planes be drawn thro” the 


B- 


ſections; the common ſeftion of the pianes, and the 


diameter of the ſolid parallelepipedon, % vill mat ua: 15 


_viſett each oben. 


For let the ſides of the FR 9 8 r, An ol the 
parallelepipedon D F be biiccted in the points K, E, My Ng 
x, P, O, Q, and thro' the ſections draw the planes K N. 


* 18 and let vs be the common ſection of the planes, and 

G the diameter of the ſolid parallcl-pipedon : L ſay 1 8. 
D do mutually cut one another into Wo equal parts, that 
is, YT is equal to T 8, 5 


and D T equa] to r. = 5 
For join DY, * E, 7 | 


— 


. 
— 
_ 


j 
| 
cauſe D x is parallel to | : 
o E; the alternate | 
angles DX Y, Yar 
[by 29. I.] are equal | 
to one another; and | | 
becauſe D Xx is cqual | —» 
to O E, and XY to vo, 
and they contain equal 
angles j the bale Dx 
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Book XI. 
lby 4. 1. 7 will be equal to the baſe y E, and the triangle 


px vis equal to the triangle vo E, and the reſt of the 
angles equal to the reſt of the angles: Therefore the an- 
gle xv b is equal to the angle ov E; and fo [by 14. I.] 
DYE is one right line. By the ſame reaſon Bs & is one 
right line, and Bs is equal to s G. And becauſe (by 34. 1.] 
C is equal and parallel to DB, and c A is alſo equal and 
parallel to EG; DB will be equal to E G, and [by 30, I.] 
parallel to it: But the right lines D E, BG join them: 
"Therefore [by 33. 1. ] DE is parallel to BG, and in each 


of them ſome points p, y, G, s are taken, and DG, ys 


are joined: Therefore [by 7. 11. ] DG, vs are both in 
one plane. Wherefore becauſe DE is parallel to B G, 


the angle E DT [by 29. 1.] will be equal to the angle 


BG r; for they are alternate angles. But the angle 


: Therefore 
there are two triangles Dr v, Gs, having two angles 


DTY {by 15. 1.] is equal to the angle G Ts 


of the one equal to two angles of the other, each to 
each, and one fide of the one equal to one fide of the 


other, oppoſite to one of the equal angles, viz, pr e. | 


qual to Gs; for they are the halves of DE, BG : There- 
tore [by 26. 1.] the reſt of the ſides will be equal to 


the reſt of the ſides; and ſo DT is 8 to TG, and 


Vr equal to Ts. 


If therefore in a ſolid  paallleppedon, & c. Which Was 


to be demonſtrated. 


PROP. XL. THEOR, 


if thevs be two priſms of the ſame altitude, and 


the baſe of one of them be a parallelogram, and 
that of the other a triangle, and that parallelo- 


_ gram be double to the ranges the Yes will 


be egal. 


"Te ABCDEF, GHKLMN be pridns of the fame al 


e Let the baſe of one of them be the paralle- 
logram AF, and that of the other the triangle G Hk, 


and let the parallelogram A F be double to the triangle 
HEK: | ſay the rein ABCDEF is equal to the prilin 


SHKLMN, 


Fot 
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For compleat the 0 B, 
ſolids A Xx, Go. And 1 —— 
becauſe the parallelo- \ e 
gram AF is double to 1 
the triangle G HK, | 55 
and [by 34. 1.] the I A I 
parallelogram HK is n \ 
double to the triangle 7M "IS 
GHK; the parallelo; 180 
gram AF will be equal to the para llelogram N "bh 


[by 31. 11.] parallelepipedons ſtanding upon equa | baſes, 
and having the ſame altitude, are equal to one another: 


Therefore the ſolid A x is equal to the ſolid 6 o. But the 


priſm AB C D E F is one half the folid a x, and tlie priſm. 


GHKL MN one halt the ſolid Go: Therefore the 9 
ABCDEF is equal to the priſm GHK L M. 


If therefore two priſms, Se. Which was to be de- 


wonſtrated. 
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if there be two unequal magnitudes propoſed, and | | 
from the greater be taken away more than one | t 
half of Pg and again from the remainder be taken 1 1 
away more than its half, and this be ait;ays done; Y « 

' there will at lat remain Jome magnitude that will : 
be leſs than the leaſt of the two . mag ni. ö 
tudes, £ 

i 4 
Lr there be two unequal magnitudes A B. c, whereof M | 
AB is the greater: 1 fay if from a n be taken away 
more than one half, and from the remainder be again taken MW t 
away more than its half, and this be aiways done, there 1 
will at Jaſt remain fome magnitude leſſor than ©. 
For if c be multiplied, it will ſome time or other be- 
come greater than the magnitude 8. Let tl this be done, 
and let D E be a multiple of Cc greater than AB. Divide 1 
DE into the parts DF, FG, GE, each equal to C, and f 
rom A 3 take away n H more than its half, and again . 
trom AH take away HK more than one half of it, and | 
do thus continually until there are the ſame number of di- ( 


viſions in AB as in DE. Let then theſe diviſions AK, K B, 
He, be equal in number to the diviſions & F FS, G E. 
And cards D E is greater than A By and there 15 taken 
away from DE leſs than one half of it, waz. E G, and 
from AB more than its half, viz, n '" the remainder Gb 
W1ll be Ercater chan the remainder. HA. Again, becauls 

| | GD 


8. 
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GD is greater than H A, and from ao D 

is taken its half G, and from HA A - 

more than its half x K, the remainder _ Il | | 
| 


DF will be greater than the remainder K. 4 
AK, But DF is equal to o: There 9 8 
fore C is greater than AK : Wherefore IIA * 
AK is leſs than Cc: Therefore the re-. * 
mainder A K of the magnitude A By IS 1 46 
leſs than the leſſer of the two „„ | 
magnitudes C. Which was to be dle. | 
monſtrated, . 

After the ſame manner we A 
ſtrate the thing, when the halves of the 
given magnitudes are taken away. 

Otherwiſe. 

Let AB, c be two given magnitudes, and let C be the 
leaſt of them. Then becauſe c is the leaſt, if it be mul- 
tiplied, it will at length be greater than the magnitude A R. 
Let this be done, and let FM be the magnitude, which 


d 
27 
2 


divide into the parts M H, HG, GF, each equal toc; 


and take away B E from A B, greater than one half of it; 


and from E A, take E D greater than one half of it; and _ 
doing thus continually antil the number of diviſions 1 
AB are equal to the number of diviſions in FM. Let 


theſe be BE, E D, DA; and K 1, LN, N x, each equal 
to pA; and do this continually till To 

the diviſions of K x be equal in num- 17 

ber to the diviſions in F M. i 
Then becauſe BE is greater than | | 
one half AE, BE will be greater U bl 
than E A; therefore BE is much | 
greater than D A, but XN is equal * | 
to DA: Wherefare B E is greater: 5 
xv. Again, becauſe ED is greater | [I 
than one half E A; E D will be great⸗ 5 | : 

er than DA. But NL is equal to | | 
DA: wherefore ED is greater than B Le 
NL: therefore the whole DE is 


* 
| 


A]. * 


greater than x IL: But L Kk is equal to DA. Therefore 

the whole A B will be greater than the whole x K. But 

MF is greater than B A: Wherefore ME is much greater 

tan x x : And becauſe x Ap N Ly L K are equal. to one 
| Rs another, 
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another, as alſo MH, HG, Gr, and the multitude f 
them in MF is equal to the multitude of the magnitudes } 
in x K: [by 12. 5.] it will be as KL is to F , ſo S.xK | 


toFM. But FM is greater than XK: Therefore [by 
14 5) FG is greater than LK, But FG is equal to c. 


wherefore K L is equal to A D: therefore c will be greater 


than ad. Which was to be demonſtrated. 


This lemma j is the firit propoliting of the tenth book of | 


Euclid, 

PROP.1. THEOR. 

Similar polygons inſcribed in circles are to one another 
as the ſquares of the diameters. 


Let the circles be A B C DE, FG HK , and the {ts 
milar polygons in them be AB C DE, FGHKL; and 
let Bm, G N be diameters of the circles: I ſay as the 
ſquare of B; M is to the ſquare of Gn, fo is the polygon 
ABCDE to the polygon FGHKL. 

For join BE, AM, GL, FN. I hen becauſe the polygon 
ABCDE is ſimilar to the polygon HKL, and |by 
def. 1. 6.] the angle B A E is cqual to the angle G F L, and 


as BA is to A E, ſo is G F to FL: Therefore BAE, GPL. 
are two triangles, having one angle of the one equal to 


one angle of the other, viz. the angle B A E equal to the 
angle GFI, and the ſides about the equal angles propor- 
tional: Wherefore [by 6. C.] the triangle A B E is equi- 
angular to the triangle F GL; and accordingly the angle 

AEB is equal to the angle 


e DJ na 2 the angle AE R is equal 

2 . to the angle AME; for 
they ſtand upon the ſame 
part of the circumfer— 
ence; and the angle F I 0 


And [ by 31. _ the right angle BAM is equal to the 


right angle G FN ; and fo the remaining angle is equal to 
: oh remaining angle: I herefore the triangle A B M 18 equi- 


angular to the triangle F GN: Therefore [by 4. 6.] as 
n i to GN, ſoils b A to 8 . But [by 20. 6.] the ra- 
tio ot h M to GN is the duplicate of the ratio of the ſquare 


of Bm to the ſquare of ON, and the ratio of the polyzon i 


ABU Dr 


11. But [by 21. * 


is equal to the angle F NG. 


{ame 
afcr- 
LG 


NG. 


the 
al to 


equi- 1] 


] as 


mare 


ygon 25 
DE 


about it: Therefore the ſquare EF G H is 
half the circle EF G H. BiſeCt the parts of the circumference 
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a BCD E to the polygon FGHKEL is the duplicate of the 


ratio of BA to GF: And therefore [by IT. 5l.] as the 
ſquare of BM is to the ſquare of GN, fo is the polygon 
ABCDE to the polygon F HKT. 

Wherefore fimilar polygons inſcribed in cir roles are to 
one another as the ſquares of the diameters. Which was 
to be demonſtrated. 


3 


The circuits of ſimilar polygons inſcribed in circles, are 


allo, as the di Ameters of the eire Cles. 


PROP. If. [EH EO R; 


Circles are to one another as the ſquares of their 


42 


Aidan NeLEVS - 
Let the circles be ABCD, EF G - 2 | 
and let B D, F H be their diameters. y ai RRR 


i fay as the ſquare of BD is to the 


Pa of F H, ſo is the circle A BCD, py 5 
to the circle EF GH. C 
For if it be not 4 it will be as N 

the ſquare of n p is to the ſquare of ( , 

F H, ſo is the circle A BC p to 2 8 

ſpace either greater or leſs than the _ | 

circle E FG H. Firſt let it be to he | * 

ſpace s leſs than the circle; and in R N 

the circle EF GH inſcribe a ſquare LW 8 J 

EF GH. Then the {Quare E F G H FX — de 
| / 

deſeribed in the circle, is greater 4 

N 

chan one half the circle EF GH; be- ME HO 

caule if tangents to the Cir RY be 5. 

drawn thro” the points E, F, G, H, 

the ann E F G H will be [by 47. 1. . 

and 31. 3.] one halt the ſouare de- „„ 

ſcribed about the ci rcle, and the cir- 3 


cle is leſs than the ſquare deſcribed 
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E F, F G, GH, H E in the points F, L, M, N : and jon, i, Ky 


k P, FI, LG, GM, MH, HN, NE. Then each of the tri- 
angles Ek K F, FI G, H 10 6, HN E is greater than one half 5 


the ſegment of the circle wherein it is; becauſe if thro' 
the rounts Ky Ly My N tan gents be drawn to the circle, and 


5 pd the 


— - * — - 
— — — — 


9 
F iy 


' 
þ 
| 
4 
5 
b 


— 


5 


— 
r 


— 
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the parallelograms upon the right lines EF, FG, G E, h 
be compleated [by 37. 1. ] each of the triangles E KE, 
FL OC, GM H, HN FE is one half of its correſpondent paral- 
lelogram. But the ſegment is leſs than the parallelogram; 
whereſore each of the triangles EK F, FLOG, GM H, RN 


is greater than one half the ſegment of the circle wherein 


it is: Therefore if the reſt of the parts of the circumfer— 
ence be biſected, and right lines be joined, and this be al- 
ways done, ie will at laſt remain ſome ſegments of the 
_ circle, which will be leſs than the exceſs of the circle 
E FO H above the ſpaces. For it is * demonſtrated, in 
the firſt theorem of the tenth book, that if there be two 
propoſed unequal magnitudes, and from the greater be ta- 
ken away more than its half, and from the remainder 
more than its half, and this be continually done, there will 


at laſt remain ſome magnitude that is leſs than the leaſt of 


the propoſed magnitudes : Wheretore let the ſegments of 
the circle E GH on the right lines EK, KF, FL, LG, CM, 
MH, HN, N E, be left, Which are greater than the cxoth 
whereby the circle E F H exceeds the ſpace s. Therefore 
the remaining polygon EKFLGMHN will be oreater 
than the ſpace s. Allo in the circle A B CD defcribe 
the polygon AXBOCPDR ſimilar to the polygon 
EKFLGMHN: Then [by 1. 12.] as the ſquare of 2D 
is to the ſquare of F H, ſo is the polygon AxBoCPpR 
to the polygon EKF LG I HN. But [by ſuppoſition] as 
the ſquare of BD is to the ſquare of FH, ſo is the circle 
ABCD to the ſpace s: {herefore alſo as the circle A EC 
is to the ſpace s, ſo is the polygon Ax BOC PDR to tht 
polygon EKFLGM RN; and inverſely, as the circle 
AB OD is to the polygon within it, ſo is the ſpace s to 
che polygon FEEL GMHN. But the circle AD 
greater than the polygon in it: Wherefore the ſpace + 
is alſo greater than the polygon E KF LGM HN. But [by 
fuppotition] it is leſs too; which is impoſhble : Therefore 
| it is not as the ſquare of BD is to the ſquare of F H, fo i 
the cifcle ABCD to ſome ſpace leſs than the circle 
E FOH. Aſter the ſame manner we demonſtrate that it 
is not as the ſquare of E H to the ſquare of B; D, fo is the 
circle EF O H to ſome ſpace leſs than the circle apc»: 
1 fay alſo it is not as the ſquare of B D to the ſquare of F H, 


* See the lemma at the beginning of this book. 


6 


— — — ©” — — & 2 
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lo is the circle A h Cb to ſome ſpace greater than the cir- 
cle EFG H. For if poflible, let it be ſo to a greater ſpace 
$; then again inverſely it will be as the ſquare of FH is 
to the ſquare of BD, ſo is the ſpace s to the circle A B C D: 
But [as is demonſtrated below] as the ſpace s is to the 
circle AB Cp, ſo is the circle EF H to ſome ſpace leſs 
than the circle ABCD: Therefore as the ſquare of F H 1s 


to the ſquare of 3 Þ, ſo is the circle EFG H to ſome ſpace 


Jeſs than the circle A Bc D; which has been proved to be 


impoſſible : I herefore it is not as the ſquare of BD is to 


the ſquare of F E, ſo is the circle a Bc D to ſome ſpace 
greater than the circle EFG H. But it has been proved 
that it is not ſo neither to ſome ſpace leſs: Wherefote as 
the ſquare of B Þ is to the ſquare of F H, ſo will the circle 


ABCD be to the circle E FGO H. 


Therefore circles are to one another a5 the ſquares of 


their diameters. Which was to be demonſtrated. 


LEMMA. 


Now I fay, if the ſpace $ be greater than the circle 


EFGH, it is as the ſpace s is to the circle ABCD, ſo is 


the circle EFGH to ſome ſpace leſs than . circle 


AB E D. 


For make as the ſpace s is to the ne ABCD, i is the 


circle E FO H to th: ſpace T. I ſay the ſpace T is les. 


than the circle ABC P. 5 it is as the ſpace s to 


the circle A B C D, ſo is the circle EF G H to the ſpace T5 


it will be [by 165. 3 * 3 
as the ſpace s is to hs „ | 8 
eircle E FG H, fois the / SN = 
circle AB Ge D to the 


ſpace T: But by ſup- a OE, 7 5 LP, 


poſition] th- ſpace s T 
greater than tlie circle 


EFT GH: Wherefore the C 8 N . 


circle A B C D is greater „FF 


2 , — 


than the ſpace T; and EY 


accordingly as the ſpace s is to the circle A B cp, fo is thy 
| circle EFGH to {ome ſpace leſs than the circle A BC Ds: 


o Althoꝰ theſe ſort of exhauſtive demonfirations ad abfurdu: 
be moſt ſcrupulouſly rigorous, and unexceptionably exact, yet 
thei length, and NATE; "RIG doc apt to give diſtaſte to learn- 

3 5 2 ers. 
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ers, and thoſe who have not any g great ſtrength of mind, ©: 
much inclination to purſue theſe fort of ſtudies far: they are 
generally tired and confuled before they arrive at the con- 
cluſions of theſe long demonſtrations, and oftentimes re- 
ceive by them but 3 faint knowled ge and flight conviction of 
the truth of the theorems, It mi it indeed be con fefied, that 
all ſorts of demonſtrations ad al ſurium do rot fo much prove 
the truth of the poſitions, as the abſurdity that would follow 
by grant ing them to be falſe; and that there is a much ſhort. 
er, direct, and eaſier way, of ſufficiently confirming the truth 
of theſe fort of theorems by the method of Indiviſibles of Bo 
naventur. Cavillarius, which, tho' liable to ſome Exceptions, 
by men of penetration and ſound logic, yet the idle and the 
Jeis diſcerning either ſee none at all, or overlook them ; 
drowning all leſſer faults in the eaſineſs and facility of the mc- 
thod, and {ſmothering every immaterial error, to avoid trou- 
ble, tediouſnets, a coufuli on. 

If circles be conceived to differ from regular poly gons, in 
ſcribed in them, or circumſcribed about them, of exceeding 
great equal numbers of very ſmall ſides, by magnitudes lei: 
than any aſſignable magnitudes ; thoſe circles, without any fl. 
nite error, may be taken for ſuch polygons, and their circum: 
ferences for the circumferences of ſuch polygons ; and fo fince 
all regular polygons of equal numbers of ſides, are fimilar fi- 

gures; the circles themſelves circumſeribing or inſcribed with. 
in ſuch polygons, will be ſimilar figures, equivalent to right 
lined hgures ; and 9 (by 1. 12.] will be to one an. 


other as the ſquares of the diameters; and the farcymerences 
will be as the diameters. 


PROP. Il, THEOR. 
Ever) Pyramid having a tria ugular baſe may be di 
vided into two equal and ſin milar pyramids having 
triangular baſes, being ſtmilar to the whole; as 


_ alſo into two equal priſms that are greater than 
One half the Whole pyramid. 


Let there be a py amid whoſe baſe is the triangle AB, 
and vertex the point D. I ſay the pyramid A CD may 
be divided into two pyramids equal and fimilar to one an- 
other, having triangular baſes, and ſimilar to the whole, 
as allo into two equal priſins, Which two prums arc & great” 
er chan one half the P) ramid. c | 


For 


angle HK D. By the ſame 


touching one another, are 
parallel to two right lines K p, D L touching one another, 
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For biſect A ; 9 BC, CA, AD, DB, DC in the points 


E; F, G, H, K, L; and join EH, E G, GH, HE, KI, LR, 


EK, KF, FG. Then becauſe A E is equal to EB, and 
A H to HD; [by 2. 6. ] EH will be parallel to bB. By 
the ſame reaſon HK is allo parallel to AB: Therefore 
HE BE K is a parallelogram ; and fo [by 34. 1.] HK is e- 
qual to EB. But EB is equal to A E; md therefore A E 


will be equal to HK; but A H is equal to HD: Therefore 
the two ſides A E, AH are equal to the two ſides K H, HD, 
each to each, and [by 29. I.] the angle E A H is equal to 


the angle K H D. 1 
fore the baſe E H [by 4. 

is equal to the baſe E 5 . 
and fo the triangle A EA is 
equal and ſimilar to the tri- 


reaſon the triangle A H G is 
equal and fimilar to the tri- 

anole HL D. And becauſe / 
the two right lines E H, HG B 


and not in the ſan me plane; they will contain equal angles 


[by 10. 11. ]: Therefore the angle EH G is equal to the 


angle K DI. Again, becauſe the two ſides E H, G H are 


equal to the two ſides K D, D 1., each to each, and the an- 


cle £ HG is equal to the angle K DL ; the baſe E G will 
be equal to the baſe K L.; therefore the triangle EHG is 


equal and fimilar to the triangle K b I. By the fame rea- 


fon the triangle A E G is equal and ſimilar to the triangle 
1k I. Wherefore the pyramid whoſe baſe is the triangic 
AE G, and vertex the point H, is equal and ſimilar to the 
pyramid. whoſe baſe is the triangle H K I., and vertex the 
point o. And becauſe HK is drawn parallel to one fide 
4 h of the triangle ADB ; [by 29. 1.] the triangle ADB 


is equiangular to the triangle DHK 3 and (by 4. b.] they 
have proportional ſides: Therefore the triangle ADB is 
ſimilar to the triangle DH K. And by the ſame rea- 
ſon the triangle D BC 1s ſimilar to the triangle DEL, and 
the triangle A p C to the triangle Dd HL. And ince two 
right lines B A, AC touching one another, are parallel to 


two. rig at lines K H, HL touching one, another, not be- 
b 3 „ ing 
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; ing in the fame plane; [by 10. 11.] they will contain e- 


qual angles: Therefore the angle B a C is equal to the an- 
| ole K H.: And it is as B A to Ac, ſo is K H to H 
Therefore [by 6. 6.] the triangle An c is ſimilar to the 
triangle HK L; and fo the pyiamid, whoſe baſe is the tri- 
angle ABC, and vertcx the point p, is ſimilar to the py- 
ramid, whoſe baſe is the triangle HK L, and vertex the 
point p. But the pyramid, whoſe baſe is the triangle 


HK L, and vertex the point D, has been proved to be equal ; 
to the pyramid whole baſe is the triangle AE G, and ver- 


tex the point H: And therefore the py ramid, wWhoſe baſe is 
the triangle A B c; and vertex the point p, is ſimilar to 
the pyramid, whoſe baſe is the triangle A EO, and vertex 


the point fl. Therefore each of the pyramids A G H, 


HELD. is ſimilar to the whole pyramid a BC D. And 
becauſe B; F is equal to c; the parall: logtam EBF G will 
be [by 41. 1. ] double to the triangle Gr. And decauſe 
if there be two priſms of the ſame ati 0 e, ohe of which 


has a parailelogram for its bale, and ch e Other a triapgle, 


and the parallelogram be double to the trimvle ; theſe 
' priſms [by 40. II.] are equal to one another: Fherciore 
the priſms contained under the two triangles h KF, E A G, 
and the three parallelograms EFG, EBK H, K H F art 
equal to the priſm contained under the two triangles G F © 
HK I., and the three parallelograms KF C1, LC 6G a, 
Hr. And it is manifett that each of the priſms, that 
whoſe baſe is the parallelogram E B F G, and 6 ppolite to It 
the right line E R, and that whoſe baſe s the triangle GF, 


and oppoſite baſe the triangle K L H, is greater than either 


of the pyramids whoſe baſes are the trianoles A E , HK L, 
and vertexes the points Eñl, b. Becauſe if the right lines 
EF, E E be joined, the priſm, whole baſe is the paralle:o- 
gram EBF d, and oppolite to it the right line H K, i 

greater than the pyramid whole baſe is the triangle EB! 


and vertex the point E. But the pyramid, whoſe ae 8 


the triangle EBF, and vertex the point k, [by 10. def. 


11. ] is equal to the pyramid, whoſe baſe is the triangle 


AE G, and vertex the point H; for they are contained un- 


der cqual and ſimilar planes. Thereſ fore the priſm, whoſe 


baſe is the paral] elogram ERF O, and the right line HK 
oppoſite to it, is greater than the pyram uid, whoſe baſe is 


the triangle AE 05 and vertex the — H : But the priſm | 


Wha 


, 


223 3 K — wad  o® 


Book XII. Euclid's Elements, 37 5. 


whoſe baſe is the parallelogram E n G, and the right line 


HK is oppoſite to it, is equal to the priſm whoſe baſe is the 


triangle G Fc, and the triangle HK L is oppoſite to it; 


and the pyramid, whoſe baſe is the triangle AE G, and 


vertex the point H, is equal to the pyramid, whoſe baſe is 
the triangle HK L, and vertex the point p. Therefore the 


two priſms firſt mentioned, are greater than the two priſms 
whole baſes are the triangles AE O, HK I, and vertexes 
the points h, b. Therefore the whole pyramid, whoſe baſe 
is the triangle A Bc, and vertex the point p, is divided 


into two equal pyramids ſimilar to one another and to the 
whole, and into two equal priſms, which are greater than 
the whole pyramid. Which was to be demonſtrated, 


PROF. IV. THE OR. 


If there be two priſms of the ſame altitude, having 


triangular baſes, and either of them be divided into 
two pyramids equal to one another, and ſlinilar to 


_ the whole, and inio two equal priſms; and if in 


| like manner each of the pyramids made by the for- 
mer diviſion be divided, and this be continually 

done : then as the baſe of one of the pyramids is 
lo the vaſe of the other, ſo are all the pr iſms that 
are in one of the pyramids, to all the priſius in the 
other pyramid being equal in number, 


Let there be two pyramids of the ſame altitude; having 


c the triangular baſes a C, DEF, and vertexes the points 
Os Hs and let each of them be divided into two py py⸗ 
ramids ſimilar to the whole, and into two. equal Pri: ais, 


and let each of the pyramids made by ſuc h 4 diviſion be 


divided after the ſame manner; and if this be always 
"done : I fay as the baſe a ; C is to the baſe HEF, fo are 


all the priſms in the pyramid ABCG, to all the priſms 
that are in the pyramid DEF H, being 7 equal | in number. 


For becauſe B X is equal to X C, and AL to LC; by 
„ wil be parallel to A B, and by 4 6. ] the tri- 


angle ABC is ſimilar to the triangle L x . By the ſame 


5 reaſon the triangle DEF is ſimilar to the triangle R &; 


and becauſe B C is double to Cx, and E F 1s double to ? N, 


a8 B C is to cx, 0 will x F be to r * And there are 
NE Ot delclibed 
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deſcribed upon BC, x the ſimilar right lined figures 


ABC, LX alike ſituate, and upon E F, FQ the limila 


and alike fi- 


0 tuate right li. 
i ned figures 
4 \ : 
F, Cs r 
T? / Tx | «4 " 7 arg 
„ ere by 
/ 4 1 i 13 +. : - 4 
„„ SA A wa 
J 5 
/ 5 6 8 7 * triangle IF A > 


4 
E by 4 
Mm ole LX C, ſo is 


the triangle DEF to the triangle R QF, and inverſcy as 
the triang ne A B C is to the triangle PE , 0 is the triangle 
LX C. 10 the triangle k QF. But | as is is demonſtrated 
below] as the triangle Lx <C is to the tria ngle 5 


N * ) ! 
the pc! 1/8 whoſe baſe js tlie trian gle LX e, and tlie phie 


to it O MN, to the priſm Whoſe de b 15 the trlangle R 
and oppolite baſe . V: Therefore by 11. F.] as the 
anole & B C is to the es D F F fo. is the priſai 


whoſe baſe i: the triangle LX and oppolite baſe O iN, 


to the priſm, whoſe baſe i is the triangle k QF, and oppoſite 


Ne | 5 * 6 s Fa > = X L 
baſe SF: „ And becau 18 the 2 tWO priſe in 'TRE 55 3 4 

| 8 Feds ; ; E „ * 5 8 

A 3 = G are equal ro One Att ©+. ne 15 c 4110 TRE 1600 * 141115 


af os 


in the pyramid DE F H; the priſm whoſe bafſe.is-the par- 


allelogram K I. x , and the right line O oppolite to it, 
will be to he priim whoſe bs fe is Be: triangle LX c, and 
oppoſite baſe o M N, as the priſm whoſe bale is the paralle 


logram EPRQ and Oppotite t o it the; right inc Sv, to 


the priſm whole baſe. is the triangle R ty „ and Oppolite 
baſe is 8 Tv. Wherefore by ce \mpof! tion (by 18. 5. 28 
the pritns K B IL X 21 0, LX C INN , to the priſm 
LX CMN o, fo are the priſms PE QA 5 T, RC FS T V t0 
the priſe RQFSTYV: And by alternat ion, as the priſms 
K B X L. O M, LX CON N to the priims PE QRS Ts 
RQES TV, ſo is the priſm LX C N N o, to, the priſm 


RK QFSs TV. But it has been PRE that as the priſm: 
I. Xx C MN O 1s to the priſm R V, ſo is the baſe. x C 


to the baſe R QF, and the baſe AB C to. he baſe D. F : 
Therefore as the trians] 


the "two priſms in the pyramid DEF FH. So likewiſe 11 
the {hp 1 made by the divifion <forcfad b be. divided at- 


Ker. . 0 ame manner as ON N 0s STV H, it wil be EY the 


* 


ES oe” oe 


— ' tothe trian- 


218 A B C is to the triangle DEF, ſo 
are the two priims that are. in the py Seca AB CG, to: 


„ mids AK Lo, and DP RS, and of all 
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baſe o MN to the baſe 8 r v, ſo are the tvio priſms. in the 
pyramid 0M NG to the two priſms that are on the pyramid 
'$TVH. Put as the baſe o M1 N is to the baſe s v, ſo is 


the baſe a pc. to the baſe DOE F. And therefore as the 
baſe AB C is to. the baſe DE F, ſo arc the two prous in 
the pyramid Ah C G to the two priſms that are in the py- 
ramid DEF H, and the two pritms that are in the pyra- 
mid 0 MN G to the two priſms in the pyramid 8 T VH, 
and ſo are four to four. And the fame on ng is alfo prov- 
ed in the other poims made by the diviſions of the pyra- 
the reſt equal in 
nun: er, Which was to be demonſtrated, 


| | 1. E M M A. 
But we thus demonſtrate that the triangle Lxc is to the 
triangle RQ, 28 the prit m vhc 93 1 aſe 8 the triangle L, XC 


and 1 lite bat — WI i 10 the MI 1 ' I} 12 baſe 18 the 
triangle R QF, and oppoite bate the triangle 8 T v. 


1 
For in tne alle 1 C 


AB C, D E F, which WII 1-1 De equal TH He anot! fe becauſe 


ky 
1 


0 
the pyra 111ds themſelves are la pee to have tc 82 e alti- 
| tude, aud OCCat fe the two 149 rt lines, J.. G Eg and the 
5 drawn from the e Point 85 Wy cut by the par- 
_allel-planes-A'B:C, O NN; [by 17.1 .] they will be cut 


in the Fame ratio. But „ TTY 4 D þ the 7 ane O BIN 


in the po. int N: Th erciore-the r \dic ulir drawn from 
the point G to the plane ABC will be biſected by the 


plane O MN. By che ſame. reaſon the perpendicular drawn 


froin the point H to che Pla me DEF, Wil be biſected by the. 
plane s T V. But the per; pendiculars drawn from the points 


G, H tô the planes A 5 8 „D E F are equal: And .thereiore 
the perpendiculars drawn irom the triangies 05 N, 8 


to A C, DE F, are equal: Wherefore the priſms 28 fc 
- baſes are the triangles L XC, RF, and oppolite baſes th 6 


triangles O MN, S TV, have the ſame Air le; When, Or 


. [by 32. 11.] the ſolid | paralle! eplp- dons whi ch-are deſc; 


bed upon the [Rte  priſms-of equal alt! itudes, are to one an- 


other as their baſes: and ſo are their halves: There! Orte. 
as the baſe L x © is to the baſe k Wn 40 will the ſaid b. ilins 


! 


be to one another. Vy hich. Was to de dem onſtrated, 


m9 
5 l 
: >13 


igure concetve bergen iculars to be 
drawn from the points G, H, to the planes of the trlangles 
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PRO P. v. THE OR. 


Pyramids of the ſame altitude, which have triangu. | 


lar baſes, are to one another as their vaſes. 


For let pyramids of the ſame altitude have the tri 


angles ABC, DEF, for their baſes, and vertexes the 
points G, H. I ſay as the baſe A B c is to the baſe BE 
ſo is che pyramid a B C G to the pyramid Di F H. 

For if it be not ſo, it will be as the bafe a B C ts to the 
baſe D E F, fo is the pyramid A CG to ſome ſolid «ither 
leſs or greater than the pyramid DE FH, Firlt let it be to 


a filid les y aS Y; and divide the pyramid DEFH into 


two 1 875 pyramids ſimilar to the whole, and into two 
equal priſms: Then [by 3 12.] the prifms both together 
are greater than half the whole pyramid. And again, let 
the pyramids made by the diviſions aforeſaid be in like 


manner divided; and let this be always done, till ſome 


pyramids be obtained leſs than the excets of the pyramid 
D E F H above the ſolid v. Let theſe pyramids be taken, 

and let them, for example, be tlie pyramids DPRS,STVH : 

Therefore the reſt of the priſms in the pyramid DEF 
will be greater than the ſolid v. Alſo divide the pyramid 
ABCS G after the like Manners into the ſame number of 
parts as the pyramid DEFH: Therctore [by 4. 12.] as 


the baſe ABCis to the baſe DF F, ſo are the priſms in 


the pyramid A 5 C to the priſms in the pyramid DE E A. 
But [by ſuppoſition] as the vaſe ABC. is to the baſe DE F, 
ſo is the pyramid A BCG to the ſolid y : And theretore as 


the pyramid A B C & 1s to the ſolid v, ſo are the priſms in 


the pyramid ABCG to the priſms in the pyramid BE FH: 
And alternately as the pyramid ABCG is to the priſins 
that are in it, ſo is the ſolid v to the priſms that are in the 
pyramid DE FH. But the pyramid AB C G is greater 
than all the priſms that are in it; and therefore the fold v 
is greater than all the priſms in the pyramid DE H: but 
it is leſs too; which is impoſſible. Therefore it is not 45 
the baſe ABC is to the baſe DEF, ſo is the pyramid 
ag c to ſome ſolid lefs than the pyramid E H. In 
like manner we demonſtrate that it is not as the baſe PE 
to the baſe Ah c, ſo is the pyramid DE FH to ſoine ſolid 
5 leſs than che pyramid ABCG: And moreover I bg that it 


18 


EN. 


2 
4 


Pyramids of the ſame altitude, and having polyge 
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is not as the baſe ABC to the baſe HE F, ſo is the pyra- 
mid A BCG to ſome ſolid which is greater than the pyra- 
mid DEFH. For if poſlible, let it be fo to ſome greater 
folid as v. Then inverſely it will be as the baſe DEF is 


to the baſe AB C, {0 1 is the ſolid v to the pyramid A BCG. 


But as the ſolid 


Y 1s to the pyra- D 
mid AB CG, fo A N 
is the pyramid 1K. N 

D E F H to ſome _ 


ſolid leſs than the F 


| 7 

pyramid ABCG, 44 WH Ta 

as has been but 8 

Fd Od We 

now demenftra?ůa 25 
| 1 1 A 

ted: And there- _ 

fore as the baſe . - 

DEF, is to the AER 

baſe AB C, ſo EEE: 

s the pyramid RV KA 


DEFH to ſome 
ſolid leſs than the pyramid A G; which is abſard. 


Therefore it is not as the baſe A E C to the baſe DEF, ſo 
is the pyramid A BC G to ſome ſolid greater than the pyra- 
mid DEFH : Bur it has alſo been demonſtrated not to be 
fo to any ſolid leſs: Wherefore as the baſe ABC is to the 


baſe DEF, lo is the pyramid. ABC Gy to the pyramid 5 
DEF HR. 

Therefore pyramids of the ſame altitude, baving trian- 
oular baſes, are to one another as their baſes. Which Was 


to be demonſttated. 


PROP. VL. THEOR. 


nous baſes, are to one another as their baſes *. 


Let there be pyramids of the ſame altitude, whoſe poly- 
gonous baſes are A B C DE, FGHK L, and vertexcs the 


points M, N: I fay as the baſe A B CDE is to the baſe 
 FGHKL, fo is the 2 aB CDE M to the . 
FA. 


For divide the baſe A BCD E into = 5 A'SC, 


5 2 * and the baſe F GH K into the triangles 


r 
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FG H, T HK, FK L, and upon every one of theſe triun. 


gles conceive pyramids to ſtand of the ſame 1 With 
the firſt Pro! noſed 1 py ramic s. Then becauſe [by 5. 12.] a 


1 
=d 


mid A 0 My to the pyra mid ac DM; and by compo; 


ry 


tion [by 18. 5. 1 25 the trapezium ABCD is to the trian 
gle A C p, fo 1s the pyramid ABC DM to the pyramis 


AB CM. But as the tr ati ae \ TD is to the triangle A DE, 
ſo is the pyramid æ p M to the pyranud ADE M. There- 
fore by equality of ratio {by 22. 5. ] as the baſe ABC 1: 


to the baſe AD E, ſo is the pyramid ABC DM to the py- 
| ramid A D EM. And 7 ain by rang as the bal 


A B CD E 15 to the baſe 

A D E, lo is the Pyr 

mid ARC DEM to 
pyramid ADE 

\ the tame . alſo 45 

N the baſe FG HK L is to 

7 \ the baſe E L fo is the 

\ - 1: prramid FG HEKL Nt 

tlie Pyramid - FK LN. 

And becauſe A D E 71; 


he 
[8] 
8 


4 


F K L N are two pyramids of the fame altitude having tri- 
E K JL. 
as the pyram! d A D E NM is to the pyra amid F& L N: There- 


ans -ular ba es; the baſe A D E Will be to the Vale, 
fore 1 8 iT 13 25 the baſe A. B C-D--E 18 FO the Wy A D Es 
ſo is the pyramid ARC DEM to the pyramid ADEM : 
and as the baſe A DE is to the baſe FK L, ſo is the pyra- 
mid A DEM to the pyramid FK LN: It will be {by e- 


qualiry of ratio] as the baſe AB c D E is to the baſe F K LI, 
fo is the pyramid ABCDEM to the pyramid 1 EI N. 
Rut alſo as the baſe Fk L, is to the baſe FG HEK L, ſo was. 
the pyramid FK I. N to the pyramid FHO K LN: Where- 


fore again, by equality of ratio, as the baſe ABCDE 1s 
to the baſe FG H K L, foi Is the PYRO ABCDEM to the 


pyramid HEK LN. 


IT berefore pyramids of the ſame altitude; having poly- 
gonous baſes, are to one another as their baſes. Which 


was £0 be demouſtrated. 


c_ All aid; of the fans altitude, are to one - another." a 


their baſes, which fome eaſily demonſtrate by the method of 


indivitbles; for ſince ADY pyramid may be conceived to be 


„ made 
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made up of an infinite number rd little ſolids, all of the ſame 


altitude, N all their baſes ff 
of the pyramid, perpetually deer ling to its vertex: and ſince 
every one of theſe little ſolids, eing of the ſame altitude, is 
as its baſe : "Therefore all ſuch liltle ſolids in one pyramid, 

to all ſuch ſolids in another of the ſame altitude, that is, one 
pyramid will be to the other, as the baſe of one of the little 
folids in one pyramid, cut off by a plane par alle] to the plane 
of the baſe, 1s to the correſpondent baſe of the other little ſo- 
lid in the other pyramid made by that cutting plane; that is, 
becauſe the correipondent baſes of theſe little ſolids are pro- 


nilar and parallel to the bale 


portional to the baſes of the pyramids, the pyramids themſelves 


will be as their baſes. 

Hence if there be two ſolids of the fame altitude, and if 
they be both cut any where by a plane parallel to the plane of 
their baſes; and the ratio Or the ſections made be conſtant, 
thoſe ſolids will be in that coniant ratio; that ls, f in the ratio of 
the baſe of the one, to the baic of the other; 10 that, if thoſe 
ſections are e and t! ence the baſes, the ſolids th :cmiclves 
will be equal. 


2 R | P \ #4 & 5 = 1. 7 IN 
1 N „000 1 EI . 
F By . - c / 3 . 0 7 . 
97 a7 27 / 4 7 4, 2 7:1 4 7 
Emp F V pri Hl ba 97. 8 1 Jan guts 1 City ffy 7 diviſible 
77 3 Fo 579941 77 FD T favs 244 O 5 * 7 
nt 0 297 7 IS C07, 2 BY Fant bus < 2 ZDA. AH 4 U ICS, 
C3 2 7 
EE Wy 8 Dp 8 1 3 
Let there be a nh whoſe bats is the triangle ARC, 


and oppolite- baſe the triangle BEE 1 ay. the priſm 


A B C N E F is diviſible into three equal pyramid S having 
triangular bales. | | | | 
1 join B D, Ee, cp. Then becauſe A B E D is a par- 
allelogram whole diameter is h B; tho triangle A BD by 
35 .] will be equal to the triangle. EDE. Therefore by 
5. 12.] the pyramid whoſe bafe is the triangle 4.3 2 Dy and 
vertex the point c, is equal to the pyramid who! 'S 


the triangle EN B, and vertex the point 1 

But the pyramid whoſe bufe is the Re 
triangle EDB, and vertcx the point e, R 1) 
18 the ſame as the pyramid whoſe baſe 1 „ 0 
is the triang gle EEC, and vertex the N 7 ö \ | 
point p; for it is contained under tlie N 
lame planes: And therefore the pyra- / NY | 
mid whoſe baſe is the triangle a 3 2 , 
and vertex the point c, is equal F W: 
PFramid whoſe baſe is the 5 8 BBö 
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'ERC, and vertex the point p. Again, becauſe PRE is 
a parallelogram whoſe diameter is C E, the triangle E c x 
[by 34. 1-] is equal to the triangle © BE: Therefore [by 
5. 12] the pyramid whoſe baſe is the triangle B EC, and 
vertex the point p, is equal to the pyramid whoſe baſe is 
the triangle EC, and vertex the point p. But the pyra- 
mid whoſe baſe is the triangle BC E, and vertex the point 
p, has been proved to be equal to the pyramid whoſe baſe 
is the triangle A B Dp, and vertex the point c. Wherefore 
the py ramid whoſe baſe is the triangle CEF, and vertex 
the point p is equal to the pyramid whoſe baſe is the tri- 
angle ABD, and vertex the point c. Therefore the priſm 
ABCDEF 1s divided into three equal pyramids, havin 
triangular baſes. And becauſe the pyramid whoſe baſe is 
the triangle AB D, and vertex the point c, is the ſame as 
the pyramid whoſe baſe is the triangle c a B, and vertex 
the point p; for it is contained under the ſame planes; 
and the pyramid whole baſe is the triangle A B p, and ver- 
tex the point c, has been proved to be a third part of the 
priſm, whoſe baſe is the triangle ABC, and the tiiangle 
p EF oppolite to it: Therefore the pyramid whoſe baſe is 
the triangle A B c, and vertex the point p, is a third part 
of the priſm having the ſame triangular baſe A n c, the op- 
poſite baſe being the triangle DEF. Which was to be 
demonſtrated. _ 

Corollary. From hence it is manifeſt, that every pyra- 
mid is a third part of a priſm having the ſame baſe and al- 
titude. Becauſe if the baſe of a priſm is any other right 
lined figure, and another ſuch a one, oppoſite to it, it is 


diviſible into priſms having triangular baſes, and the oppo- 


lite baſes allo triangles. 


PROP. vil. THE OR. 


Similar pyramids having triangular baſes, are in the 
triplicate ratio of their bomologous fi fi des. 


Let there be ſimilar and alike- ſituate py 'ramids, having 
2, the triangular baſcs ABC, DE F, and vertexes the points 
6, H. I ſay the pyramid ABCG to the pyramid DEF H 
is in the triplicate ratio of the fide B C to the fide EF. 
For compleat the ſolid parallelepipedons B G M L, k HPO. 
Then becauſe the pyramid A is ſimilar to the Nl 
| ms 


; the 


aving 
2OLNtS 
E F H 


4 PO. 


pyra- 
mid 
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is to EF, and as BG 
is to E H. Therefore 


EF, and the ſides a- 
bout the equal angles 


one pyramid, to ond pyramid having 
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mid p E F E, the angle ABC [by 9. def. 11.] will be equal 


to the angle DE F, the angle GBC to the angle HE F, and 
the angle ABG to 
the angle DE H, and 


AB is to DF, as BC 


becauſe it is as A B is 
to D E, ſo is BC to 


are proportional: the 
parallelogram B M 
will be f1milar to the parallelogram E P. By the ſame rea- 
ſon the parallelogram B & is ſimilar to the parallelogram 


ER, and the parallelogram B K to the parallelogram E X: 


Therefore the three parallelograms B M, K h, BN ale ſimi- 
x 


lar to the three parallelograms E p, EX, ER. But [by 
24. II.)] the three parallelograms MB, B K, N are hmilar 
aud equal to the three oppoſite parallelograms, and the 
three pataltelograms 1 E P, EX, ER iIntllar and 8 to the 


three oppoſite ones; whereforc the lids h G 1 


XI L, E HP O 

7 1 
are contained under uy al numbers of fimilar planes 3 and 
ſo [by g. def. 13.] th as 2 G ML is ſimilar tc the ſolid 


Ex HPO. But [by 33. 11.] fimilar folid paral.cl- 19615 
are in the triplicate ratio er their homoicgous tides : There- 
tore the ſolid BGM N to the ſolid E Hy O is in the tripli- 
cate ratio of the h. >mologous fide BC to the homologous 


ſide EF. But [by 15. 5 21 as the ſclid h G M I is to "the 
ſolid EH o, fo is the pyramid ABCG to the pyramid _ 
DEF H; for the pyramid is a hxth part of that ſolid, fince 


the oriſm, which is one half of the ſolid parallelepipedon 


is thrice the pyramid; Therefore the pyramid ABCG to 
the pyramid DE FH is in the triplicate ratio of BC to EF. 


Which was to be demonſtrated. 


_ Corollary, From hence it is manifeſt, that Geritlas pyra- 
mids having polygonous baſes, are to one another in the 


triplicate ratio of the homologous ſides: For they being 


divided into pyramids having triangular baſes, becauſe [by 


20. 6.] ſimilar poly gonous. baſes are divided in to equal 
numbers of ſimilar triangles homologous to the holes; it 


will be as one of the pyramids having a triangular baſe in 
a triangular baſe in 
| 8 


> 2 — — — 
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the other, ſo are all the pyramids having triangular baſes 


in the one pycamid, to all thoſe having triangular baſes in 
the other; that is, ſo is one pyramid having the polygo- 
nous baſe to the other pyramid having the polygonous baſe, 


But one pyramid with a triangular baſe is to another pyra- 


mid with a triangular baſe in "the triplicate ratio of their 


homologous fides : And therefore one pyramid having 2a 


polygonous baſe to a fimilar pyramid having ſuch a baſe, 


is in the triplicate ratio os one of its homologous ſides to 
the Other. 


RO P. Ix. TIIE OR. 
The baſes ef equal pyramids, having triangular 
boſes, are reciprocally proportional to their alti- 
tudes, and thoſe triangular pyramids whoſe baſes 


are reciprocally proportional to their altitudes, are 
| equal to one anvtper. 


For let there be equal py ramids having the triangular 


baſes ABC, DET, and vertexes the points G, H: F ſay - 
the baſes of the pyramids ABCG, DEFH are reciprocally 
proportional to their altitudes; that is, as the baſe A B C is 
to the baſe DE F, fo is the altitude of the PY ramidDEFH 
to the altitude of the pyramid A CG. 


For compleat the folid parallelepipedons BGML,EHP0. 


Then becauſe the pyramid AE CE 18 equal to the pyramid 


DEFH, and the pyramid ABCG is the ſixth part of 
the ſolid B6ML, and the pyramid DEFH the oh 
part of the ſolid E x po: The folid ꝝ OM ſby 15. 5.] 

will be equal. to the ſolid EHPo. But [by 24. 11. 


the baſes of equal ſolid parallelepipedons are recipto- 
cally proportional to their altitudes: Therefore as the 


x. baſe B M is to the baſe 
e oOp 01 is the altitude of 


g \ altitude of the ſolid 
„0 I. But as the baſe 


B M1. is to the baſe E P, 
ſo is the triangle A 5 © 


— to the triangle DEF: 
DE Thercfore as the trian- 
| ge 


E- the fol'd EHP0 to the 
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gle ABC is to the triangle p E F, fo is the altitude of the 
ſolid EH Po to the altitude of the ſolid BG MIL. But the 
altitude of the ſolid E Hp O is the ſame as the altitude of 
the pyramid DEFH, and the altitude of the ſolid B G MI. 
the ſame as the altitude of the pyramid ABCG: There- 
fore as the baſe AB © is to the baſe D E F, ſo is the altitude 
of the pyramid DEFH to the altitude of the pyramid 


AB CG: Wherefore the baſes of the pyramids A B C Gy 


D E F H are reciprocally proportional to their altitudes, 
Now let the baſes of the pyramids A ECG, DEF H be 
reciprocally proportional to their altitudes, and let the baſe 
ABC be to the baſe HE F, as the altitude of the pyramid 
D E F H is to the altitude of the pyramid aBcG: I fay 
the pyramid ABCG is equal to the pyramid DEFH. _ 
Por the ſame conſtruction remaining, becauſe as the 


baſe ABC is to the baſe DEF, ſo is the altitude of the py- 


ramid p EF H to the altitude bf the pyramid aBc G. And 
as the baſe ABC 1s to the baſe D E F, ſo is the parallelo- 
gram h M to the paiallelogram EP; it will be as the par- 
allelogram B M to the parallelogram E Þ, ſo is the altitude 
of the pyramid DEFH to the altitude of the pyramid 
ABCG. But the altitude of the pyr ramid DEFH is the 
ſame as the altitude of the ſolid parallc Hepipedon EHPO3 
and the altitude of the pyramid a BCG the jame as the 
altitude of the ſolid paraliclepipedon BG ML: Therefore 
as the baſe B M is to the baſe EP, fo is the altitude of the 
ſolid parallclepipedon E EH Po to the altitude of the ſolid 
parallelepipedon BG ML. But thoſe folic parallelepipedons 
whoſe baſes are reciprocally proportional to their altitudes | 
[by 34. 11.] are cqual to one another. Therefore the 
ſolid parallelcpipedon B; G M4 L is equal to the ſolid paralle- 
lepipedon EHPo. And the pyramid ABCG. 1s a ſixth 
part of the folid BG MI, and the pvramid DE FH 1s allo 
a lixth part of the fold EH o,; thereioie the preamiy 
ABCG is Cqual to the pyramid DE F AH. 
Wherefore the baſes of equal pyramids having triangu- 
lar baſes, are reciprocally proportional to their altitudes 3 


I and thoſe triangular pyramids, whoſe baſes are reciprocaily - 


proportional ro "their altitudes, Are e o one another. 
W hich Was to be demonttrated. 
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PROP. X. THEOR. 


Every cone is a third part of a cylinder which has 
the ſame baſe and an equal allitude 


For let a cone have the ſame baſe as 4 cylinder, 2, 
the circle ABC B, and an equal altitude: I fay the cone 


is a third part of the cylinder; that is, the cylinder 18 


thrice the cone. For if the cylinder 


FE be not thrice the cone; it will be ei— 
, N ther greater than thrice the cone, or 
[7 i M "leſs. "Firſt let it be oreater thin thrice 

BR A the cone ; and teſcribs a ſquare ABCD 
8 ; 


,,in the circle A BCD: Then the {quare 
F ,. ABCD is greater than one half the 
. circle ABCD. And upon the ſquare 
Ah cd erect a priſm of the fame altitude as the cylinder, 


Which priſm voll be Stenner th 411 One half the cylind acrs 
4 


becauſe if a ſquare be deicribed about the circle A BC Dy 


the ſcribed ſquare will be one half the circumſcribed 


fquare z and there are erected upon thoſe baſes ſolid paral- 


ele eripedons of the fame altitude, 7/2. the priſms. them- 
{clves z and fo the priſms are to one another as their baſes ; 
therefore the priſm erected upon the ſquare A B c b is one 
half the priſm erected upon the ſquare deſcribed about the 

direle ABCD; and the cy "IP is leſs. than the priſm 
erected upon the ſquare deſcribed about the circle: ABC P! 

Therefore the priſm deſcribed upon the ſquare ABC D of 
the fame altitude as the cylinder, is greater than one halt 
that cylinder. Biſect the parts A B, B C, Cp, DA of the 
circumference in the points E, „ 5 Join A E, E By 
BF, FC, C, GD, DH, HA Then each of the triangles 
AE B, BFC, C6 D, DHA is greater than one halt the ſeg- 


ment of the circle ABC D V herein it ſtands, as has been 


already proved {ſer 2 12. J. Upon each of the triangles 


A E B, E F C, Cb, DH A erect a priſm of the ſame alti- 


tude 7 48 the cylin, ler: Then will each of theſe priſms be 


1 Ader than One half the reſpective fer ment of the CY} in- 


der; becauſe it thro". the points E, 5 G; H parallels be 


k 
_ erewnto A By Þ „ CDs DA, and parallelogtams at them 


4 | | ”— 55 
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Ide compleated, upon which ſolid parallelepipedons of the 
flame altitude as the cylinder are erected ; each of theſe 
1 erected parallelepipedons will be double the priſms which 
are in the triangles A E B, BFC, CGD, DHA; and the 
1 Tegments of the cylinder are leſs than the erected ſolid 
parallelepipedons ; therefore the priſms in the triangles 
A E R, ; FC, CGD, DHA are greater than one half the re- 
ſpective ſeements of the cylinder ; ; and fo let the remain- 
ing parts of the circumference be biſected, right lines be 
joined, and upon each of the triangles erect priſms of be 
ſame altitude as the cylinder, and do this always, till : 
laft [by 1. 10.] ſome ſegments of the cylinder remain 
being leſs than the exceſs of the cylinder above thrice the 
cone. Let ſuch ſegments be left, and let them be ar, 
EB, BF, FC, CG, GD, DH, HA. Then the remaining 
priſm, whoſe baſe is the polygon A E BF CG DH, and al- 
titude the ſame as that of the cylinder, is greater than 
thrice the conc. But [by cor. 7. 12.] the priſm whoſe 
baſe is the polygon AEBFCGD HM, and altitude the ſame 
as that of the cylinder, is thrice the pyramid whoſe baſe is 
the polygon AEBFCGDH, and vert: x the ſame as that | 
of the cone; and therefore the pyramid whoſe baſe is the OO e 
polygon AE BF CG DE, and vertex the fame as that of 
the cone, is greater than the cone whoſe baſe is the circle 
A BC D: but it is leſs too, becauſe it is contained in it, 
w hich is impoſſible: Therefore the cylinder is not greater — 
than thrice the cone. I ſay moreover, that the cylinder is 1 
not leſs than thrice the cone. For if poſſible let the cy- 
linder be leſs than thrice the cone; then inverſely the 1 
| cone will be greater than a third part of the cylin- | 1 
der. Deſcribe. the ſquare AB C D in the circle ABCD; om 
this ſquare will be greater than one half the circle DM 
AB C p, and upon the. ſquare AB C D erect a pyramid, _ 1 
having the ſame vertex as that of the cone; then the | # vi 
"WI. erected py ramid will be greater than one half the cone; „ 
I becauſe, as we have already demonſtrated, if a ſquare Eg 4 


: be deſcribed about the circle, the ſquare A n D will LS | by 
: be one half of it. And if ſolid parallelepipedons be 8 24 
; erected upon thoſe ſquares, having the fame altitude Ons 4 


with that of the cone, which are alſo called priſms; 
that erected upon the ſquare A BCD will be one half 
of that erected upon the ſquare deſcribed about the 

Cc 2 Do circle; 


C3 — O02 
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circle ; for by 32. 11. ] they are to one another as their 


baſes ; and ſo alfo are the third parts of them: Where- 
fore the pyramid whoſe baſe is the ſquare AB CD is one 
halt of the pyramid erccted upon the. ſquare deſcribed 
about the circle, But the pyramid erected upon the 


ſquare deſcribed about the circle, is greater than the cone, 


for this is contained in that. Therefore the pyramid 
whoſe baſe is the ſquare A BCD. and vertex the ſame as 
that of the cone, is greater than one half the cone. Bi- 
fect the parts AB, BC, C Þ, D A of the circumference in 
the points k, F, 6, H, and join AB, EB, BF, FC, CG, GD, 
PH, HA; then each of the triangles A EB, BFC, CGD, 
H A is greater than one halt of the reſpective ſegment of 
the circle ABCD: Upon cach of the triangles A E B, B FC, 


cp, DH A ercct pyramids of the ſame altitude as that of 


the cone; then every one of theſe pyramids thus erected, 
is greater than one half the reſpective ſegment of the cone: 
And fo biſecting the remaining parts of the circumference, 
and joining right lines, and erecting a pyramid upon 
every one of the trix angles having the ſame vertex as that 
of the cone, and doing this continually, there will at 
laſt {by 1. 10.] be left ſome portions of the cone that 
will be leſs than the exceſs of the cone above one third 
part of the cylinder. Let there be ſuch left, which 


let be thoſe upon AF, EB, BF, FC, CG, GD, DH, 


HA. Ihen the remaining pyramid, whoſe baſe is the 
| polygon AEBFCGDÞ H, and vertex the fame as that 
of the cone, is greater than a third part of the cy- 
linder. But [by cor. 7. 12.] the pyramid whoſe baſe is 
the polygon AEBECG DH, and vertex the fame as 


that of the cone, is one third part of the priſm whoſe 


baſe is the polygon AEBFCGDH, and altitude the 
ame as that of the cylinder: Therefore the priſm 


whoſe baſe is the polygon AEBFCGDH, and altitude 


the {ame as that of the cylinder, is greater than the cy- 
linder whoſe baſe is the circle ABCD. But it is alſo 


les: For it is comprehended by it; which is impoſſi- 


ble. Iherefore the cylinder is not leſs than thrice the 
cone. It has allo been proved not to be greater. than 


ane the cone: Therefore the cylinder is thrice the 


0 accordingly the cone is one third part of the 


Therefore 
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Therefore every cone is one third part of a cylinder 
having the ſame baſe as it, and an equal altitude. Which 
was to be demonſtrated. | 


* Some demonſtrate this theorem thus: Every cone may be 


conſidered as a pyranud with a polygonous bale, of an innnite 
number of exceeding ſmall equal ſides; and every cylinder as 
a priim with ſuch a polygonous baſe. And therefore ſince 


[by cor. prop. J.] every pyramid is a third part of a priſm of 


the ſame baſe and altitude, every cone, thus taken for a pyra- 


mid, will alſo be one third of a cylinder, of the ſame altitude, 


thus taken for a priſm. 


PROP. XI. THE OR. 1 
Cones and cylinders having the ſame altitude, are to 
one another as their baſes e. 


Let the cones and cylinders whoſe baſes are the circles 

AB C D, EF GH, axes KL, MN, and diameters of the 

baſes are Ac, E G, have the ſame altitude: I fay as the 
circle ABCD is to the circle E F G H, fo is the cone AL, 
to the cone EN. 1 


For if it be not fo, it will be as the circle a Bc P to the 


circle EF d H, fo is the cone AI to ſome ſolid either lets 


or greater than the cone EN. Firſt let it be fo to the ſo- 


lid x, which is leſs. Let the ſolid y be cqual to the ex, 
Ceſs of the cone E N above the ſolid x. Then the cone 


E N is equal to both the 
ſolids x, v. In the cir- 
cle E F G H deſcribe the 
ſquare E FG H: This 
ſquare is greater than 
one half the circle. 
Upon the ſquare E HGH 
erect a pyramid of the _ 
fame altitude as the 
cone: Then this pyra- 
mid is greater than one 
half the cone: for if a 
ſquare be deſcribed a- 
bout the circle, and up- 1 
on it be erected a py ra- | | OY 7 | 
mid of the ſame altitude . 
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as the cone, the pyramid upon the inſcribed ſquare is one 
halt that upon the circumſcribing ſquare; for [by 6. 12.] 
they are to one another as their baits ; ; and the cone is leſs 
than the circumſcribed pyranud : Therefore the pyramid 
whole baſe is the ſquare E F H, and vertex the ſame as 


that of the cone, 1s greater than one half the cone. Biſect | 


the parts EF, FG, GH. HE cf the circumference in the 
points o, P, R, 8; and join Ho, OE, EP, P, F R, R G, 
8 8, 1 pen each of the triangles HO E, k FE, FRG, 
G s E is greater than one half of the reſpeQive ſegment of 
the circle. Upon every one of the triangles Hor, EE, 
FRG, 68 H erect a pyramid of the ſame altitude with 


that of the cone. Then each of theſe erected pyramids is 


— 


greater than one half the reſpeclive ſegment of the cone; 


and ſo biſecting the remaining parts of the . 


joining right lines, and upon every one of the triangles 
erecting pyramids of the ſame altitude as 5 of the con 
and always doing this, there will at laſt [by 1. 10.] be lc 


ſome ſegments of the cone that will be lek han the ſolid 15 


Let ſuch be leſt; and let them be thoſe that ſtand on Ho, 


O E, E P, PF, F R, RC, G, SH, and the remaining pyra- 


mid, whoſe dae is the polygon HO EPF RG 85 and alti- 


tle the ſame as. that of the cone, is greater than the 


ſolid x. In the circle ABD deſcribe the polygon 


DTAVRQCZ, ſimilar and alike fituate to the polygon 


HOEPFRGS, and upon it raiſe a pyramid of the ſame 
altitude as the cone AL. Then becauſe [by 20. C. and 
1. 12. ] as the ſquare of Ac is to the ſquare of E G, fo is 
the polygon. DTAVBQCZ to the polygon HOEPFRGS 
and as the ſquare of A C is to the ſquare of G E, fo is by 
2. 12.] the circle A BCD to the chicle EFG H; [by 11. 


5. Jas the circle A BC D is to the circle EF G H, fo is the 


polygon DTAVBQCZ to the polygon HOEPFRGS. 


Put [by conſtr.] as the circle An is to the crete: 
E F O H, ſo is the cone A 1. to the ſold x; and {by 6. 12.] as 


the polyg TON:D TA VB 2 2 ts WW the polygon HO-E PF RG Sg 
ſo 1 15 th C Pyram! 1d * hoſe: fe 15 the PO LON D TA E WS 2 


and vertex the point L, to the p7ramid whoſe baſe is the 
nd vertex the point N.: There 
fore as the cone AL is 10 "he 10 id x, o is the pyramid 


polygon HOEPFRGS, 


whoſe baſe is the polygon DTAVBQCZ, and vertex the 
point L, to lie pyramid at: baſe. is the polygon 
ET 5 Eo | HO EP FR G55 


> 
which has been demonſtrated to be impoſlible ; ; ther refore it 


the cone A L to ſome ſolid greater than the cone E k 
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HOEPFRGSs, and vertex the point N: Wherefors al- 


ternately as the cone A L is to the Py ramid which is in it, 
ſo is the ſolid x to the pyramid which is in the cone E N. 


But the cone A L. is greater than the pyramid which is in 
it: Therefore the ſolid x is greater than the Pyracty 31 
which is in the cone EN: But. it is leſs too; which 
abſurl. Therefore it is not as the circle a BCD to the 
circle EFG AH, ſo is the cone AL to fome folid leſs 
than the cone EN. In like manner we demonſtrate 
that it is not as the circle EFG E to the circle ABCD, 

{o is the cone EN to {ome ſolid leſs than the cone A E: 
J ſay alſo that it is not as the circle ABC DB to the 


circle EFGH, ſo is the cone A L to forme ſolid greater 


than the cone EN. For if poſſible, let it be ſo to ſome ſo- 


lid x, which is greater. Then inverſely, as the circle 
EFGH is to the circle A BC D, ſo will the 2 d x be to 
the cone AL. But as the ſolid x is to the cone A L, io 13 
the cone EN to ſome ſolid leſs than the cone a1. : : Aud 
therefore as the circle E F GH 1s to the circle A Bc D, fo 
is the cone EN to ſome ſolid leſs than the cone Al. 


is not as the circle a 5 C p is to the circle E E £ 


It has alſo been proved that it is not ſo to any ſolid 
which is leſs. Therefore as the circle ABC D is to 
the circle EFG EH, ſo is the cone A 1; to the coe EN 
But as cone is to cone, ſo is cylinder to cylinder 


4 * 
©. 2233 
? 3 


10 


for [by 10. 12.] the one is thrice the other; and there- 


* 


fore as the circle. ABC p is to the circle E FG. EH, ſo 
nie altitude and- 


are the cones and cyhnders of the BY 

ing upon them. | 
Wherefore cones and cylinders of the Eime Altit! ade, are 

to one another as their baſes, W hich Was to be demon- 


ſcrated. 


* This m may be demonfrated ſhorter, by the met Bod of in- 


d.wiſtbles, and tro. cue noces upon the lixch and teuth theo- 


rene, 


* 
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PROP. XII. THE OR. 
Similar cones and cylinders are to one another in the 
triplicate ratio of the diameters of their baſes", 


Let there be ſimilar cones and cylinders, whoſe baſes 
are the circles AB C D, EFGH, diameters of the © baſes 
BD, FH, and axes of the cones or cylinders K L, MN: 
I ſay the cone whoſe baſe is the circle ABC p, and vertex 
the point L, will be to the cone whoſe baſe is the circle 


EFG 1, and vertex the 888 L, in the triplicate ratio of 


B D to F . 

For if the cone A CD I be not to the cone E FG HN 
in the triplicate ratio of ; D to F H, the cone ABCDL will 
have a triplicate ratio to ſome ſolid either leſs than the cone 
EFGHN, or greater, 

, -Fui{t let it have ſuch a 

— ratio to the ſolid x 
ZZX=>L © which is Jeſs; and in 
SL the circle EF GH de- 
f, l, >, cribe the ſquare E FOH. 
Wo N Pl Thereiore the ſquare 
W fais greater than 
S R one half the ..: circle 

| E FG H. Again, upon 
e 3 the ſquare EF GH e- 
| rect a pyramid of the 


| the cone: and ſo this 
erected py e is greater than one half the cone. Divide 
the parts E F, FG, 8 H, HE of the circumierence into equal 


parts in the points o, P, R, 8, and join EO, OF, FP, G, 


R, RH; Hs, 8 E: Ihen each of the triansg lex EOF, 
FPG, GRE, Os E is gicatcr than one half of the reſpe- 


 Etive ſegment ot the circle 5; TH. Again, upon each of 


the triangles EO F, FP agg 8 R H, HSE: erect a: py ramids 
5 having the ſa me vertex as the conc, and each of the erect- 
ed p\ramids is greater than one half of the reſpective ſeg- 
ment of the cone, T hberefore biſecting the remaining ſcd- 


ments of the ci rcumſeicn ee, and joining right lines, and 


erecting pyframids upon every one Of the triangles having 
the lame » vertex as the 2 and . on 9 this, at laſt 


yp 


ſame altitude 2 as that of 


« 


Da 
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[by I. 10.] there will be left ſome ſegments of the cone 


which will be lels than the exceſs of the cone ErGHN 


above the folid x. Let ſuch be left, and let them be thoſe 


deſcribed upon EO, OF, FP, PG, GR, RH, Es, 8s E: 


F 


Then the remaining pyramid whole baſe is the polygon 
r 


EOF PGR Hs, and vertex the point &, is greater than the 
ſolid x. Alſo in the circle A h C deicrive the polygon 


ATBVYCQDbz ſimilar and alike fituate to the polygon. 


FOrPORAHG; and upon it erect a pyramid, having the 
ſame vertex as that of the cone; and let I. 'T be one of 
the triangles containing the pyramid, whole baſe is the po- 
lygon AT BVC OD, and vertex the point l, and N Fo 
one of the triangles containing the pyrainid, whoſe bale is 
the polygon EOFPGR HS, and vertex the point x. And 
laſtiy join Kr, Mo. Then becauſe the cone ABCD L 
is ſimilar to the cone E FHN; {oy 24. def. 11.] it will 
be as BD to F H, ſo is the axis K I. to the axis. M N. But 


as B D is ko H, 0 1 18. B K to F NM W hercfore as B K is to 


F M, ſo is K L to M N. Therefore alternate: as B K is to 
Kr, ſo is F M to MN: And the angles EK IL, FMN are 
equal, as being right angles, and the ſides about the equal 


angles B K I., F M N are proportional. Ebetetore | by 6. C.] 


the trian; gle BKL is ſimilar to the triangle F MN. Again, 


becauſe as BK is to K T, ſo is F 51 to MO, and they are 
about the equal angles B KT, F Mo; for the angle BK.T 
1s the ſame part of tour right angles Wich ate at the cen- 
tre K, 48 8 angle F M © is of the four right angles about 
the centre T: herefore becauſe the fides about the ech ual 


angles are proportional; the triangle h KT by 6. 0.] wil 


be + 8 to the triangle! F M O. Again, becauſe it has 


been proved that as h K is to K L, ſo is FM WOMN but 
B R 15 equal 10 K 13 and F M o MM 0 5 it Wil be «5 at of {a 10 


K L, ſo is O NM to MN, and the {des about the equal light 


angles T KL, OM Nate proportional: JET 2 hereiorc the tri⸗- 
; — | ö 1 83 TEM | gy | 1 i 5 = E; _— 
angle AK TT 1s Enular 10 be trlang E N. MO But becaule 


from the ſimilarity of the triant.cs' B K L, F MN, it is as 


1 3 
A h is to B K, fo is N F to F M, and ſince the triangics 
B K T. FMO ate hmilar, as K B is to 3 1, lo 18. MF to 


Mo; tlierefore by equality of ratio {by 22. <.} as AE is 


—— 


to B T, ſo is N F to Fo. Again, becaule the tllangles 


Nas 


LI ER, NOM ate un Ri it is as * 16-7 K 60 150 NO 


4 * 


to oM; and becaule ot che knular Uiangics &B 15 OF, 


as. 
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as K T is to T B, fois Mo to oy; it will be, by equality 
of ratio, as L T is to T B, ſo is No to oF, But it has 
been proved that as TB is to ; L, ſo is o F to FN: Where- 
fore again, by equality of ratio, as TL is to LB, ſo is ON 
to N F: Therefore the ſides of the triangles AT B, NOF 
are proportional ; ; and ſo [by 5. 6.] the triangles L T By 
NOF ate cquiangular and fimilar to one another: Where- 
fore {by g. def. 11.] the pyramid, whoſe baſe is the tri- 

angle B'TK, and vertex the point L, is ſimilar to the py- 
ramid whole baſe is the triangle FMo, and vertex the 
point N: For they arc contained under equal numbers of 


fimvar planes: But ſimilar pyramids that have trlangu- 


lar baſes, are {by 8. 12.) in the triplicate ratio of their 


homologous ſides : therefore the yramid B KF T I. to the 


p; vramid FMO N is in the triplicate ratio of BK to F m, 
In hke manner drawing right lines from the points a, , 
D, W. ei „ te N and from E s, H, R, Gy P, to Mr, 
and crefting Pyramids upon the triavnjes oi the ſame 
Vertexcs as the cones; we demon ſtrate that each of 
the Py ramids of one cone is to every one of the other, 
in the triplicate ratio of the homologous fide B K to the 
homologous fide F M: that is, of BD to F H. But [by 
12. 5.] as one of the antecedents is to one of the con- 


fequents, ſo are all the antecedents to all the conſe- 
quents : Therefore as the pyramid BK TL is to the 4 


ramid FMO, ſo is the whole pyramid, whoſe. baſe. i 


the polygon AT BVC QD Zz, and vertex the point 15 
to the whole pyrainid, whoſe baſe = the polygon 


EOF FCR Hs, and vertex the point &: Wherefore the 
pyramid whoſe baſe is the polygon ATB v 2 25 
and vertex the point L, is to the pyramid whoſe baſe 
is the polygon EOFPGRHS, and vertex the point &, 


in the triplicate ratio of Bh D to F H. But the cone 15 255 
baſe is the circle AB C p, and vertex the point L, is ſup- 


Poſed to be to the ſolid x in the triplicate ratio of B D 


to FH: Therefore as the cone whoſe baſe is the circle 
ABE C b, and vertex the point L, is to the ſolid x, fo is 


the pyramid whoſe baſe is the polygon AT RV QD 7, 


and vertex the point x, to the pyramid whoſe bale is the 
policon EOFP.GRH 5, and vertex the point N. And. 
alto! nat iy [by 16. F.] as the cone whoſe baſe is the 


Ciicle ABC D, and vertex the Point L, is to the pyramid 


iN 


A, 


— waſp 


JJ. 


r cd. 4. 
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in it, whoſe baſe is the polygon A TEvVCQnD, and ver- 


tex the point L, ſo is the ſolid x to the pyramid whoſe 
ang is the polygon EOF GK ES, and vertex the point 


But the faid cone is greater than the pyramid in it; 


05 it encompaſſes it: T herefore the ſolid x 1s greater 
than the pyramid whoſe baſe is the poly gon BEOFPGRHS 


and vertex N. But it is alſo lets ; wiich is impoſſible: 


Therefore the cone whoſe baſe is the circle AC D, and 
vertex the point 1, is not to ſome ſolid leſs than the 
cone, whole baſe is the circle EFG H, and vertcx the 
point N, in the triplicate ratio of BD to FH. We de- 
monſtrate alſo, after the ſame manner, that the cone 
E FG HN is not to fome folid leſs than the cone A B C D. 


in the triplicate ratio of F H to BD. 1 lay too that the 
cone ABEC DH to ſome ſolid greater than the cone 


EFG HN, is not in the triplicate ratio of B D to F H. For 
if poſſible, let it be ſo to ſome ſolid greater, as x. Then 
inverſely, the ſolid x is to the cone ABCDL in the tri- 
plicate ratio of F H to D. But as the ſolid x is to the 
cone ABCDL, fo is the cone E FOH, to ſomè ſolid 
leſs than the cone AB CD L: Therefore the cone © FGHRN 
is to ſome ſolid leſs than the cone ABCDL, in the tripli- 

cate ratio of F H to e D; wh ich las been demonſtrated 
to be impoſſible: Therefore the cone ABCD L is not to 
ſome ſolid greater than the cone E FG HN, in the tripli- 
Cate ratio of BD to F H. But it has been aiſo proved not 
to be ſo to a fold leſs: Iherefore the cone a E C DI. 
is to the cone EFGH N in the ENS ratio of B D to 
F H. But as one cone iè to the Other, ſo is one cylinder 
to the other; for a cylinder having the fame bale and alti- 


tude as a cone, is thrice the conc, ſince it is proved { by 
10. 12. ] that every cone is One thi d part of a cylinder of 
the ſame baſe and altitude. Therefore on cyünder is to 


the other in the triplicate ratio of B; D to FH. 
Wherefore ſimilar cones and cylinders are to one an- 


other in the t'iplicate ratio of the diametets of their bales. | 


W hich was to be demouſtrated. 


TF The demonſtration 51 this 1 immedia tely follows 
from that of the eighth, by ſuppoling cones to be pyramics 
having polygonous baſes of infinite numbers of ny equal 
ſides; "and cylinders to be priſms having ſuch poly gonous 


PROP. 


va { 6. 
es 3 
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PROP. XIII. THE OR. 


If a cylinder be cut [into two cylinders] by a plane 
Parallel io the oppeſite planes; it will be as one 
cylinder is to the other, fo is the axis of the one 
to the axis of the other, 


For let the cylinder Ap be cut by the plane, on [into 


two cylinders] parallel to the oppoſite planes A B, Cn, 


meeting the axis EF in the point K: I fay as the cy- 

linder 3 G is to the cylinder & b, ſo is the axis E K to the 

axis K F. 
For continue out the axis E F both ways to the points 


IL, M, and take any number of right lines E N, N I., 


each equal to the axis E K, and any number F x, X M 
equal to KF: And thro' the points L, N, X, M, draw 


Planes parallel to the planes AB, CD, and let the cir- 
cles OP, RS, TV,QZ, be conceived to be deſcribed in 
the planes drawn thro' L, N, x, M, about the centres 


L, N, x, M, equal to A, CD; and conceive the . 
ders PR, R B, D T, T z to be conſtituted. Then be- 


cauſe che axes LN, NE, E K are cqual to one another; 
” the cylinders PR, BR, BG [by Il. 


3 12.] will be to one another as their 

| | e Dales 3 Duk the baſes are equal ; and 

| 1 | therefore the cylinders P R, R B, B G 
— au b to one another. And be- 
8 1 cauſe the axes LN, * E, E K arc e- 

| | | us Poa one another, and 2 the 
cylinders PR, RB, B G equal to one 
. = another; and the Ce of In, 

e e E, k K, is equal "to the multitude 
$ 5 | | of FR, # b, PG; the axis K L is the 
— — ſame multiple of the axis E K, as the 

Gf Kt. | 3 cylinder P is of the cylinder G B. 
F By thc frm: reaſon the axis li k is 
G LE D the ſame multiple of the axis K E, as 

„„ ><, "the- cylinder LG is of the cylinder 
Fe: Nd 5 Vp. And eit the axis K I. be equal 

| Se OS to the axis K M, the cylinder YG 
il „ will be equa} to the cylinder Gz. 

8 


. It the axle K * be greater than th. 
| ax 


. r pt 


I aww 


. 
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axis K M, the cylinder P G will be greater than the cy- 
linder 2; and if leſs, leſs. Therefore there are four 
magnitudes, v/Z. the axes EK, K r, and the cylinders 
BG, GD, and there are taken equimultiples of the axis 
EK, and cylinder BG, v7z. the axis K I, and the cylinder 
PG 3 and cquimultiples of the axis K r, and cylinder 


G D, viz. the axis K M and the cylinder 6 z. And it has 


been alſo en a r that if the axis Kk I. exceeds 85 
axis K M, the cylinder P will exceed the cylinder 6 7 
if it be equal, equal; and if leſs, leſs: Therefore { by by 


def. 5.] as the axis EK is to the axis KF, ſo is the 
cylinder BG to the cylinder G Which was to be de- 


monſtrated. 


PROP. XIV. THE OR. 


Cones and cylinders ſtanding upon equal baſes, are is 
dne another as their altitudes. 


For let the cylinders FD, EI Band: ren the equal 
baſes AB, CD: I fay as the cylinder E h is to the cylinder 


F D, ſo is the axis GH to the axis K L, | 
For produce the axis K 1. to the point &; and make 


LN cqual to the axis GH; and about the aX1s LN let us 
conceive the cylinder CM to 


ſtand. Then becauſe the cy- N 


e OD. 
linders EB, C M have the ſame Piel 
altitude; CJJVVCCC00 | 75 | \ 
are to one another as their / GN 32 JH 
baſcs : But the baſes are equal:! A . 
Therefore the cylinders E , 3 | 
c M will be equal. But be:. \ „ 
Cauſe the cylinder F M is cut - | - NL 
by the plane C D parallel to n . NI 


the oppolite planes; the cy- 
linder c [by 13. 12.] will be to the cylinder F D. 


as the axis LN is to the axis X I. But the cylinder 

cM is equal to the cylinder ER, and the axis LN to 
the axis G H: TÞ hcrefore as the cylinder EB is to the y- 
linder F D, ſo is the axis 6 H to the axis KL: But as 


the cylinder En is to the cylinder k p, fo is the cone 


AB G to the cone S for {by 10. 12] they are 
thrice | 
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thrice the cones: Therefore as the axis GH is to the 


axis K I., ſo is the cone An G to the cone CD E; and 
the cylinder EB to the cylinder FD. Which was to be 
demonſtrated. | 


PROP. XV. THEOR. 
The baſes of equal CONES Or cylinders are recipro- 
cally proportional to their allitudes : alſo theſe 


cones and cylinders whoſe baſes are e call 
proportional to their alliludes, are equal. 


Let there be equal cones or cylinders, whoſe baſes 
are the circles AB C D, E FO H, and let Ac, E G be 
their diameters, and K L, M N their axes, which are the 
altitudes of the cones or cylinders; and compleat the 
cylinders A x, E O: I fay the baſcs are reciprocally propor- 
tional to the altitudes ; that is, as the baſe A BE C D is to 
the baſe k F GH, ſo is the altitude MN to the altitude 
K Ls 

For the altitude K L is ei- 
ther equal to the altitude 1 " 
or not equal to it. | Firſt let 
it be equal, and then the cy- 

linder & x is equal to the cy- 

linder ko. But cones and 
cylinders {by. 11. 12.] having 
the ſame Wee are i Cn ck 
Other as their baſes : Ihere- 


SH 6 ſore the baſe ABCD is equal 
= 


J — 


— —— — — 


cordingly they are recipro- 
Party rb that is, as the "baſe AB CD is to the 
ale K F C H, fo is the altitude mw to the altitude K 1 
Nd 1 55 = altitude Kk L not be cqual- to the altitude 
MN, but let MN be greater. And from MN take the 
2 titude N e to the altitude K 1, and cut the CY = 


Under k o thro' P by the plane T vs, parallel to the 
oppoiite planes E FG, Ro of the circles, and con- 


ccive the cylinder Es to be made, whoſe baſe is the 
circle EFG H, and altitude Þ x1. Then becauſe [by 
ſup polition | the cylinder AN Is SHES to the cylinder Eo, 


and 


to the baſe E F G H, and AC- 


aq ®- 


GEES bins 1 
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and Es is ſome other cylinder; it will be [by 7. 5.] 
as the cylinder A x to the cylinder Es, ſo is the cy- 
linder Eo to the cylinder E S. But [by 11. 12.] as 
the cylinder A x is to the cylinder E s, fo is the baſe 
AB C p to the baſe EFG H. For the cylinders A X, 
Es have the ſame altitude. But as the cylinder E O iS 
to the cylinder E 5, ſo [by 13. 12.] is the altitude 
* N to the altitude Mp; for the cylinder E © is cut by the 


plane TVS parallel to the oppotite planes: Therefore 
as the baſe Ah C b is to the baſe E FG H, fo is the alti- 


tude MN to the altitude MP. But the altitude RI P 


i8 equal to the altitude K I.: Whberelo ore as the baſe. 
A B (C D is to the baſe E FO H, fo is the altitude b; N 


to the altitude K L. Therefore the bafes of equa 2] cylinders 
A X, Eo are reciprocally proportional to their altitudes. 
But now let the baſes of the cylinders A x, E O be 
reciprocally pro portional to their tue and let 
baſe ABCD_ be to the Dale E FG H, as the altitude u N 


2 


45 to the altitude K .: I lay the cn der AX is equal to 


the cylinder E 0. 


For the ſame conſtruction remaining, becauſe as the 


— : 5 5 AY $: i FR : 5 * we Citi 2 7 

baſe A c D is to the baſe EF GH, fo is the altitude MN 

x6 the altitude. K L, 311d the Altitude K I. 18 qu, "vi 0 the 
. & 9 RE p ; ; "SO x37 $4 Sha 

altitude MP - k HC ate K B. D UV 1:1 DS: the 3 


1 


But (55 11. 12. as the baſc A B CC 2 is to the baſe 


ws ! T3 3 — * Sik L.. 1 3 ©, ” 
E F G Hy 48 tile altitude MN. 18 to the altitude M. 


E FG E, fo is the cylinder A & to the cy: inder E853 er 


? 


they have the ſame altitude. But as the altitude MN is 


(] 
inthe attitude M 55 ſo | by 13. 12. is the cylinder EO to 
i 


"the cylinder ES: And horeiore as the cylinder AX is to 
BE cylinder E 8, =” 15 oe cylinder EO to the cylinder 
Therefore {iy 9. 5. the: cylinder Ax is equal to 


hk Hie iD 0 and the like in cones. Which was to 


be demonſtrated. 


PI R OP. XVI. | P 8 © B 1385 


1 7. 8 82 4 25.4.4 o * 7 
22 etreles abt Hit tne Ji ent de 77 877 ven x 70 
"70 7 [© FE 2 3 = FS) fave ATTN 0 7 1 1. * wy 44 A A 7 F ” 
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- ES | 1 485 p 7 3 7 ff 5 „ | Oy A: F 1, 5 
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Let AB C D, E F H be two given circles, having the 
| fame 


{! 

[| 
it 
| 

1 * 
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fame centre K: It is required to deſcribe a polygon of 
an equal and even number of ſides in the greater circle 
AB CD, not touching the leſſer circle E F GAH. 

For draw the richt line Þ Þ thro” the centre k, and 
from the point 6 draw AG at right angles to B b, which 
continue out to c: Then {by 10. 3] A C touches the 
circle EFGH; and fo biſecting the ſemi. circumference 
B A b, and again bifecting its half, and doing this conti- 
: poally ; [by 1. 10. } there will at laſt remain lome part of 
the ſemi-circumicrence lefs than A P. Let this remainder 
15 be L b. And from the point 1. draw 
I. M perpendicular to B D, v nich 
continue out to &; and join 1 p, 

DN. Therefore L Y is equal to PN. 
And vecauſe LN is parallel to Ac, 
and A c touches the circle EFG E; 
LN will not touch the Circle 
E F G Hy and =} nu ch leſs. will the 
8 85 lines L D, DN touch the ci rcle 1 EFGH. Fheretore 

Ii [by 1. 4.] right lines be continuat'y apply'd round the 

Circuniference ok the circle, each Quai tO L b, there will 


be e in the circle a SVG: of an equal and even. 


number of ſides, not touching the leſler circle E F G Hs 
Which was to be demonftrated. . 


PROP. XVIL PROBL. 


Terr, 55 F [ 717 2.0" tho. 123320 2 hs ? N | 
1 a PRC? Tes, DEVINE IPC [3 COMITC, being gic CH 5 


to deſcribe a folid pol; Hellron 1! th, 87. ater, nel 
 tauching tie Jabel, acies of the tejjer ff here 5. 


Conceive two ſpheres having the fime centre A: It 1s 


”m, 


required to deferive a fold polyhedron in the greater 


e not tO! nne the luperiicies of the leſſer ſphere, 


Let the tphe: e be cut by ſome jy ane paſnug thro” the cen 


tre: : Then will the ſections be ciuctes : Bec: mn {by 14. def. 


11.] the ſphere | is made be the 1 of a circle about 
its diameter while the diamoter remains. at reſt; ſo that 


in waatloever ſituatlon the ſemicircle is conceived to be 
the plane of it being continued, will make a circle in the 
ſupei ficics of the ſ Tok : And it is mauifeſt that. the circle 
is a great circle, bers zuſe the diameter of the f here (and 


| that of the lemicircl) 5 * 0 3:41 IS Sreater chan all liaht 


nes 


4 


Bo 
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lines drawn in the circle or ſphere, Therefore let B D 

be a circle of the greater ſphere, and FG H one ot the 

lefler ſphere; and daw the diameters B D, C E of them at 

night angles to one another: And [by 16. 12.] deſcribe 16 8 

the polygon BCDE of equal and an even number of ſides - 

in the greater circle BCD E, not touching the leſſer cir= _ "il 

| CleF GH, both having the ſame centre; whoſe ſides BK, 450 

E IL, L M, ME are in the quadrant BE of the circle; and 8 1 1 
joining K A, produce it to N; and from the point A raiſe 
Ax at right angles to the plane of the circle B C D E, 
A | - meeting 
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meeting the ſuperficies of the ſphere in the point x; and 


draw a plane thro' Ax and h p, and another thro' A 
and k N, which, from what has been ſaid, make creat 


Circles in the ſuperficies of the ſphere. Let ſuch be made, 
and upon their diameters B D, KN let BXD, K x N be 
their ſemicircles. Ihen becauſe the right line x a is por 


. pendicular to the plane of the circle Bc DE, all the 
planes which paſs by x A will be [by 18. 11.] perpendi- 


cular to the plane of the circle 30 DE: And fo the fe 


micircles B X D, K XN are perpendicular to the ſame 
plane. And becauſe the ſemicircles B x D, k XN are 


equal, for they are upon the equal diameters. BD, kN; 
the quadrants EE, BX, K Xx are cqual: Therefore as 
many ſides of a polygon as are in the quadrant BF, fo 


many ſides there will be in the quadrants ; x, K X equal 


to h K, KL, L II, ME. Deſcribe them, and let them be 
BO, O , PR., R&R, KS, 8 T, FV, VX; and join 80, 
p, VR; and from the points o, s, draw perpendiculars 
ro the Sane of the circle BCD = : theſe [by 38. 11.] will 
a1 in the common ſe SIONS B D, kN of the aan be. 
cauſe the planes of the ſemicircles ; x D. K XN [by conttr 
Are 2 8 ar to the plane of the circle BC E. 45 
thele perpet ndiculars be Od, 8 z, and join G. Then 
rale in the c. cial ſemicirdes' nx D, KR XN there are 
taken the equal farts of the circumference B O, K s, and 
there are drawn the perpendiculars © GS; Od Will be 
equal to 52, and R Q equal to K Z. Put the whole x « is 
equal to the whole K A: Wherefore the 8 QA 1 
equal to the remainder Z A: Therefore as BQ is to Q A, 0 15 
K Z lO 2 A; and. | fo by 2. 6.] QZ is parallel to K R: And 
becauſe Os a each perpendicular to the plane of 
the circle C HE; Thy 6 . 11.] 0Q will be parallel to 2. 


But it has been 4110 proved to be equal to it. Where tore 
Loy 33. I. JZ A, $0 are equal and parallel. And becauſe 


£ Q is parallel to so, and alſo parallel to K B; {by 9 14. 
30 will be parallel to K B; and n o, K s join dem | 
'Thercfore the guadtilateral figure KB Os is in one plane ; 


for {by 7: 11] ii t WO richt lines be parallel, and any 
points be tak en in each of them, the right line joining, 


thoſe points is in the ſame plane as the parallels. And 
by the ſame reaſon the quadrilateral figures S OPT, 
TPRy are each! in one plane. But [by 2. 11.] the trian- 


triangle VRX is in one plane: It therefore trom the 
eg { points 


„ — kay 1 


A. vs: AA; we ©. 


bay ey — e >. ly Pray 


— — 


Ay 


— — —— — 


e 


i, rote + OG” 4 


Y M1 af. 4 


_ — — — 


. 
e e eee eee eee - 
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points o, s, P, T, R, v right lines be conceived to be 
drawn to A, there will be made ſolid polyhedrons com- 
poſed of pyramids, between the circumferences E Xx, K X 
whoſe baſes are the quadrilateral figures K Bos, S0 P, 
TP Rv, and the triangle vkR Xx, and vertex the point 
A. Now if upon each of the fides K L, I. M, M E, we 
make the ſame conſtruction as on K B, as alſo in the reſt. 


of the three e and in the remaining hemiſphere; 


there wil be deſcribed à folid polyhedron in the here 


compoſed of pyramids, whoſe baſes are quidrilateral fi- 
gutes of the ame order. with thoſs od the e already 
mentioned, and vertex the point L ſay the ſaid pol Hy he- 

dron does not touch the ſuperficies 5 the leſſer ſpherc, in 
which the circle F 6 H is. Draw [by 11. 11. ] ay from 
the point a pe pendicular to the plane of the quadrilate- 
ral figure K 3 Os, meeting it in the point y, and join 
B Y, IK. Then becauſe A is perpendicular to tlie 
plane of the quadrilateral figure K BOs, [by 3. def. 11.] 
it will be perpendicular to all right lines that touch it, and 
are in the ſame plane: Therefore Ax is at right angles 
to ; Y, and to * K. And becauſe A B 15 echt al WY 4 
the {quare of An will be equal to the ſquare of a K. But 


by 47. I.] the ſquares of A x, Y Bare equal to the ſquare 


1184 
of Ab, for {by FONT] ThE angle at v is a right angle; 
and the ſquares of AY, Y K are equal to the. ſquare 85 
I dent etore the iqua es of AV, Y E are eq. nal to the 
Wente of AY, YK: Lake away the common ſquare ol 
AY, and the ſquare of By remaining is uy to the 


ſquare of y K remaining; and ſo the right line B is equal 
to the right line xk. After the ſame manner we demon- 


= 34 


ſtrate that each of the right lines drawn fromm the point x 


to o, 8, is equal to EY, or Y K. Therefore a circle de- 


ſcribed about the centre Y with eicher of the diſtances. 
Y. By OT Y K, Will Pais thro? the pon! 8 O, 82 . and o 12 7» 


K 308 


will be a quadrilateral figure in a circle, - And becauſe 


K B is greater than 2 Q, and 2 Qis equal to so KB 
will be greater than 8 0. But k B is equal to K s or BO: 
Therefore K s or BO are each greater than s 0. T here- 
fore ſince K Bos is a quadi ilateral figure in a circle, and 


14 


K B, B O, K s are equal, and o leſler, than ither of - 


them, and BY is a line drawn from the . the 
ſquare of K B will be greater than twice the Bt are of BY. 
Draw the Perp endicular kw from the point K. to B D. 


= d 2 n | 
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Then becauſe Þ p is leſs than twice v., and [by 1. 6.] 


as D Bis to DW, fo is the rectangle contained under P, 
B W to the rectangle contained under DW, WB; where- 


fore the ſquare of ; W being deſcribed, and the parallelo- 


gram upon W Þ being compleated, the rectangle under 
DB, BW is leſs than twice the rectangle under D W, W 8. 
And moreover joining K o, the rectangle under D By B W 
[by 8. 6.] is equal to the ſquare of K h, and the rectan- 
ole under PW, W B equal to the ſquare of x W. There- 
fore the ſquare of K B is leſs than twice the ſquare of 
KW. But the ſquare of KB is greater than twice the 
ſquare of BY: Therefore the ſquare of Kw 1s greater 


than the ſquare of h V. And becauſe B A is equal to K A 


the ſquare of 3 1 will be 8 to the ſquare of K A. And 


by 47. . ] the ſquares. of B Y, YA. are equal to che 
. of h +, and the ſquares of K W, W A equal to the 


ſquare of k A: Therefore the FIR of B V, V A are 


equal to the ſquares of K., WA; but the ſquare of K wv 
is greater than the ſquare of By T hercfore the remaining 
ſquare of w is leſs than the ſquare of YA; and accord- 
ingly the right line A y is greater than the right line a W.: 
Therefore no is much area ater than A G. But av is at 


one baſe of © polyhedron; and A G at the ſuperhcies of 


the leſler Es _ Wherefore the polyhedron doe 'S not 


touch the {uperiicies of the leſſer ſphere. 


Otherwiſe. 

it may be demonſtrated more eafily and expeditiouſly 
that Ay is grcater than a 6. From the point 6 draw 
G L at tight angles to A G, and join AL, Then the cir- 


cumference x B being biſected, and one half of it alſo bi- 


tected, and this being continually done, there will at Jaft 


by 1, 10.] be leſt a part of the circumference leſs than 


the arch of the circumference of the circle Be D, whoſe. 
* {ubtence is equal to G1., Let the part of the circum- 
ference K B be this ultimate remainder. Then the right 
line K B is leſs than GL. And becauſe B Ks O is a que: 
driiateral figure in a circle, and OB, BK, K s are equal, , 


and os lefs than either; the angle B v K will be obtulc ; 


and fo BK is greater than BY. But GL [by conſtr.] is 


greater than BK: Wherefore GL is much greater than 


Þ Y, and the ſquare of G1. is greater than the ſquare of 
BY. And becauſe AL is equal to AB, the ſquare of At 


* A right line draun from one © end of it to the other, N 
WII 


leſſer ſphere fimilar to that deſcribed in the greater ſphere 
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will be equal to the ſquare of A n. But the ſquares of 


AG,GL are equal to the ſquare of A TL, and the ſquares of 
BY, YA equal to the ſquare of A 8 : Therefore the Aer 5 
of AG, GL are equal to the ſquares of By, Y A: But the 
{quare of By is leis than the ſquare of G: Wherefore 
the remaining ſquare of Y A is greater than the remaining 


18 


ſquare of AG; and ſo the right line 4 y is greater than 


the right line A G. 


Therefore two ſpheres having the ſame centre, bein 


giren, a folid polyhedron 1 is qeſcriveda- in the great er where E. 
that does not touch the ſuperiicies of the leſtür r ſphere: 


Which was to be demonttrated. | 
Corollary, Allo if a ſolid polyhedron be infcribed in the 


Sea; * Yr iS % hw A 
4 7 


— 


BCDE : the ſolid polyhedron | in the leſter ſphere will be to 
the ſolid polyhedron in the greater ſphere h C 5 E in the tri- 


p 1. 1144 1148 


plicate ratio of the diameter of the greater ſphere BC DE to 


k 7 Ko a # 


the diameter of the lefler ſphere. For the ſolids ! being alV1- 


ded into equal numbers of pyr: amids of the lame order. theſe 


pyramids will be ſimilar. And limilar pyramids (by cor. 
8. 12.] are to one another in the tri inlics te ratio of their 


homologous fides : Therefore the pyr amid Mhoſe 5255 18 
the quadrilateral figure KBOS, and vertex the point A, is 


meter A B of one of the ſpheres, to the ſemidiameter of the 
other. In like manner cach of the pyramids in one of the 
ſpheres to the correipondent pyrami: id in the other, will be 
in the-t Pers ratio of the ſemidiameter of one ef the 
pheres to the ſemidiameter of the other. But [by 12. 5.] 


wy io 


as One of th e antecedents is to one f the conſe . {o | 
Are > all ti ne antece dents to all the confequents: XVI nerefore 


the whole ſolid polyhedron which is in one of the [pe es 


About the centre A,; is to the ether, in the triplicate ratio 
of the cmidiameter of one of the ſpheres, to the femidia- - 


1 


of the other; that is, of the dia umcter Þ D of the one, to 
f the diameter of th 0 other. | | | 


| Is This problem. be a ſort of atlimited one, is generally 
Kumbled at by young beginners, who ſeldom or never under- 
ſtand it till they have read the demonſtration. It is of no other 
uſe in theſe Elements but to demonſtrate the next theorem ; 


and, to tell the truth, is not very inviting in itſelf. 


Pf RE WR eee PROP. 


to the pyramid in the other here of the ſame order . | 
the triplicate: ratio of the homologous ide 04. the one. to 
the homologous tide of the Other; that is, of the ſemidia-- 
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PROP. XVIII. THE OR. 
ber es are lo one another in the iripliate ratio of 
their arameters l. 


Conceive ABC, DE r to be toro ſphercs, whoſe dia- 
meters are BC, EF: I ay the ſphere A B C is to the ſphere 
DEF in tbe triplicate ratio of BC to EF. 

For if not, the ſphere a n to fome ſphere either 
greater or leſs than DE F, will be in the triplicate ratio of 
B C to E F. Firſt let it be ſo to a ſphere Which is lets, 
diz. to G HK; and conceive the ſphere b EF to have the 
ſanie centre as the ſphere G HK; and [by 17. 12.] in the 


i Y 
72 
/ \ 
% 3 


-rcater of theſe "Rilo DEF defcribe a ſolid poly hel dron 


that docs not aich the” ſuperficics of the leſſer there 


G N K3 and in the {phere ABC deſcribe a ſolid poiyhedron 


zumflar to that deſcribed in DEF: Then the ſolid polyhe- 
don in the ſphere ABC is to the ſolid polyhedron in the 

ſphere DEF, [by cor. 1 12.] in the ry te ratio of 
PCtOEF. But [by ſuppoſition] the ſphere A C is to 
the ſphere. 6 HK in the triplicate ratio of BCG to EF: 
Therefore {by 11. 5.] as the ſphere ABC is to the ſphere 
6 K, ſo is the ſolid polyhedron in the ſphere a C to the 
fold pohhbedron in the ſphere. DEF. And alternately as 


/ 


the ſphere ABC is to the res on which is in it, 10 & 


2 
the * here 6 H K 10 the poly hedron 1 the ſphere. DE 


But the f phere B c is greater than the ſolid poly be 1700 n 

which is im it; and therefore the obere G HK 15 Greater 
| than ihe polyhedron | in the ſphere DE F: But it is leſs 
too, for it is contained in it; which is imp offible : Thefe- 
fore the ſphere ABC is not to a ſphere. leſs than h EF in 
the triplicate ratio of HC to Er. In like manner we dc- 
mionſtrate that the ſphere D E k is not to ſome ſphere 5 
than A B C in the triplicate 1 ratio of EF ts c. I fay ale 


that 


s 
| 
.4 
. 
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that the ſphere A Bc to ſome ſphere greater than p EF, is 
not in the triplicate ratio of BC to EF, Tor if poſſible, 
let it be ſo to ſome greater ſphere LM N: Then inverſely 
the ſphere L MN is to the ſphere A B C in he triphcate ra- 
tio of the diameter EF to the diameter B C. And as the 
ak LMN is to the ſphere A C, ſo is the ſphere OE x, 
to ſome ſphere leſs than A EC, as has been already demon- 
ſtrated ; becauſe the iphere L M N is greater than DEF; 
therefore the ipacre DEF is to a here leſs than ABC in 
the triplicate ratio of EF to BC 3 which has been already. 
proved to be impoſſible, Wherefore the ſphere anc is 
not to ſome ſphere greater than DEF in the triplicate ra- 
tio of BC to EF; and it has been demonſtrated not to be 
ſo to ſome ſphere lefs : I herefore the ſphere ABC will be 
to the f ſphere DEF in the triplicate ratio of B to EF. 
Which. was to be demonſtr ated. 7 


* This theorem. may be demonſ rated ſhorter, by ſuppoſing 
ſpheres to be fimilar folids having infinite equal numbers of 
{mall equal iquare | faces, the four angles of each ſquare being 
in the ſuperficies of the {phe res ; for then a ſphere will confilt 
of an infinite number of ſmall equ al pyramids, whole vertexes 
will all be at the centre of the iphere, and ſmall ſquare baſes 
at the ſuperficies of the ſphere. So allo may any other ſphere _ 
conſiſt of the like number of {mall ſquare pyramids, and each 
of theſe pyramids in each of the ſphe res, Will be ſimilar; and 
lo will be to one another in the triplicate ratio of the corre- 
ſpondent ſides of the pyramid ; that is, of the ſemidiameters of 

the ipheres ; and ſo will all ſuch pyramids in one ſphere, be to 
all in the other; that is, one ſphere to the other. 


K — * . — 2 . > ä 4 * * 
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Additions to the Twelfth Book. 


PROP. * T HE OR. 


77 a right line a B be divided into two parts A b, 
PB, I ſay the cube of the whole line à B will 
be equal to the aggregate of the cubes of the parts 
AP, PB Yogether with three parallelepipedons, 
each of whoſe baſe is the ſquare of one of the 
parts Aa p, and altitude the part PB, and three? 


parallelepipedons each of whoſe baſe is the ſquare 


> SE P . of the other part p B, and 


— mim par: AP. That 


fs, AB Ar +2 + gar? XPB Þ+ go? X AP. 


For Jet us Ca call AB, a; and A p, *, and p B, 2. Then 
{by 4. 2.] xx+2xz+zz=aa,; and drawing each ide 


into x, it will be x? + 2x*x2+Þx22=x44. And draw- 
ing each ſide into x, it will be xxz 2x22 +2*=zaa; 


and putting theſe two expreſſions together; it will be 


Z TAK TZ TT ZZ TANZ z + creature Eve 


That is, „ . + 32 f eee 1 
N A ; ſince . e 


PROP. II. THEOR 


The cube of the diffcrence By of io right lines 
"MP, A B, 's equal to the difference of the oggregate 


of the cube of the greater line ap, and three pora!- 
lelepipedons each of wcheje baſe is the ſauare ef the 
leſſer part a B and allitude the greater part à b, 
and the cube of the leſſer part a B together with the 
bree parallelepipedons whoſe baſe is the ſquare of 
the greater part à p, ana allitude the leſſer Fad 
„ LAB: That iS ap- BA 
— . 


t — __ 


ZAP Xx AP. 


For 
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For calling AP, x; and AB, z; and BP, d: It will 

be {by 7. 2. 1 * * — 2x2 23: =dd, And drawing 
each fide into x, we have - 2xxz+xzz=das. 
Alſo drawing each ſide into x, and we have xx2z—2x2% 
+ 2 ddz, and taking the latter of theſe expreſſions from 
the former, we ſhall have x z + 35 2 2 — * AA 

244 = dd x - 2 be That! IS AP = JAB * A — 
Ap: * AB—AB* = AP—AB BP. 


PR O P. II. 5 $i EOR. 

If a right line A ze divided into two parts AP, 
PB. I ſay the cube of the whole line A B will be 
equal to the aggregate of the cube of the parts 
AP, BP, together with three times the parallele- 
Pipedon under each pert ar, PB, and the whole 

line AB. That is, u TFB | 
+APXPBX3AB=AB, C 


12 
15 
: Let us call AP, K; . 2 3 and A B, & Then by 
prop. Fa = er +3 22x, hat is, ines 
3 2 3 3% * A = 5% N 5 x: For a = 
2 it will be a e = Or Ap +ps* 
+ JABXAPXPB A. 


„ PRO P. IV. FHEOR:; 

a 22 right line AP be divided into two parts AB, B P. 
1 fay the cube of the part P B, together <vith {by oe 
parallelepipedins under the parts AB, BP, and 

Ihe whole line A p, will be equal to the difference 
of the cubes of the whole line AP, and the greater 

Hart AB, That is vp + 3a x (2A: 5 


BPXABEAP—AB. I 5 — 


For cal A P, x3 Au, a3 and B P, 2. Then will by 
prop. 3. e + Zaxz; and taking from each 
tide a, we all have 7 n = Fa . Fhat is, 5 
45 4 =BÞ' + 3AB x BP X AP, 


PROP. 
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PROF. IHRER. 

774 rigbt line a B; be divided into two parts A r, F 
1 fay the cube of tbe greater part AP gere ' 
wilh the þc ireilclepipedon under the Parks AP, P B, 

and the Ci, ference A P=PB of ihe parts, is e 
7% the cube of the leſſer part PB lopether With 1 
the Be ele pipedon <whoſe b: iſo 7s the whole lin; 
AB, and abiticte thedifrer Cl of the PAFIS AP, PI 


17 


77 
G 
8 8 


1 9 
- 
202. 


Ne: BJ. — 


A P B That . aP; +- A P XX p * *. 


— — —- Abr B= FB + A — PBX ABR 


For let us call A P, ; PB, 2; AF, az and App, 
5: Then will x x FT 24=2zz+xa And drawing each ide 
into x; it will be XZ C . And dra win; 

each ſide into 2; it will be x & ＋ T= A= ED 
putting together each of theſe expreſlions, We ſhail have 
* asd CAανα ZZ AE TNA 8 24 ＋ 2 And 


wks away x24 from both ſides, it will be & + 4x2 


2270 =xzz+xxa+23. And iaking ZZ from both; it 


will Le x E * 4 — 2243 and again 
taking away x2; it will "be a x FxxXS3—x2f= 2 1 


4 


xxn — 224 : that is, x*=Þ „L X X 2 IIS XM 4. 
Or A 5 = x — z,.and-x EN a, and x 2 2 = 


PRO P. VI. THEO R. 


If a right line AB be divided into two parts à b, 


p B. 1 jay the aggregate of the cubes of the part. 
will be equal 10 a paralielepipedon, wh: ſe 44 
is the difference between the aggregate of t 
Hautes es of a, PB, and the rectangle under 2 
A 5 TO allity de The whole © line 
5 ß T7 edt 5. r ＋ B = 
. JE PB*—AP XxX FP BN AB. 


Let us call AP, x; PB, 233 and A B, H: ben [by 
e + 24x25 = And FR ing away 
Jax: flom cach! ide; it will be . 1 _—g —34 u K 


⁵˙ k 


322 ; 


| 27 LIT Or ab "__ LAPXPB- 
* AP—PB = PBR 9 85 AP=DB A 


Book XII. Euclids Elements, _ m 


=a4a—3xzXa, And becavſe by 4. 2. Eucl.] x x 4 
2xz+2z2z=ad. If from dach hde be taken 3 25 it 


will e that is, Er T —; 5 
A er. Aid 10 3 2 2 Xa A — 2x: 
COD 4—3 a * K. But ſince * 42 + 2ax2 =, and 
» + 23= 4 EE ge Therefore +* Ea hg our 


X A. Or A + FB) = Sp? Epp*—APX P N A 85 


„ 146 
24 


PR O P. V Il. . 
if a right line ap be divided into tio Parts A P, PB. 
I ſay 1 be differ ence ” the cubes of the Parks & By 


FP 2 Wi 14 be equal FOTRE para. lelepiped 77 7 whoſe 57 


C & C5 2 
4 755 110 03 PITT P.7N 727 5 72 3 
; #S THC S α⁰ο of FD PL CS. Of {be Parts A B, 


| 2 f , A * 7 ae 7 * 4/9 12 
P B, au the 7 70 Ed 7. Fi C 717. de / { Went, (1.77 2 al! 25 
bude the d ren ce 0 J the XN „5 

Parts. A B, PB. 7 _ JJ 


— — ww — 


td — : „„ 
AB — bg} = B= + Þ 82 AB? * P B X. A B _— U 13 


Let us ll A Bj N j PB, 2; and AB - 5 . a: Then 
J!!ͤĩ + tax: =anet 7x5 Xu: 
But becauſe L199 7: 2: tuck Fix —=2x3+2323=n8. If. 
to each ſide be added Z»S; it will be xx e 2 
4 A; and fo & Z zNA. 
Therefore * 2 =ax+xz+zcXx;. for — 
- Fes tte ooypepnnooo omni, "errant 
That is A EF = Ah TBD TAL NU X ADA. 

71 IN 
DROP. VIII. TH OR 
r b F* | I | 8 3 5 120 — z 7 ++ nab; 

IF aright line a8 be divided into two equal parts AC, 
a . 7 | 7 

CE Aud 1310-60 Lee DAFTLS. AP, P B, I. ay 
0 Lewie * * 72 %%% I yn / oether 9 

Tl LEIC tee of Oe 2 Auen CB, OLE 2 


J | — Os 
Le)! h three times ihe par alli lepig Dedon Who ſe %, Is 


157 Juare 24 the intermediate Pur p C, 12 A 
tude hens / 1 He whote line A By will 5 equal to 
- the aggregate of the cubes of the parts AP, PB. 
To. 5 5 E = ⏑ A E 5 
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Let us call Ac (Se; and pe, 2. Ihen this js 

no other than putting the cube of the aggregate of tuo 

lines a+z to the cube of their difference a — 2. Now 

a TZ S E3aaz+3zza+53%) [by 1. of this.] And 
. hy its . 

a — g — 3442 f 3Z2 24 — 2 [by 2. of this.] And 


PR OP. IX. HE OR: 

Tf a right line a Þ be divided into two equal parts, 
AC, CD, and to the ſame be added the right [ine 
DB. 1 jay twice the cube of the half line A © or 
c p, together with three times the parallelepipe- 


don whoſe baſe is the ſquare of the added line, 


and the half line taken together, and allitude the 


_ e»bole line, will be equal to the difference beltocen 


the cubes of the whole aud added line taken toe. 
' ther, and the cube of the added line. That te, 


. B N AD opt=3 


Let us call Ac or cp, a; and cB, 2: Then [by 1 of this g 
+ 244% . + AR", And 23— 342 > + 32 TU 4 5 
DB. And taking the difference of theſe two equalitics, 
we ſhall have 245 ＋ G = ap* — PB. That is (ſince 
AD=24) 2AG+3aAD x CB = AB PB. 


0 3 
ng, 8 C HOL IU M. 
Aller the ſame way, by adding together tl % trug equait- 
ky '; PD 92 5 5 8 8 5 5 9 ; N 8 
1265 T ball hate 2083 +0 CB X AC = AB A PEB 
There aue many other theerems relating to the enualities C 
tween the cubes of right lines divided into equal and tte 


parts. But theſe are the moſt. ſample, elegant, and uſeful, 


I hen I ſpeak of a paral!el:pipedon, I mean a right d 


led one; and when I ſay it is contained under three r 
lines, I mean the unequal right lines being one ſide of ea.) 


Face of that ſelid. 


The nine propoſitions aſoregoing of the equaiity of übe. 
— 15 | 12 of 6 as 2; 5 _ N 8 
cubes and parallele pipeuens deſcribed upon right line, d 


71g 


p__ 5 


* n 


— I On . 


centre c, and if any point Þ be taken Ta 


. g ES. f >. 2 1 B 
within the circle, and two perpendicu— NP Y 
6 
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the ſegments of them, are dry neceſſary in ſolid geometry, 


and eme of them new ; But their geometrical demonſirations 
from the folids, after the manner of Euclid, are oo long 
and tedious to he liked by the generality of Senders. eſpecially 
thaje much addicted to aigebra, hade therefore, for bre- 
Uity'sS fate, demonſtrated them algebraically, believing the 
geometricians will excuſe me for ſo doing. Their uſe is ne- 
ceſſery in the demonſtrations of ſuch "propoſitions as theſe 
four following, of which [ have a great many others in 4 
7e ariſe concern ing the 6qu? lities and relations of the cubes of. 
right lines Sams in and about à circle, 


Frop. I. If ep, Er be rigit R 1 
lines parallel to the diameter A B f 2 
a circle, and their diſtance from it 

| 


be equal to that diameter. And if 
any 2 M be taken in the cir- . „ 
cumference of the circle, and thro? 


N 

\ 
the ſame be drawn the right line þ EGG £1 
R M PQ perpendicu! ar to A B, cut- 7% 5 
ting AB in p, and the right lines 8 
CD, r in N and . 1 ſay Tour 
times the cube of the diameter a Þ 
will be. equal to twice the. i of 55 
the cubes of the ſegments A r and N 
PB together with the ſum of the cubes of the parts Q My. 
MR: I hat is 3 2 P 255 DMR. 


Prop. 2. If EF, 6 u be two diameters of a circle cut- 
ting one another at right angles at tlie 


lars PM, PN be drawn to thoſe dia- 
meters; and if a diameter Ac PB be EE 


drawn thro' Pp. I ſay the ſum of the 80 NL} 
cubes of the parts E M, MF, HN, NG, A CS 
of the diameters E F, H O, Will be e- 
qual to the ſum of the cubes Of the | 
Darts. A P; PB of the diameter A BY together with twice ; 
the cube of the ſemidiameter a C: That is, Eds ＋ NF 


„ ＋ PB Lac. 


ng OR ot 


"218 Euclid's Elements. Book XII. 


Prop. 2. Every thing elſe, as in 
the laſt propoſition, let the point p be 
taken without the circle, ſo that the 
perpendicular Þ cuts the circle in 
-. the point s. I fay the ſum of the 
Cubes of EM, M, NH, h Y will be 
equal to the ſum of the cubes of & G, 


i "= Ap, and twice the cube Of E C. 
: I: hat 185 EM + NM F 1 i” ＋* BP 
= NO TAF 2E C. 


Prop. 4. If from. any point within a circle be draw 
perpendicular to any even number 2% of diameters great- 
er than fix cqually dividing the whole circumference of 
the circle. 1 ſay twice the ſum of the cubes of the ſeg⸗ 
ments of all thoſe diameters, made Dy the perpe endiculars, 
will be equal to as many times the cube of the femidi ane 
ter of the circle, as there ate unites in the number 2%, 
together with as many times the fun of the cubes of the 
parts of a diameter drawn thro" tie aflumed point, a, 
there are unites in 1 the number . | 


PROP. X. 1 HE. OR. 


Only three equilateral and equi angular love Jreures” 
can contain 4 lid VIZ. four, eight, or twenty 
equclatcral triangles ; fix ſquares, and twelve pen 
128 ns, and ſo there will be on Yve regular bo- 
dies. The pyramid £01 e equal equilaiera! 
triengles, the oft alear oh eight, the icoſahedro 
twenty, the cube ſix. equal ſquares, and the dade C. 
Ledron twelve equal pentagons. 


For [by 21. If. ] a ſolid angle cannot be made of two 


equilateral triangles ; there muſt be three at Jeaft : I here- 
fore the ſolid angle of a pyramid may be made. of three 
: equilateral triay: ales ; ; the ſolid. angle of an octahedron 


may be made of four ; and the fo] d angle of an icofahe- 


dron of five; becauſe th 1ree, four, or five, of the angles 
of an <quil. tera] triangle are Jcls than four right angles 


[by 32. 1.] But becauſe the th CC angles of a pentagon 
are eſs than four richt angles, a ſolid angle may be made 


Ol 


1 
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of three angles of a pentagon meeting in one point, v1z. 
of a dodecahedron. A ſolid angle may alſo be made of 
three angles of a ſquare meeting in one point, 51s. of a 
cube. But beſides theſe there can be no others. For fix 
angles of an equilateral triangle make four right angles ; 
conſequently a ſolid angle cannot conſiſt of fix of theſe 
plane angles; and much leſs of more. 

A ſolid an ole cannot conſiſt of four right angles, viz. 
thoſe of a ſquare. . and much leis of more; four angles ot 
a pentagon, are greater than four right angles; and 
500 4 fold angle cannot conſiſt of four of theſe Plane 
angles ; and much lets of more. Nor can a folid angle 
be made of the plane angles of any other regular poly- 
gons whatſocver; for three an; les of a hexao ON make 
tour right angles; and 10 a folid angle cannot be made ol 
them; and much leſs can it be made of more of them. 

But ſince the three angles of an hexagon are equal to 
four right angles, the three angles of any other figures of 
more Tales than an hexagon, Sc. will be greater than 
four right angles 8. And as e the plane angles of all 
the regular poly ns whoſe ſides are greater in number 
than five, will be unfit to conſtitute a ſolid 2 angle. Where- 
fore there can be no other regular lolids but thoſe five 
above-mentioned. | 
EY herefore, Sc. Which was to be demonſtrated, 


PROP. X ER OB 1. 

The triongular baſe ble premid being 
Liven, 3 cc of the thr: EE angles th at its des 
mate with the plane of the baſe : ö To fins, the altt- 
tude of that pyramid. 

Let APC be the given triangular baſe; the angle E 
equal to the angle at A that one of the ſides of the pyra- 


EE mid makes Wich the batc : the angle D equal fo the An, gle 


at p, that one of the tides of the pyramid makes with the 
| 1 and the angle F cqual to the ang e at C, that one of 
the fides of the pyramid em akes with the baſe: © 
With any ſemidiameter G H deſcribe a circle; and at 
i raiſe the perpendicular Hf: make the angles HG E, 
HG1L. H GM reſp=ctively equi al to the exceſs of a right 
angle above the given angle p, the given angle E, and 
| 2G | | the 


-4 


— — — ’——ů— — * — * K* 5 


de made equal to the Cube 1 15 to 0 have. 
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the given angle ; and draw the right lines G Kk, G I., G Mr 


cutting HI in the points K, L, M. This done, find [by 


the ſcholium to prop. 16. of the additions to the fixth 


book] the point N ſuch, that drawing three right lines 
BN, AN, CN from the angles of the bale to it, they 
ſhall be in the reſpective ratios of H K, HL, HM. Draw 


NV ae ogra og to AN, BN, Or CN, and at the point A 


make the angle N A v equal to the given angle E; or at 


n the angle x B V equal to the given angle p, of at c, the 
angle NC v equal to the given angle x. Either of theſe | 


three operations will give the point v, in the perpendicu- 


lar N v, ſuch, that N v will be the required height of the 
pyramid, The demonſtration almoſt intirely depends upon 
the eee and prop. 4. of the ſixth book. 


e SCHOLIUM. 
This problem may be of uſe in finding the altitude of an 


object at three ſtations ; it may be Jelo d arithmetically, But 


1 leave others to do this. 


PROP. XII. PRO BL. 


To make a right angled parallelepipedon of a given 


baſe or altitude equal to a given cube. : 


"Jae EFG be the given cube, ad frſt let A B be the 


giv en altitude which the right angled paraliypipedan to 


Now 


. 


12 


ſe 


45 
1e 
> 


en | 


the 


to 


is equal to the given 


ed under the three light 
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Now [by 11. 61 find a third proportional BC to the 
altitude A B and fide E F of the cabs and make the rea. 
angle B p under the third proportional » © and the line 
cb equal to the baſe of the cube; and upon B D iſe the 


right angled parallelc epi- T4 


pedon having the given e 


altitude AB. 1 ſay this 


cube, For becauſe the 
right angied parallelept- 
pedon A BD is contain- 


lines AB, C D, Be; that 
is, under A B, EF, Be, 
continual proportionals; the parallelepipedons will [by 
36. 11.] be cqual to the cube de ſeubed from the mean 
line EF. 

2dly. Let ; D be he 1 baſe. And what CG 
the given baſe B D has to the baſe of ihe given cube, let 


the ſide E F of the cube have to the right line Ag [which 
may be done, if upon the ſide E F of the cube be made a 
rectangle equal to the baſe B D, and Sh the other fide 4 


that rectang le another rectangle be made equal to the bat 


of the cube: for then it will be [by 1. E.] as the fri res 
angle, is to the ſecond rectangle; that is, to the ſquare baſe 


of the cube, fo is the baſe of the firſt rectangle, vis r F, 
to the baſe of the ſecond rectangle ]. For if upon the baſe 
BD be erected a parallelepipedun having A B for its altitude, 


the parallelepipedon, and the cube will be [by 34 11. 
equal: becauſe the baſes and altitudes by confiruction? 


are reciprocally proportional, 


8 HOL IVM. 


We conver ſe of this prob! th to make a cube equa? to a 
given 11ght angled parailelep, pe don carat be ejected | Fe „% Qny. 
| ef the tr -opoſttions of theſe e1eme! ts; that 155 at c n be 7 


for med by a right line and a circle; it roquires the find of 


420 mean proportionals between two given 71801 lines. "I 
this could be done, the problem is eajuly rejorved thus. Be- 
Tween BC the ſide of the [quare. baſe BD, ar the t | 
AB of the parallele pipedon, find tws team jt 971 29101 E Fg 


H 3; /0. mat BC be e EF, as E F 15. #7 H, und as E is te 


ES gg AB: 
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AB: and upon EF conſtruct a cube E HG; which will be 


equal to the given parallele pipedn A B Cp. 
So lihew! iſe there is 19 finding the fide of a cube thet ſhall 


be in a groen ratio to a given cube till two mean proportional. 


can be ſound between two given right lines. 


PRO p. XIII. 

A circle r,; the ſemidiameter F d of which is a meas: 
proportional between te fide a of aright cylinde; 
and the diameter ac of the baſe, will be equal to 
the convex ſuperficies of that cylinder. 


1 or firſt. The convex ſuperſicies of a right cylinder is equal 
to tlie 1ectangle under the altitude and the circumference of its 
haute + becauſe it a very ſmall part AM of the circumference 
of the baſe be taken for a Tight line, and perpendiculars Ag, 
D 8 . MJ. to the baſe be 
drawn from its c- 

tremes to the oppo- 
ſite baſe : the ſuper- 
ficies of the cylinder 


les as A h L. M, whaie a is the ſide A B of 
the cylinder: and all the equal baſes put together are equa! 


10 4 circumſetence of the bale. I herefore the ſum ot all 
theſe aden . that is, the convex ſuperficies of the cylin- 


der, will be equal to the rectangle under the tide A B of the 
L ylinder and the circumference "of the baſe. 


2dly. Ihe circumferenecs of circles are to one another a3 


their diamecers : becauſe if circles be taken for regular (:- 
miltar polygons of equal infinite numbers of ſides, and to 


their Circuits proportional to two correſpondent ſides, and 
thete proportional to the equal lines FO from the centre 
ta the correſpondent angles of the polygon, or to the mid- 
lies of the ſides: tbe circumferences of circles will be to 
one another, as the ſemidiameters or as the diameters. 


3dly. A circle is equal to the rectangle under its circum- 


tercnce, and one fourth part of the diameter or under Hall 
i circumference, and one half its diameter, or one ſourch 
: . of N 


TT DS] may be conceived to 


5 | EY be madeupof an in- 
0 i finite number of ſuch 
— — N | . R 
NM 9 - ſinall equal recian- 


. 
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of the rectangle under the circumference and diameter: 
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this follows from a circle being a regular poly gon of an in- 


finite number of ſides. 


Thefe three things being therefore proved, we demon- 
ſtrate the theorem thus. It wili be as the f midiameter 


Ak of the baſe, is to the circumference A Mc, ſo is the 
ſemidiameter F G of the circle FI H, to its circumference. 
And fo by [I. 6. ] as the rectangle under AB, A k, is to the 

rectangle under A B and the circumference of the baſe, fo 
will the ſquare of FG be to the rectangle under FG, and the 


circumference of the circle E iH. Put fince by conſtruc- 
tion] the ſquare of F G is equal to che rectangle under A 8 
and Ac, or under AB and 2 EC: it will be. as the rect- 
angle under A B and the ſemidiameter of the baſe, is to 
the rectangle under A B and the circumference of the baſe, 
ſo will the rectangle under A B and the diameter a c be 
to the rectangle under the ſcmidiameter F G and the cir- 
cumference of the circle FI H. And [alternately] as the 


rectangle under AB and AE 1s to the rectangle under A B 
and Ac, ſo will the rectangle under AB and the circum- 
ference of the baſe, be to the rec tangle under FG and the 
circumference of the circle F1H. But lince à & is equal 
to 2 AE, therefore the rectangle under AB and Ac will 
| be twice the rectangle under AB and AE. And ſo the 
rectangle under FG and the circumference of the circle 


FlH will e equal to twice the rectangle under A B and 
the circumference of the baſe of the cylinder; or the rect- 


angle under A B and the circumference of the baſe A C M 
wil be equal to half the reciang'e under r G and the cir- 


cumference of the circle F. 5 But the rectangle under 


A and the circumference of the baſe, is equal to the con- 
vex ſuperhicies oi the c linder, and the rectang]- under F 6. 

and one half the circumference of the circle F 1 H is equal 
to the circle FH; therefore the circle F 1 H Will be equal 
to the convex ſuperficies of the cvlinder ABD. 


Therefore &c, Which was to be demon{trated, 
Note, There is no finding a circle equal to the convex 


. ſuperficies of an oblique cylinder, by the Echdean geo- 
8 metry, VIE, by a right line and a circle. 


3 


E e 2 


—  —— 
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A circle u the ſemidiameter r G of which is @ mean 


proportional between the fide AC of a right cone 
ACBD, aud the ſemidiameter AE of the baſe a D, 
Wit be equal 10 the convex Juperficies of that cone. 


As in the laſt propoſition the convex ſuperficies of a rigli 
Cylinder \ Vas conccived to conſiſt of an infinite number 
of equal rectangles all of the ſame altitude with that of the 
cylinder. fo here the convex ſuperficies of a right cone may 
be furpoſed to be made up of an infinite number of Equal 
iſofceles triangles, whoſe baſes are infinitely ſmaf equal parts 
of the circuniercnce of the bale of the cone, and altitudes 
the ſide of the cone. And therefore the convex fupericics 
of a right cone will be equal to halt the rectangle under the 


circum! cre nce of the baſe and tide of the cone. 


Now, becauſe the circumferences of circles are to 
one another, as their diameters. or ſemidiameters : {ec 
the demonſtration of the laſt propoſition ] thercfore 
as the. ſemidiameter AE of the baſe of the cone, is 

| 8 to its circumference; 
ſo will the femidiamete: 
F G of the circle FH 
be to its circumference 
and [by 1. 6.) as the 
rektang ade the ſide 
© of the cone, and the 
| e A E Of is 
ER. baſe, is to the rectangle 
inder the hide A © and the circu of the baſe; "A | 
+}, We ſquare of the ſemidiameter F G of the circle FH 1. 
be to the rectangie under that ſemediameter EG and thi 
eircimicrence of the circle FH I. But becauſe [by con- 
trruction} the rectangle under Ac and a E is equal to the 


ſquare of FG; it will be as the rectangle under a C and 


AE, is to the rectangle under AC an nd the circumference. 
of the baſe, ſo will the rectane! e under A c, and the ctrcumfe- 
rence of che baſe, be tothe rectangle under F & and the circum- 
ference of the circle F H 1. W herefore the rectangle uader 
& and the circumference of the baſe, will be equal to the 


rectangle under FG and the circumference of the circle 


EF H Is But alf the rectangle under AC and the circum - 
ELLE | erence 
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ference of the baſe, is equal to the convex ſuperſicies, of 
the right cone A C D. And therefore half the rectangſe 
under F G and the circumference of the circle F H 1 will be 
equal to the convex ſuperficies of that cone. But half the re ct- 
| angle under FO, and the circumference of the circle F 1.x. 
| will be equal to the circle x H 1 | fee the dem onſtrati m of the 
laſt propoſition]. Wherefore the circle FH 1, will be equal 
to the convex ſuperficies of the right cone A C b. i 
Therefore, &c. Which was to be demonſtrated, | 14 


SCHOLIUM, 


have 75 no finding a circle equal to the comves [uperfi 2 
I an oblique cone by plain geometry, or even 5 the hip of 
I the cone ſections : it cannot be done un lefs by the invent; cn of 
r right lined ſpace equal to that of a. mixed lin'd ſpace, 
oj wyere the curve partly . it is one of the tai dA-v1dX,. | | 


PRO P. XV- THEOR. 
| i The ſuperficies DBCE of a right cone ABC, inter- 

TT _ cepted by two parallel planes B Me, DNE, Nl be 
equal to a circle HK whoſe ſemid:ameter HG is 


q 1 a mean proportional between the part B; of the = 


5 Planes, and the ſum of the ſemidiameters b, BF of 
8 ö the circles p NE, BMC made by the parallel planes 
| 5 4 1 5 


„ the ne. 

: Let A C be a triangle pas through the axis of the 

e dd, and BC, DE the common ſections of this with tie 

53 | parallel planes. Then [by 16. II. B C, D E will be parallel, 

. Now becauſe [by ſuppolition] B p is to HG, aS HG _ 
— zs to the ſum of DG and BY ; the ſquare of HG w Efby: = 
- I 16. 6.] be equal to the rectangle under h p and the ſum of EE 
6e dds and: r that is, the fquare of HG wil be equii 19 ol 
wel J the fm of the redtangles under AB and B F, and . N —— = 
0 1 A B and DG, and the d fflerence between the | {um of i 
i rectangles under A b and p, and under A ind B Bi. — 
n. Bat becauſe {by 6. 6 1A B is to AD, ASBE is to DG, and „ — 
— ſo [by 16. 6. the rectangle under AB and b G eq ẽ,js © 

he the rectangle under AD and RE. Tho! ore the. Iqu4: e Of 

le Hd will be equal to the difference ot the rectangles under 1d 
5-24 -- AB and: BF, and under A o, b. But ſince {by prop. * e i 
cc 1 tha! a CuCl whoſc {emid!, meter is a NCAA) proj tonal i" 


eye wern 
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NI 


between AB and BF is equal to the convex « ſuperficies of 
the cone AB Mc, and a circle whoſe ſemidiameter is a 
mean proportional between AD and Þ G is equal to the 
convex ſuperficies of the cone ADN E; and ſince the dif- 
f rence of theſe ciicles is equal to the ſuperficies 53 C E 
intercepted by the parallel circles h MC, DN E; and be- 
cauſe by 2. 12.] circles are to one another as the ſquares 
of their ſemidiameters; therefore the circle HL k, whoſe 
ſemidiameter is HG, will be equal to the difference of 
thoſ. two circles above-mentioned ; that is, equal to the 
ſuperficies CDE of the cone, intercepted by the e 
circles BMC, DNF. 


I herctorc, Sc. Which was to be demonſtrated, 


PRO P. XVI. 
The ſuperficies of the ſolid VMOBAPN ben 5 
the baſe) injcriled in the ſegment Bv a of a ſphere | 
and generated by the revolution of the equilateral 
ure vMOBAPN of an even number of ſides in- 
1 feribed in the ſeginent BV A of a circle, about the 
axis V K, being part of it,) is equal 10 à circle 
wiſe Jemidienter 1s a wean properiienal berween 
tieanis VR and the right line p u, eu from 
the ena of the diameter vo, to be end a of TOE i 
vM lefinatiug at the vertex v. 


Joi n the: angles on both tides. equally diſtant from the 
velten V by the right ines N, OP, B A, and join NO, 
I h , Then will the angles VB M, VM N, MN O, 
NO ſtanding upon £qual arches bby : 27 EY be equal to 


one 5 


to 8 T; o x to rx; Px tox V; 8 


the antecedents MN, OP, BK, to 


0 
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one another. And fo [by 27. 1. ] the richt les MN, O P, 
B A will be parallel; and the tri- 
angles MDV, Ms v, NS T, OX T 


X, BK, will be ſimilar. M 
Wherefore [by 4. 6.]as DM is to 4 | 
IV; ſo will Ms be to vs; Ns 2 


2 


X/ 


i 


B K to E. Wherefore ſ by 12.5. * 
as DM is to Mv, fo is the ſum of N LA 


the ſum of the reſpective conſe- 

quents vk. Therefore [by 16. 6.] the 3 under 
oM and K will be equal to the rectangle under M V and 
the ſum of MN, oP, BK. Now the ſuperficies of the 
cone MV N is [by 2. of this] equal to a circle, whoſe {c- 
midiamcter is a mean proportional between M and s; 


and the ſuperficies O MNP is [by 3. of this] equal to a 
circle whole ſemidiameter is a mean proportional between 
Moor VM and the ſum of Ms, o x. Alſo the ſuperficies 


BO PA to a circle, whoſe ſemidiameter is a mean propor- 
tional between O, or V M, and the ſum of 0X and BER. 


Therefore ſ by 2. 12.] the whole ſuperficies vMOBAP N is 
_ equal to a circle, whoſe ſemidiameter is a mean propor- 

tional between v M and twice Ns, twice OX, and twice 
E K; that is, a mean proportional between M and the 


ſum of MN, O p, and twice BA; that is, A mean propor- 
tonal between D M and V K. 
Therefore, &c. Which was to be demonstrated | 

Cor. If v B be drawn. Becauſe the rectangle under Þ and 

V K is equal to the ſquare of vB; and DM is lefs dan Þ v 


it is maniteſt the rectangle under D M and V K Will oe lcts 


than the (quare of VB; and ſo a circle whoſe Sonde 


ter is a mean proportional between Þ v1 and v K will be 
lels than a circle whoſe ſemidiameter , rat is, the: 
ſuperficies of the ſolid generated, as above, is lels than a 


circle, whoſe ſemidiameter 1 is VB. 


- + P R 0 B. xv II. 
The 7 per ficies of a obere 7s e, to four times the 


circle, by the revolution whcreof avout 4 diate 


ter, the ſphere is generated. 
For if a figure of an even number of equal ſiges, v here 


Z LE SR 5 


— — — 


| 
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of vm is one, be inſcribed in the ſegment B vA of a cir- 
cle by the revolution of which about the axis the ſegment 


of the {;.here is generated; and by the rotation of this fi- 
gure be produced a ſolid figure, having ts ſuperficies con- 
fiſt ng ol conical, or partly cylindrical ſunerhcies, like as 


In the aſt theorem : it is maniielt, from the corollary of 


that theorem, that the ſuperfi- 
cies of this hgwe is leſs chan a 
circle whoſe ſemidiametcr is vB. 
But as the magnitude of VM be- 
comes leſs, and M conſequent- 
ly increaſes, they ap;roacl. more 
to an equality; therefore if v M 
be put infiniteiy ſmal, the plane 
figure BV A will coincide with 


the ſep Yment B v A of the circle, and the ſold figure gene- 


rated, as above with che ſegment h vA of the ſphere, - 
and DM, with the diameter DV; and accordingly the 


ſuverfici.s ef the inſcribed ſolid, that is, of the ſcgment 
B A v of the ſphe e, will be equal to a circle whoſe ſenudi- 


amete! is vn; that is, whoſe ſemidiameter is the right 
line vB drawn from the vertex v of the ſegment to the 


circumference of the baſe B A of the ſeginent. Theretore 


the ſuperficics of the whole ſphete will be cqual to a circle, 


the ſemidiameter of whole baſe is the dianieter V Þ oi the 


ſphere. For in this caſe the ſegment ; v A of the fphere is 
ſup, oſed to become the whole (phere ; the point a, k, 


B, D all coinciding. But [by 2. 12.0 the circle Wwhoſe 


ſemidiameter is v D, will be tour times the circle, whoſe 


dlameter is b; that is four times the circle, by the re- 
V lution of which avout Its ſemidiameter the ſphere 4 is de- 
Feribed. | | N | 


Which was to be denonfiiared;: | | 
Hence the ſuperficies of a ſphere 1 is equal to the « curve — 0 | 


perficies of a cylinder circunfcribing the ſphere, and the 
ſujerticies of any {egment of a ſphere, cut off by a piane 
pa akel to the baſe of ſucir a cylinder, 18 equal to the cor- 
rei, dondent part of the ſupercics os that cylinder cut off 


Bo: the pane aforeſaid, 


* * _ | ö 
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PROP. XVII. 
A ſphere will be two third parts of its cireumſcriting 
cylinder. 


For ſince every ſphere may be conceived to be equa al to 


2 polyhedron inſcribed in it, or circumſcribed about it; 


having an infinite number of infinitely ſmal! equal ſquare 


faces; and all theſe ſquare faces coincide with the ſuperfi- 


cies of the ſphere, aud becauſe ſuch a polyhedron conliſts 


of an infinite number of equal pyramids having equal 


ſquare baſes, and the center of the ſphere for their com- 
mon vertex ; alſo becauſe the ſolidity of a pyrainid is one 


third part of that of a parallclepipedon of the: ſame baſe and 


altitude by 7. 12.]. And the femidiameter of the ſphere 
may be taken for this altitude. But the ſolidity of ſuch a 
poly hedron will be equal to a ſolid whoſe baſe is the ſum 


of ail the ſmall ſquare baſes aboveſaid; and altitude one 
third part of the temidiameter of the ſphere. Theretore the 
_ 1; here will be eq zal to a cylindrical folid whole baſe is the 
fuperficies of the ſphere, and altitude one thi:d part of the 
ſemidiameter oi the ſphere; or two third parts 01 the whole 
diameter. And here ore [Gy prop. 5.] the Ives: Will be 
cqual to a cone, th. ſemidiameter of whoſe baſe is the diames= 
ter of the ſphere, and altitude the ſemidiameter of the 
ſphere. Or the ſphere will be equal t) a conc whole bale is 


the circle, by the revolution of which about its diameter, 


the ſphere s deſcribed, and altitude four t mes the mi— 
| diameter of the lphere, Oo twice the diameter, Whercto re 
by 10. 12. ] the ſphere will be equal to a cylinder, whoſe 
baſe is the circle, having tor its diameter that of the ſphere, 
and altitude one third part of twice the diaincter-of the 
ſphere, or two third parts of the diameter. But we Cylin- 


der is that circumſcril bing the ſphere. 
TS here. ore, Tc Which Was to be demo nſtrated. 


5 Otherwiſe 
Let A p B be 2 quarter of a eircle; the center being ; 


and let A C DE be a ſquare circumleribins - its and C85; 


diagonal; and let this {qu are and quarter oi a circle rev 


quite about the fixed axis or ſemidiameter 3 H; then will 
the ſquare A C DB deicribe a cylinder, tlie Qui, ter en 


<A 
&4 


ot the cucle, Wil vel. ribe half a A -tphere ; and (lie tang, | 
SE Bo 


DOB, a cone; all having the 
ſame altitude AC or DB; and 


D 


diameters are CD, AB, 
G Now let a plane parallel to the 
baſes cut thro' all theſe three 


them; let the ſemidiameters of 


Join F; then becauſe of the right 

angle at G, the ſquare of FB will be equal to the two 
ſquares F G, G83, that is, ſince FB is equal to AB, and 
E G equal to A b, and becauſe HG is equal to GB; there- 
fore the ſquare of E 6 will be equal to the ſquares of + 6 
and 6 H. As this will always be ſo, Wherever the plane pa- 
rallel to the bale AB or C P cuts the cone, ſphere, and 
cylinder; therefore [by 2. 12.] the circular {. tion of the 
cylinder, whoſe ſemidiameter i is E G Or AB, Wil. be always 
equal to both the correſpondent circles in the ſphere and 
cone, whoſe ſemidiameters aie F G, HG. Conſequently 
ſince this is always fo, and becauſe th- three ſolids have 
the ſamꝭ altitude, the cylinder will be equal to the halt 


ſphere, and to the cone, generated as above. But the 


cone is one third part of that cylinder; therefore the re- 
maining half ſphere will be two thi, d parts of that cylinder; 
and ſo twice that half ſphere ; that is, the whole one, will 
be equal to two third parts oi twice that cylinder; that is, 
the circumfcribing cylinder. 
Therefore, c. Which was to be 3 
Cor. Hence the ſegment of a ſphere, whoie 8 18 
D G, and ſemidiameter of the baſe is F G, is equal to the 


difference between a cylinder, the ſemidiameter of whoſe 
baſe is EG or AB, and the fruſtum of a gone of the ſame 


altitude, the ſemidiameter of the greateſt baſe of the frut- 
tum being cp or AB, and that of the leſſer a C. 


es e Re 
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equal circular baſes, whoſe ſemi- 


ſolids, making circular ſections in 


3 theſe ſections be E G, FG, HG. 
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"THE. 1 
BOOKS EI L E 1 
TO THE 


R E A D E R. 


Out of reſpect to my friend and old acquaint- 


ance the author, Mr. STONE, and as an 
extraordinary inſtance of the acquiſition of 


knowledge from mere ſelf— application, I have 
ventured to acid here his hiſtory, given by the 
Chevalier de Ramſay, author of The travels of 


Cyrus, in a letter ſent to Father Catel, a je- 
ſuit at Paris, and 0 in the Memoires ; 


de Teva, P. FOR 


LETTRE de M. le Chev. de RausAx, 


membre de la Societe Royale d Angleterre, 


au P. CASTEL, membre de ia meme 


8 GC! ele. 


E b veritable genie ſurmonte tous les deſavantage de 
la fortune, de la naiffance, de Veducation; _ 
M. SToxE en eſt un rare exemple: ne fils du j jardi- 


nier du Duc d' Argyle, il parvint à Vage de 8 ans, 


fans ſgavoir lire; ; fon pere ne ſgavoir pas lui appren- 
5 | dre 


[ 428 ] ; 


dre ſon métier de cette maniere elEvee, qui rend 
te jardinage et l'agriculture une partie très- utile et très 
noble de la coſmographie et de la phyſique 

Par hazard un domeſtique ax ant appris au jeune STONF 
les lettres de Volphavet, il n'en ſallut pas davantage pour 
faire Eclore fon genie ct pour le developper. I S'ap- 


pliqua lui-meme, il étudia, il parvint aux connoiſ- 


fances de la plus ſublime geometrie, et du calcul, fans 


maitre, ſans conducteur, ſans autre guide que: la pur 


gente. 
A Vage de 18 ans il avoit fait tous ces progres ſans 


etre connu, et ſans connoitre lui meme les prodiges 


qui ſe paſſoient en lui. 

Milord Duc d' gyle, qui joint a toutes les vertus 
des et a tous les ſentimens d'un heros, un con- 
noiſſance univerſelle de tout ce qui peut orner ct per- 
fectionner ef; rit d'un homme de fon rang, ſe prome- 


nant un jour dans ſon jardin, vit ſur Pherbe le fameux 


livre du Chevalier Neuen en Latin. II app.lla quel- 


qu'un pour le ramaſſer et le reporter dans ſa biblio- 


theq UC 
Le j une jardinier lui dit que ce livre ut appartenoit 


A vous? repondit le Milord. Etendez vous la geome- 
trie, le Latin, M..Newten, fentends un peu de tout 


cela, repliqua STONE avec un air de ſimplicité fonde 
ſur l'ignorance profonde de es propres tales, et de 
Pexces de fon avoir. 


Mi lord Duc ſut.tres-ſurr pris: mais comme il a 1 le got 


des ſciences, il daigna entrer en Zanvertition avec le 


nouveau geometre: II lui fit pluſficurs « queftions, et de- 
mceura etonne de la force, de la ju elles et de la can- 


deur de ſes reponſes. 


Mais comment, dit le NMIilord, 65 tie ta rvenu 4 
routes ces conmot}/ nc 5g Lyautre reponde : Us domeſtique_ 
n'atprit, 10 9 g A aims, 2 Tre Ry a7 0 be /e 772 as GAR 
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voir autre choſe que les .4 (ctires pour apprendre tout ce 


que l'on veut? La curioſitè du Duc redouble z il ſoup- 
conne que les demarches de ce genie merveilleux <Etoi- 
ent plus ſuprenant s que ſes progrès; il s'aſſeoit ſur un 


bane, et lui demande le détail de tout ce qu'il a fait 


pour devenir hahile. 


Fappris d'alo d a lire, dit Stone, les ou font - tra- 
waillnent alors à votre 72 fon Fe mapprochai d'eux un 


four, et je vis que Parciitetie uſoit Pun regle, d'un com- 


pas, et qu'il colculoit. Je demandai ce qu'il fuiſoit It, 
et a quoi tout cela etoit bon; et je con pris qu'il y avoit une 
ſcience gue on. appellett A. ee 3 Jachetai un liure 
d arithmetigue, ct je Puppris. 

On m'avoit uit, qu'il en avoit un autre a pelle 4 
metrie jJ'achita: dis live 5 "appris la geometrie. 
Fe vis a force de live, qubil y avoit de beat livres ſur 


ces deux ſciinces en Latin: FVachetai un Difionare, et 


Joppris te Lain. Fappris di ſſi quil y abet de beaux 
livres de nee ejpece en hs Fachetai un Diétion— 
aire, a; "app is le Frango's, Faria, Mionſeigreur, tout 
ce que j'ai fuit, il me fen. le gun peut tout appren dre 
quand 67 ait les vinit quatre bett. es de { alphabet. 

Ce recit charma Milord Duc. Il tira ce genic mer- 


veillcux de Pobſcurite ; et il le pourvut d'un em, loi qui 


lui laifle tout le temps de s'appliquer aux 8 II 


decouvrit en lui le meme genie pour la muſique, 


pour la peinture, pour Paichitetuie, pour toutes les 


ſciences qui dependent du calcul et des proportions. 


Pai vu le Sieur STONE. _ Cit un homme dune 


ſimplicitè admirable. II ſgait a preſent qu'il fait: 
mais il n'en eſt pas ene. II eſt pollede d'un amour 
pur et deſintcreſſe hour la geometrie. II ne ſe ſou- 
die pas de bafler pour grometrie. Le bel eſprit et 
la vanité, n'ont aucune pait aux travaux infinis qu'il 
ſubit pour exceller dans fe gente. II mepriſe auſſi la 
tortuue, et m'a follcitc vingt tois de prier 7 Mitord d. 
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lui donner un moindre emploi, qui ne valloit que la 


moitie de celui qu'il a, afin d'etre plus ſolitaire, et moins 
diſtrait de ſes Etudes favorites. II decouvre quelque- 


fois, par des mẽthodes qui lui ſont propres le memes 
verites que d'autres ont deja trouvees. Il eft charms 
de voir qu'il n'en eſt pas Vinventeur, et que les hommes 
ont fait plus de progres qu'il ne croioit. Loin d'ètre 


plagiaire, il attribue les ſolutions ingenieuſes et admira- 
bles, qu'il donne de certains problemes, aux indices 
qu'il en trouve dans les autres, quoiqu'elles n'en decou- 
lent que par des conſequences fort eloignee, etc. 


